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18. On some Schrodinger Type Equations

By Sigeru MIZOHATA
Department of Mathematics, Kyoto University

(Communicated by Kosaku YOSIDA, M. J. A., Feb. 12, 1981)

1. Introduction. We are concerned with the following evolution
equation defined for (x, t) e R*X R':

1.1 L(u)=i6,u+jZk 0,(a(@)0,u) + 27 b (2)d u+c(@u= f(x, t),

with initial data u,(x) € L*(R") at {=0, where d,=0/dx, and a,(x) are
real-valued and bounded with all their derivatives with a,,()=a,,(x).
Moreover we assume the uniform ellipticity : > a,.(2)¢,£,>46|& | (6>0).

Recently J. Takeuchi treated this type problem for more general
equations ([8]). He proposes a (sufficient) condition for the equation
(1.1) to be L*-wellposed. This terminology means the following: For
any initial data u,(x) € L*(R"™), and any continuous function £~ f(-, £)
in L?, the equation (1.1) has a unique solution u(-, t), continuous in L?,
so that by Banach’s closed graph theorem there exists a constant C
such that for any t e [—1, 1], it holds

t
(1.2) [ <C(luo |+ || 176ds).
The purpose of this note is to investigate the neccessary condition

for this problem. Let

a(x, &)= Z %k(x)éj&‘k-
We consider the integral curves, called bicharacteristic strips, of the
corresponding Hamilton-Jacobi equation

‘é—f=ae(x, )
1.3) de
‘d—t= _a'z(x, 6)-

Denote its integral curve issuing from (z,, &°) at t=0 by (x(x,, £, &%,
&(xy, t, ). Then the condition that we propose is:

(B) Re I: 2. by, 8, ENE(), 8, §)ds remain bounded for all
J

(2, &) € R*X R"\{0} and t € R".

We assume here the following :

(A) For any (& t) € R*\{0} X R" fixed, the mapping x,— x(x,, t, £°)
is a diffeomorphism from R" onto R".
Let us note that, under this assumption, there exists the global
phase function S(z, t, &), which is defined as the solution of Hamilton-
Jocobi’s equation
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(104) St+a(x’ Sx)=09
with S(z, 0, £&)=x£". Then we have

Theorem. Under the assumption (A), the condition (B) is neces-
sary for the L*-wellposedness of (1.1).

Remark. We assume b,(z) € C' and c(x) is locally bounded. If
we are concerned only with forward Cauchy problem, the condition
(B) should be replaced by

(B). Re j: b(a(x,, s, ED)E(x,, 8, £%ds remain bounded from below

for all (z,, &) € R* X R™\{0} and t>0.

For the proof, we use asymptotic solutions which are fairly famil-
iar (see [1], [2]). In other words, we look at wave packets moving
along classical trajectories corresponding to Hamiltonian a(zx, £).

2. Approximate solutions. We show the necessity of (B),.
Let us suppose (B), is violated. Then there exist x) (=(xy,, « - - Zy,))
and & € R"\{0} and ¢,>0, such that

@.1) Re [ " b(a(at, s, €06t 5, £)ds < —log (20),
0
where C is the constant in (1.2). We seek an approximate solution of
the form
w(x, t)=e 0w, t; £).
e—iS[iat+Z aja,jk(x)ak_l_z bj(w)aj](eis,v)
=['—St+"fat+z (aj +?'Sa;j)a'jk(x)(ak+zsxk)+z bj(iswj—‘—aj)]/v(w’ t, £9.
Taking account of (1.4), [...] becomes
1[0, 42 jZ,]c a;(%)S, 0+ 2 3J(Zk] a;(2)S.)+ 2 b, (@)S;,1v
+jZk] 9(a;(2)9,v)+ > b, (x)9,v.
We define v as a solution of the transport equation
(E) {a¢+; o ,(x, Sx)aj}’v+{; aj(ZkI a’jk(x)Szk)-l_Zj: b,(@)S, v=0.

Let ¢(x,) be a smooth function with small compact support around
z,=x). Let the inverse mapping of x,— x(x,, , &) be x\(x, t, &) then
the integration of the relation (E) along the bicharacteristic curve I
through the point (z, t) gives

o(z, t; e°>=exp[—; j b (2(@er 3, E)E (o, 85 &) ds]
xexp[—j: IO a,k<x)s@,)\,ds] o2, £, ED).

Now it is easy to see that the second factor of the right-hand side is

equal to |dx/dux,|2* where dz/dx, is Jacobian. Hence the above ex-
presgsion is

@2 ol t; &)=exp| - [ 2 b8 ds] |22

07 dzx,

3. Proof of Theorem. Up to now we fixed &. Now we replace

—lf §0(xo(x’ t, 50)).
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& by 1£° 2 being positive parameter tending to co. Denote the corre-
sponding solution by v,(x, t). To see clearly the dependence of v,(x, t)
on A, first we observe
(3 1) { x(%’o, ty ZSO)=Q}(.’I}0, Zt’ 80)

) 5(370, t, 250)=25(x0, Rt, ‘Eo)o
In fact, the function ¢ (a(x,, ¢, &), 2&(x,, At, &°) satisfies Hamilton-
Jacobi’s equation (1.83) with initial data (x,, 8% at t=0. Then by
uniqueness, (3.1) follows. This shows in particular the projection on
the x-space of the bicharacteristic strip is unchanged. Next, since in
the expression of (2.2) (in view of (3.1)), we have

j B, 8, 28D)E0 3, ze°)ds=ﬂ' b, 5, £, 3, £)dS.
Put
. §0(xo(x’ t, EO)).

o | da |
w(x, t, § )—‘ d,
Recalling the relation z,(z, t, 18 =22, At, £, we see eagily that
w(x, t, &) =w(x, 2t, &. Thus,
(3.2) vz, H=v(z, t; ) =v(x, it; ).
Another important property is that the mapping o(x) —w(-, ¢, &) is
unitary, namely L®-norm is preserved. Now v, satisfies
(3.3) L(e"™)=f(=, 1),
(3 4) {S}.(w, t)=S(.’17, t, 250)

) Sz, t)y=1e™? [jz;.c 9, a’jk(x)ak+zj: bj(x)aj‘i"ic(x)]’vz(x, ).

An important property of f,(x, t) is that, in view of its form, we
have | fi(z, t)|=|f.(x, At)|, f, being defined by (3.4) replacing there v, by
v(x, t, &°. Thus

¢ _ ¢ ) _ 1 (* )
@5 [ 15, 9lds=[ 1, wids== [ 1A, 9)ds.
Now we apply (1.2) to the relation (3.3). Since S, is real, we have
(3.6) o, O1<C(lol+ [ 176 )l1ds)-

First we put here t=t,/2. Then by (3.5), the integral term is
% r I£i(-, 8)||ds. Next, remark that the support of w(z, t,, £ is con-
0

centrated around x®=ax(x}, t,, &%, moreover its diameter can be made
as small as we desire by shrinking the support of ¢ to «5. Thus by
(2.1) we can assume, in the expression (2.2) replaced ¢t by ¢,, exponen-
tial term is greater than 3C/2 in absolute value. Thus, for t=¢%,/2,
we have

o, Bl 3—2C—|I¢II.

Thus (3.6) implies the following inequality
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3C 1 (™
let<c(lel+ 170, 9lds),

which is impossible when A—oco. Thus we proved Theorem.
The author wishes to thank Prof. D. Fujiwara for a precious
advice concerning the assumption (A).
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