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11. Fourier Coefficients of Siegel Cusp Forms
of Degree Two

By Yoshiyuki KITAOKA
Department of Mathematics, Nagoya University

(Communicated by Shokichi IYANAGA, M. J. A., Jan. 12, 1982)

Our aim is to estimate Fourier coeflicients of Siegel cusp forms
of degree two under an assumption about the estimates of generalized
Kloosterman sums.

Let H be the space of 2X2 complex symmetric matrices whose
imaginary part is positive definite and I'=Sp,(Z). A={SeM/(Z)|S
=8}, A*={SeM(Q)|S=(sy), 8u.€Z, 28,=28,€Z}. e(z) means
exp (2riz) for a complex number z.

Assumption. Let CeM(Z), |C|#0. For G, G, 4* we put

K(G,, Gy C)=§ e(tr (AC™'G,+C'DG,),

where D runs over {D e M(Z) mod CA’(*C ;‘)) e Z’} and A e M(Z) is

any matrix such that (‘é 5) el’. For these generalized Kloosterman

sums we assume for 0<,<1/2,
K(6. G (0 0))=0tcter+cu 01,
0 c

where G, G, € A4*, ¢,| ¢, are natural numbers, e is any positive number
and g is the (2, 2)-entry of G,. (k=1/2 is plausible.)
Theorem. Let k be an even integer >6. Let
f(Z)=o<Z]TeA*a(T)e(tr TZ)

be a cusp form of degree two, weight k. Suppose that Assumption is
true, then we have
a(T)=0(|T|“***+*)  for any ¢>0.

Sketch of the proof. Put I’1={((1)2 f)‘S € A} and denote by § the
2

representatives of I",\I"/I"; and put 6(M)= {S e A|M <(1)2 ‘f )M e 1“1} for
2,

MeI'. By virtue of [1], [4] we may assume
J(Z)=9(Z, Q)=M§\pe(tr (MLZy-Q)|CZ+ D™,

1

where 0< Q € A%, M=(Z B) Then we have ([1])
9(Z, Q=2 2, " h(M, T)e(tr TZ2),

Mey 0<Te
where
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HM,Z)=_ >, e(tr(M{Z+8)-Q)|C(Z+8)+D|*,
Seda/0(M)
M, T) =‘f , H(M, Z)e(—tr TZ)dX, (X=Re 2).
X mod 1
Let 0<T e 4*, M=(2 ;‘)) e .

0°:U!
(ii) Suppose that C=U‘1(8‘ g)‘V, D=U"‘<8l1 %)V" where U, V

4,

(i) If C=0, then H(M, Z)=e(tr (QLU]-Z)), where M=(U 0 )

e GL(Z), ¢, d,eZ, ¢,>0,d,=+1. Put Q[‘U]=<£‘ gZ), T[V-]
2 4

= (g: gj) and take an integer a, such that a,d,=1 mod ¢,, Then we have
(RY))
MM, T)=£:0,,,.,| T[>~ *p; o7 e( — 28,0, (D)) ")
X e({a1p4d§ —2d(ap,d,—S;)+a.p,+ sd;}/¢)
X T o l(4n /| TT[Q] (s,6)7D),
where ¢ is the Kronecker’s delta function and «, is a constant dependent
on @, and J is the usual Bessel function. Since M € § with |C|=0, C£0

is parametrized by U e {(; I) e GLz(Z)} \GLz(z), Ve GL(Z) / {(é :)

€ GLZ(Z)}, ¢,>1, d,==1, d, mod ¢, (t=1,2) with (c,, d)=1, it is easy
to see

> WM, T)(<<|T|m-w,
Me

1C1=0,C+#0
using >, mea. e((ax®+b2)/e)=0((a, ¢)*-¢'/*) and J,_,(%)=O(min (z*~*?,
x-17%)).

(iii) Suppose |C|0. Decompose C as C=U‘1(g‘ 22)V‘1, uv
e GL(Z), ¢,>0, ¢;lc,., Then M in § with |C|s£0 is parametrized
by ¢lew UeGL(Z), VeGL(Z) / {(‘j Z) ¢ GL(Z)|b=0mod cz/cl},
D mod C4A. We have ([1])

where J(P)= j o —tr (P(Z+2-Y) |Z|-*dX(Z =X +iY e H). Moreover
X
we have ([2])
WM, T) =, T~ |C|-*"e(tr (QAC-'+ TC-D))
xf T 7o _p(drs b1 — )24,
0 i=1

where «, is a constant depending on @, and s,, s, are eigenvalues of
YTIYQI'C-']]. Since
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- | P|¥r-er if tr P11,
[T J-s(4rms B)E(L — )" 2dE S|P if tr P«|P),
o |P[e2=¥4(tr P)a-®/2  otherwise,
where P=T-Q[‘C-'], we have, under Assumption,
S5 WM, DT eler (e, QUDS(A),

where v is the second column of V and ¢ is any positive number and
fA)= 5 AP S (AP

tr A[T1<1 tr ALUI< 4]

+ Z |Alk/2—8/4(trA[U])(l—k)/z,

otherwise

where A=T[V(c‘ e )—l] and U runs over GL,Z) with each condition.
2

Since we have

f(A)<<{m(A)<’°'3>/2|A]‘/‘ if m(A)-'|A|>max(1,|A)),
m(A) max (1, |A|)E-P/2+e |AF2-54- if m(A)~' |A|<max(1,|A)),

where m(A)=min,. .z Alx] and ¢ is any positive number, we have

> CAh(M » | T et es 54y QIVI)*

U€EGLa(Z) D mod
M(A)E-D12 AP if m(A)'|A|>max (1, |4),
{m(A)‘ max (1, |Ae-/2ee |A =54 if m(A)' |A|<max (1,]|A)].
Using Lemma 2 in [3], we complete the proof.
Details will appear elsewhere.
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