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76. Class Numbers of Pure Cubic Fields
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(Communicated by Shokichi IYANAGA, M.b.A., June 14, 1983)

Let n be a given natural number. It was. proved by Uchida [2]
that there exist infinitely many cubic cyclic fields, whose class numbers
are divisible by n. On the other hand, by the main result in Azuhata-
Ichimura [1], one can see that it is true for cubic fields with only one
real prime spot. In this. note we shall show that it is also true for
pure cubic fields, that is Q(/-) for some a e z. Our goal is the
following

Theorem. For a given natural number n, there exist infinitely
many pure cubic fields whose class numbers are divisible by n.

To prove this, we will use the following notations,. For an
arbitrary number field/0 of finite degree, k denotes, its multiplicative
group. For a natural number , and a prime ideal p of k satisfying
NpI (mod ) (where Np is the absolute norm of p), /p) denotes the
-th power residue mod p. Let n be a fixed natural number greater
than 1, S be the set of all prime factors of n. Set m= and too= m,

2m, 3m or 6m according to m3, 0, !l or !2 (mod 6). Let F be the
cyclotomic field of the m0-th roots of unity, be a fixed primitive cubic
root of unity i.e. ’= 1, 1.

Lemma. There exist infinitely many prime ideals p of F of
degree 1 satisfying

(--1) 1, ()=1 for all e S.

Proof. Let be a prime ideal of F lying above 3. As 3m0, is
unramified for F/Q() a.nd consequently the order of --1 t is 1.
Therefore -1 cannot be equal to for any e F, e S and c e Z.
This implies that the extension F( -1)IF is cyclic of degree m and
that F(-- 1) F()=F. So, by the density theorem, we can
choose infinitely many prime ideals p of F of degree 1 which are inert
for F(-I), while decomposed completely for F().. Our temma
follows immediately from this.

We now prove the theorem. By the above lemma, we can find
two prime ideals p, q of F of degree 1 satisfying
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Put p= p Z, q-q Z. p, q can be chosen so that three primes 3, p,
q are distinct. When n is even, we see that m0----0 (mod 4), thus
p----q---- 1 (mod 4). So we have

(2) (-1) (--) =1 for/eS.

Now take rational integers y, z such that
y--=0 (mod q), z----0 (mod p), (3, yz)=(y, z)=l.

We consider the pure cubic field
K=Q(t), where t=y+z.

Denote by E the group o.f units in K. Set f(X)-X-(y+z).
Then we have f(t)--0. Since p and q are of degree 1, we can take
rational integer u such thatu (mod pq). Thus we have

f(X) =_X-y=_(X-y) (X-yu)(X-yu) (mod p).
Therefore $-(0-yu, p) is a prime ideal of K o.f degree 1, and so is
-(t-zu, q) similarly. Furthermore we have the canonical isomor-
phisms
(3) (C)/$Z/pZ_(C)/p and /Z/qZO/q,
where (resp. ) is the ring of integers of K (resp. F).

Next, Obviously we see the relation
z

From the choise of y and z, we see easily that O-y and O-yC are
relatively prime (i=1, 2). Thus. we have (O--y)= for some ideal

of K. In a same manner, we have (0-z)= or some ideal of
K. Let A, B be the ideal classes containing , respectively, H be
the subgroup of the ideal class group of K generated by A and B.

We claim that H contains at least one class of order n. If not,
there exists e S such that H does not contain a class of order ,
where l]]n. Then A/=B/=1. So, we have 0-y=a,
for some , eE and a, e K. Therefore, by (1) and (3),

and similarly

Thus, from (2), and V are independent in E/{+_I}E.
possible by Dirichlet’s unit theorem.

This. is im-

The infiniteness follows easily from the existence: For a natural
number t, we have already shown that there exists at least one pure
cubic fielcl Kt whose class number is divisible by nt. By the finiteness
of the class number of K, we see that {Klt--1, 2, ...} is an infinite
set. This. c.mpletes the proof.
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Remark. For real quadratic case, the corresponding result was
given (Yamamoto [4], Weinberger [3]). We can give another proof
of this result using the above techniques: For a natural number n,
let p, q be distinct odd primes satisfying

for all prime factors of n. It is easy to see that such p, q exist.
Take rational integers, y, z such that

y----0 (mod q), z_---0 (mod p), (2, yz)--(y, z)-l.
Then we can show that K- Q(,v/]nq-zen) is a real quadratic field
whose class number is divisible by n.
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