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131. Analytic Singularities of Solutions of
the Hyperbolic Cauchy Problem

By Seiichiro WAKABAYASHI
Institute of Mathematics, University of Tsukub

(Communicated by Kosaku YosipA, M. J. A., Dec. 12, 1983)

1. Introduction. Kashiwara and Kawai [6] constructed funda-
mental solutions for (partially) micro-hyperbolic operators, micro-
localizing the results of Bony and Schapira [3]. Miwa [8] applied
their results and studied the propagation of analytic singularities
(see, also, Bony-Schapira [4], Bony [2], Kashiwara-Schapira [7],
Sjostrand [10]). On the other hand, in [18], we micro-localized the
results in Bronshtein [5] and studied singularities (in Gevrey classes)
solutions of the Cauchy problem, using generalized Hamilton flows
defined in [11]. So, applying the arguments in [13], we can easily
obtain a result on analytic singularities of solutions of the hyperbolic
Cauchy problem from the results of Kashiwara and Kawai [6].

2. Assumptions and results. Let P(x,0/0%)=2 . <m 2(2)(@/0x)"
be a partial differential operator, where x=(x,, - - -, ,) € R* and 9/ox
=(/0x,, - - -,0/0x,). Assume that

(A-1) the a,(x) are real analytic on R",

(A-2) P,(x,8)=2 4-n a(2)&" is hyperbolic with respect to

9=@1,0,---,0)e R, i.e.,
P, (x, v/ —1&+79)+0 for x € R*, &eR"and ¢>0.
First let us define the localization P,,(62) at 2= (x, v/ —1&8) e ¥ —1T*R"
=R"x+—1R" by
P, (x+86x, v —1&++/—1568)=s*(P,,, (0%, 0&)+0(1)) as s—>0,

where P,,(062) %0 (in §z) is (homogeneous) polynomial of §z=(dx, 6&)
eT,W—=1T*R*")=R*". Then P,,(52) is hyperbolic with respect to
0,9 € R*™ (see [11]). Therefore, we can define I'(P,.,, (0,9)) as the
connected component of the set {6z e T,(v —1T*R"); P,,.(62)#0} which
contains (0,9). Define

Fz=F(sz’ (o, "9))CT;,('\/jiT*Rn)’

I'y={(©x,6¢) e T,(W —1T*R"); 5z -oy— 5y - 6§ (=a((5z, ), (5Y, 57)))

=0 for any (0y,dp) eI},

K:={2(t) e V—1T*R"; {2(t)} is a Lipschitz continuous curve

satisfying (d/dt)z(t) € 'y, (a.e. t) and 2(0)=z, and +t=0}
(see [11]-[18]). It iseasy to see that K% ,, =Kz X {0}, where Kz ={x(?);
{x(®)} is a Lipschitz continuous curve satisfying (d/dt)x(t) € I'(P,.(x(®), -),
I* (a.e. t) and 2(0)==x, and +t=0} and [*={3x; dx-06 =0 for any
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0§ e I't. We refer to Wakabayashi [13] for some properties of “flows”
K. We denote by B(R"™) the space of all hyperfunctions on R*. Define

S/.E. u={(x,v—18) e VY —1T*R"; x € Supp u and £=0}

U{x, V=18 e v =1T*R"; £+0 and (x, v —1&c0) € S.S. u}
for u ¢ B(R"™), where S.S. u denotes the singular spectrum of u (see
[9]). In order to state the result globally, we assume that

(A-3) K;N{x,=0} is bounded for every z € R".
Theorem. Assume that (A-1)-(A-3) are satisfied. If we B(RY)
satisfies the Cauchy problem
P(x,0/0x)u=f,
CE) {Supp uC{x, =0},
where fe B(R") and Supp fC{x, =0}, then

