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(Communicated by Kdsaku YosIipa, M. J. A., Jan. 12, 1983)

Let 2 be a bounded domain in R®* with smooth boundary y. Let
0<pyes wim) <ple; w(im))<--- be the eigenvalues of —A(=—div
grad) in 2, ., =2\Ur.B(e; wi™) under the Dirichlet condition on its
boundary. We arrange them repeatedly according to their multipli-
cities. Here B(e;w)={x € R*; |x —w|<e} and w(m) denotes the set of m-
points U2, {wi™}. Let V() be C' function on 2 satisfying V(x)>0 and

L V@dz=1.

We consider £ as the probability space with probability density
V(x)dx.
Kac’s theorem is the following
Theorem (Kac [1], Rauch-Taylor [5]). Fix k and «>0. Then
lim P(w(m) € 2™ ; | () m 5 w(m))— pf |1 <e)=1

for any ¢>0. That is, pla/m;wim)) tends to p in probability.
Here yuf is the k-th eigenvalue of —A+4naV(x) in 2 under the Dirichlet
condition on y.
In this note we give an elaboration of Kac’s theorem. We have
the following
Theorem 1. Fiz k and «>0. Then
lim P(w(m) € 2™ ; | p(a/m; wim)) — pi |[<em F)=1

for any >0 and any fixed g [0, 1/4).

Remark. Kac [1] proved his result by using the theory of Wiener
sausage in case V(x)=(volume of 2)-!. After Kac [1], Rauch-Taylor
[5] gave the result for general V(x) by combining functional analysis
of operators and the Feynmann-Kac formula. See also Simon [6],
Papanicolaou-Varadhan [4].

Our proof of Theorem 1 is quite different from [1], [5]. The
main idea is to use perturbational calculus using Green’s function of
—4. A direct construction of an approximate Green’s function of
—4in 2,/n,,m under the Dirichlet condition on 02,,, . in terms of
Green’s function of —4 in 2 under the Dirichlet condition on y enables
us to give a remainder estimate in Theorem 1. For the method using
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Green’s function the reader may refer to [3].

By the use of Green’s function we get also the result on an as-
ymptotic behaviour of p, (e/m; w(m)) when w(m) is dispersed in a
specific configuration (for example, lattice configuration) as m—oco.
Both proofs of probabilistic result (Theorem 1) and deterministic
result proceed in parallel.

A sequence w(m), m=1,2, ... is said to be of class & if the
following conditions (F-1),, (F-2), (F-3) for w(m) are satisfied:

(F-1), w™ e Q, mgl |wi™ —w§™|>Cym ™'+

for some constant C, independent of m. Here v is a fixed constant
satisfying 0<y<1/3.
(F-2) There exists a constant C¥ independent of m (possibly de-
pending on &) such that the following holds for any £>0.
maxlg i |wi™ —w(™ |-+ CF < oo,
m m’ Zijﬁ:jl

(F-3) Let f,, h=1,2,8, --- bean arbitrary fixed family of continuous
functions on 2 satisfying

max | f,(@)|LC-"

ZER

for some constant C>1. Fix an arbitrary 0<<6<<1/2 and 2>0. Then

(1) lim m”(supC"”(% S Fawim) — f,,(x)V(x)dx» -0
M=o h i=1

and

(2) lim m“(supC"”(«1w > {i > G, wi) fu(wi)
m— oo h m u=1\m 2;2%1

-G,V S h)(wﬁn))}z)> =0,

where G, (xz, ¥) denotes Green’s function of —4+2 (2>0) in 2 under
the Dirichlet condition on y and G(2) denotes the integral operator
given by

CWN@ = Gule, NI@y.

We have the following
Proposition 1. Fix k and a>0. Assume that {w(m)},..c<F.
Then
lim | g/ m 5 w(m)) — pi |=0(m~""")

holds for 6 € [0,1/2).

We see that
lim P(w(m) € 2™ ; min|w{™ —w'{™ |<Cim™'+)=0
m—oo ixf

for any C~'0 €R,
lim P(w(m) € 2™ ; (F-2) does not hold)=0

m— o0

and that the convergence in (1), (2) is the convergence in probability.
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These facts are used and essential in the proof of Theorem 1.

The details of the proof of Theorem 1 and related results will be
given in [2]. The author here expresses his cordial gratitude to Prof.
G. C. Papanicolaou for valuable discussions and encouragement.
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