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101. Calculus on Gaussian White Noise. III

By Izumi KUBO and Shigeo TAKENAKA
Department of Mathematics, Faculty of Sciences,
Nagoya University

(Communicated by Kodsaku YosipA, M. J. A.,, Nov. 12, 1981)

In the previous parts of this series [11], [12], we have given a
systematic treatment of calculus on Gaussian white noise, which is a
reformulation of Hida’s works [1], [2]. In this part we will show
further relations between Hida’s approach and ours. We will use
the same notations and definitions as in Part I and Part II.

§8. Multiple Wiener integrals. Here we assume that the Borel
measure v on T has no atoms. Let ECE,=L*T,v)CE* be a triplet as
in §5 of Part II, and let ¢ be the measure of Gaussian white noise on
&* with characteristic functional exp [—||&]3/2]. The multiple Wiener
integral I,(F',) of F, in L*T",v") is defined as follows:

First, I,(F') is the limit of <z, &,> in (L»)=L*E*, 1), where {§,} is
any sequence in & with ||&,—F,|,—0, as k—oco. Specially, put W(B)
=I,(I,), where I, denotes the indicator function of a Borel set B with
y(B)<oco. Secondary, let «={B,} be a countable Borel partition of T
with v(B;)<<co and let a” be the collection of all subsets of T of the
form C=B;;, XB;yX -+ XBju, Bjwmeca, BjwNB;m=¢ for k+m.

For such a set C in «", define
LA)= [T WB,w).

Define 1,(G)=>a,1,(;) for G,=3 a.l, with C, € «. Then we can
define I(F',) by
8.1 L(F)=Lim. I(F), F;=3v'(OF,, 1),
al
where a7 means refinements.
Theorem 8.1. (i) For F,e LT, v"), put p(x)=1,F",), then we
have

(5¢)(€)=Ln Fo(u, - w)E) - - - Eu)dv™(wy, - -5 w,).
(i) For any + in (L%, there exist F, € LT, v, n>0, such that
() is decomposed into the following orthogonal sum ;
Y@= LE) and | 4lie= 3 0l [F ol

We now remark that the symmetric L*-space L*(T", v") is naturally
identified with the symmetric tensor product space EY*. By Theorems
6.3 and 6.5, we have
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Theorem 8.2. For G, c E¥", AX(G)1=1,G,) holdsin (L?). More-
over, for ¢ € I, p>0, there exists a 5 in exp [QFE,] such that

o(a) = f(;) A*(z"B)1= i) 1,@"5).

§9. Hida’s approach. In this section, take T=R, the reals, and
let v be the ordinal Lebesgue measure on R. Let £ be the space of
rapidly decreasing functions. Put

D=(1+ar—-L) and 0,207 D0, p20.
Let E, be the completion of & with respect to the norm |||, and let
E_,=E} be the dual of E,. Then & is the projective limit of E,, so
we can apply previous discussions on the triplet ECE,Cc&*.  In par-
ticular, define B(t) by
9.1) B@®)=w(0,tD), for t>0 and =-—-W(t, 0], for t<O0.
This is the Brownian motion in Hida’s articles. Hida’s definition of
B(t) by using J-transform can be rewritten by using S-transform and
the following relations are obtained ;

et of BEFR—B®\_ enp 1 *
9.2) BM)=S 1’3315<—h__)_5 lhlngL—L £+ w)du

=S¢ =0F1.
Hida's definition of the multiplication by B(¢t) is equivalent to

9.3) B®)w(x)=S" lim S(M)w_

10 h
By Theorem 7.2 in Parf: II, we have the following relations
9.9 B(@) = @F +0 )= x(t) -

Remark 9.1. For each fixed te T, x2(f)- does not operate on (L?)
naturally. However, if 4 € (L?) is measurable with respect to the o-
field B, generated by {B(s);s<t}, then the limit (9.3) exists in 4"
and coincides with 9+ (see [13]).

Hida has introduced the renormalization of the polynomials of
B(t)’s as follows. Let H,(u;«) be the Hermite polynomials given by
(5.9). Lett,---,t, be different points in T=R. Then the renormali-
zation of B(t)™- - -B(t,)™ is given by

. k 4,B 1
9.5 St H, (4; )
9.5 4/11%)51[[1 N4, 7 |4,

 o11s k 1 nj
=S"lim jE[1<IA,I B S(u)du>

=S5 [l e,

which is denoted by [[%., H, j(B(t,) ;1/dt;) formally. In our formula-
tion, the convergence can be regarded as the strong convergence in 4(*
(or more precisely in 9{*"V). By Theorem 6.1 and Lemma 7.3,
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5 2ty L N 15 a%nn . T YT
(9.6) 1 Hnj<B(t,), dtj>_l:[azkj 1 @)1,

Hida’s generalized random measure M,(dt) can be expressed in the
form;

1 1 jdtl cedb Sy o t) (@) (it -
Ny ! My !