s.S. ucC{ze v—1T*R"; z ¢ K}, for some w e S.S. Nig
Remark. Bony and Schapira [3] proved well-posedness of the
hyperbolic Cauchy problem in the framework of hyperfunctions.
3. Proof of theorem. We write
L=VvZIT*R"\R"=R"X (Y —=1R"\{0}), L=+ —1S*R"=R"X—18""".
We take canonical coordinates (x, v — 1¢) of £ and homogeneous canoni-
cal coordinates (x, v —1&0) of L. Moreover, we also use inhomogene-
ous local coordinates (x, p) of L in a neighborhood of &,-£0, where
p=Dy -+, Pny) and p,=-—§,/&, (G=1,---,m—1). The canonical
mapz: L—L: (&, v/ —1&)— (&, /—1&c0) induces a map r,: v/ —18L
—«/—18L (or SL—SL). Since (5, 68) e I',, =u¢) for (2, /—18) e L,
0z, 08) e I',, /=iy and 1>0, we can define
F={ry(x,v—1& v—=1v0) e V=18, L; v e I'(,, j5i0}s
where 2= (x, v/ —1&c0) € L. Lemma 2.14 in [13] gives the following
Lemma 1. ForzeL, P,(x,d/0x) is partially micro-hyperbolic at
@, +v—1v0) if 2,/ —1v0)e',. Here we refer to Kashiwara-Kawai
[6] for the definition of partial micro-hyperbolicity (see, also, [8]).
We write LX L=+ —1S*R*\(R"X LU L X R*) and take homogene-
ous canonical coordinates (z, y, v — 1(&, 5)o0) of LXL. Then Lis iden-
tified with the set {(x, x, vV —1(&, —&)o0) € L>A<L}. If we use inhomo-
geneous local coordinates (z,¥,p,q) of LX L in a neighborhood of
£,#0, where p,=-§/¢, (G=1,---,n—1), ¢g=(q,---,¢,) and g,
= —y/& @G=1,---,n), then we can also write L={(«,x,p, —p,1)
e LXL} (locally). Let © be a subbundle of S#(LXL) induced from
the fundamental 1-form on LXL, i.e.,
@= {(x, X, 0, —D, 1’ i(dxn ”'Z?;%pjdxj - dyn-l-Z}‘;}Z’jdy/)Oo) € Sf(L >A< L)}
(locally).
Moreover we identify S*L with a subbundle of S#(L X L) by the map:
(@, p, G3-10,da,+ 27521 b,dp,) o)



No. 10] Analytic Singularities of Solutions 451

—>(, 2, 0, —0, 1, Q7 0,de,— >0 a,dy,+ > 221 b,dp;
+ 22521 byd g, + (20521 b,p)dg,) 00).
We can assume without loss of generality that £,>0. The canonical
map H from S}(L X L)\6 to v/ —1SL is defined as follows : H maps
(x, 2,9, —0, 1, QG aydac, — 3750 0,dy,+ 23521 bydp,+ 375, bydg,)o0)
—(, P, J——]-(Z?ﬂ b;(a/awj)—‘Z?;i (aj+anpj)(a/apj))0)
(see [8]). Let ze L and define
I'=H-'(I",)NS#L.

Denote by I the polar of I" in S,L, i.e.,

I={(z,v0) e S,L; {5 v)<0 for any (z,70) € I'}.
Then we have
(1) I"={, 23-10,0/0x)—3]7214:"(b;+b.p,)@/3p)))0) € S,L;

25-10,6,=0and 377, a,b5—2377.,07b,<0

for any 37,0} /9x,)+ 3331 070/0¢) € I, /10>

with >, a/&,=0} for z=(x, p)=(x, v — 1&0) € L.

Lemma 2. Let p(§) be a hyperbolic polynomial with respect to 3,
and put q()=p¢,0), where £=(,¢,). Then

z(l'(p, H*)=TI'(q, z(N)*,
where n: R*—R""': ¢,

Proof. Using (3.57)in [1], one can prove the lemma by the same
argument as in Theorem 4.5 in [11]. Q.E.D.

Since (6x, 26 +088) e ', /= for (Bx,08) e ', ;5. and 1€ R, Lemma
2 and (1) give the following

Lemma 3. For z=(x,+/ —1&0) e L,

[’Oz{f*(x’ '\/?1—57 1)0) € SzL; —ve F'(’x,«/'——le)}'

Proposition (Kashiwara-Kawai [6]). If Pu=f, z¢S.S. f and
S.GNI"=¢, where G=S.S. u, then z¢ S.S.u. Here S,G is the normal
set of G along {z} (see [6]).

Lemma 4 (Lemma 3.1 in[138]). Let (x,v—1¢)e L, and let M be a
a compact set in I', =, CR™. Then there is a neighborhood U of
(¢, v =18) in L such that MC T, =, for any (y, v —1g) e U.

Let u be a solution of (CP). Then, from Proposition and Lemma
4 it easily follows that for a compact set M in I',, ,=. there is §>0
such that S.S.uN{y, v—1Ipo); y,=2,—t, @—y, vV —1(E—n) e M}+¢
if 0<t<9, z2=(x,+/ —1&c0) e S.S.u and z¢S.S. f. Here § depends on
M and f. Applying the same argument as in [13], we have

PN
S.S.unNKg, mioN{W,v—1p); y,=t}+#¢ for —e<lt<uw,
R — PN P
if (x,/—18)eS.S.u and K, ,=,,NS.S. f=¢, where ¢ (>>0) depends

N
on . Since S.8.uC{x,=0}, this proves the theorem.
Finally we remark that one can obtain the same result for hyper-
bolic systems, applying the results in Kashiwara-Schapira [7].
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