Partial derivatives of y(x)=I,(f,) with f, € £ by B(¢) have been
defined by Hida [1] as follows

00 gyl (v oo 1] - 1],

By the relation (5.5), we can rewrite it as

. on
©8 W‘P_S (65(t) >‘S""

here we note that this definition is identical with 8, in (6.1). Since we
have formally that

*”ag@)( nE=—2 55@) [va+oa.= jaé(t) W@+ &) dy

—f S+ e 5(5—(-5«;&(@)
the relation (9.8) clarifies the reason why (9.7) gives us a natural dif-

ferentiation. Actually, we have shown that 9, is a derivation (see
Theorem 7.6).

§10. A simple application. First, we remark that the following
theorem tells ug a relation between Ito integral and our calculus.

Theorem 10.1. Let f(t,x) be B,-adapted function with
[ 17, @ pat<co, then

(10.1) f dtorf(t, )= f f(t, )dB(t)

holds, where the right hand side means Ito’s stochastic integral.
A. Shimizu [14] has discussed on the following bilinear stochastic
differential equation by using Wiener expansion of its solution:
(10.2) {d“lf ={ L+ aO)y+d(@)}dt+ {c@®+ d()}dB()
(0, v, -)=gW), v € R°.
Suppose that the coefficients a, b, ¢ and d are all continuous in ¢ and
that the operator [, has a solution of the Cauchy problem:

(10.3) bt 0)=Lp(t,v), O, 9) = g().
We consider a solution y of (10.2) such that d/dt and L, operate to

continuously in 4*. Put U, v ;& =(Sy(t, v, -))(E). Since dF corre-
sponds to Ito integral, we have the following equation;
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d J—
10.4) —rU={Lotad)+ DI +b®+dBED)
U,v;8)=g®).

A solution of (10.4) can be expressed in the form

10.5)  U=p(t, 0V(E;0)+V(E, &) j (b(s) + d(3)E(E) V (s, ) 'ds,
where V(¢ ;&)=exp U: (a(s)+ c(s)s(s))ds] .

We have now to get the inverse formula of U under S. Then by
Lemma 5.9, we have

(10.6) B, =S"'V=exp U: a(s)ds+j: e(s)dB(s) ~% j: c(s)zds]
and together with Theorem 6.1, we have
S ‘l(é;-‘(s) exp U: c(r)&(r)d'r‘]) =0¥ exp U: c(r)dB(r) ——_é— I: C(T)ZdT].

Since Theorems 7.6 and 6.1 can be extended to a more general case, it
holds that

0¥ (B, BN =B0F BT — (0.8 - B
and

0,8,= C(S)I[o,t](s)ﬁz-
Therefore we have a solution of (10.2);

(10.7) «p=ﬁt{p(t, v)+j: ﬁ;l(b(s)—c(s)d(s))ds+j: ﬁ;ld(s)dB(S)}

which is given in [14]. The solution is unique if and only if the solu-
tion of (10.3), is unique.
§11. Formulae related to causality. An inverse formula of the
transform § is given as follows from Theorems 6.5 and 8.2;
Theorem 11.1. For a given U(¢) e F,

aLy  SU=y; % j UOO;t, - - -, t)AW(E) - - - AW ().
=0 k!

Moreover, if U&) is in F©, then UE) is Edifferentiable arbitrary
times and U®(0;9,, - -+, n) has an L*-kernel U®(0;t,, - - -, t,) which
gives the formula (11.1) also.

This is originally given by Hida-Ikeda [5]. Now we discuss the
same case as in §10. Let B, be the o-field generated by {B(s);s<t}
and let P, be the orthogonal projection from (L*)=L*E*, ) to (L})
={y e (LY ; ¥ is B,-measurable}.

Theorem 11.2. (i) A given + in I is in (L?) if and only if o
=0 for s>t.

(ii) P¢w=j: 3P 3,yds +f vy
~V=f 3P 3 pds +j v
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(i) SP @) =Sy .. 8-
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