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6. The Lax-Milgram Theorem for Banach Spaces. II

By S. RAMASWAMY
School of Mathematics, Tata Institute of Fundamental Research

(Communicated by Kodsaku YO0SIDA, M. J. A., Jan. 12, 1981)

§0. This paper is a sequel to [1] wherein we proved the Lax-
Milgram theorem for a continuous and coercive bilinear form on a
Banach space over R. Here, we deal with the question of how far
coercivity is necessary for the validity of the Lax-Milgram theorem.
We construct a counter-example to show that coercivity is not neces-
sary even on Hilbert spaces for the validity of the Lax-Milgram theo-
rem. However, we prove that it is necessary in case the bilinear form
‘e’ is symmetric and positive-definite in the sense that a(z, ) >0 vz
+0.

The counter-example was constructed for me by Dr. V.S. Sunder.
It is a pleasure for me to thank him for his help.

§1. Let V be a normal space over R. Let ||z| denote the norm
of the element x € V. Let V' bethe dual of V. Let ‘e’ be a continuous
bilinear form on V. We do not necessarily assume that a(zx, )>0 v
#*0.

We have the maps 4 and B from V to V' defined as Az(y)=a(y, x)
and Bx(y)=a(x, ¥). A and B are both continuous from V to V’. Let
A*(resp. B*) be the adjoint of A(resp. B). A* and B* are maps from
V" (the double dual of V) to V'. It is easily seen that B (resp. 4) is
the restriction of A*(resp. B*) to V.

Motivated by the Lax-Milgram [1], we make the following defini-
tion.

Definition 1. V issaid to have the right (resp. left) Lax-Milgram
property with respect to ‘a’ if v/ e V/, 3 a unique w € V such that f(v)
=a(v, u) (resp. f(W)=a(u, v)) vve V.

When ‘@’ is symmetric, it is clear that to say V has the right Lax-
Milgram property is the same as to say that V has the left Lax-Mil-
gram property. In this case, we simply speak of “the Lax-Milgram
property”.

The definition states that V has the right (resp. left) Lax-Milgram
property with respect to ‘e’ iff A(resp. B) is one-one and onto, i.e. iff
A(resp. B) is an isomorphism of V and V” in the algebraic sense.

Definition 2. A bilinear form ‘e’ on V is said to be non-degen-
erate if vy=0, 3z, z € V such that a(z, )0 and a(y, 2) 0.

If ‘e’ has the property that a(z, )>0 vz 0, then it is clearly non-
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degenerate.

Theorem 1. LetV be a Banach space. Then, for V to have right
(resp. left) Lax-Milgram property with respect to ‘a’, it is necessary
that 3 ¢>0 such that yx eV,

(+): sup 14U D5 o)1z,
ver |yl

y#0

(resp. (%) : sup M}c]]x“.)
ver [yl

Further, if V is reflexive and ‘@’ is non-degenerate, then (x) ((x))
is also sufficient for V to have right (resp. left) Lax-Milgram property
with respect to ‘a’.

Proof. We shall prove the theorem for the case of the right Lax-
Milgram property. The proof for the other case is analogous.

Suppose V has the right Lax-Milgram property with respect to ‘a’.
Then, the map A from V to V’ is an algebraic isomorphism. Since A
is continuous, by the Banach open mapping theorem, A4 is also a topo-
logical isomorphism. That is, the inverse A-' from V' to V is continu-
ous. This implies (x).

Let now (x) hold and let V be reflexive. Then, c|z|<|Ax|
<||A|l|z||vz e V. Thus, we have inequalities analogous to (I) of §1
in [1]. From these inequalities, it follows that A is one-one and that
A(V)is a closed subspace of V’. Now, exactly as in the proof of the
sufficiency part of Theorem 1 in [1], it can be proved, using the re-
flexivity of V and the fact that ‘e’ is non-degenerate, that A is onto.

Q.E.D.

Proposition 1. Let V be a reflexive Banach space. Let V have
the right (resp. left) Lax-Milgram property with respect to ‘a’. Then,
V has also the left (resp. right) Lax-Milgram property with respect to
‘a’.

Proof. We shall prove the theorem for the right Lax-Milgram
property. The proof for the other case is analogous.

Since V and V’ are Banach spaces and since V has the right Lax-
Milgram property, it follows by the open mapping theorem that A is
a topological isomorphism. Therefore, A*: V”/—V’ is also an iso-
morphism. But, since V is reflexive, V=V and since B is A* re-
gtricted to V, it follows that B from V to V' is also an isomorphism,
implying that V has the left Lax-Milgram property. Q.E.D.

Proposition 2. Let V be a Banach space. Suppose V has right
and left Lax-Milgram properties with respect to ‘a’. Then V is re-
flexive.

Proof. We are given that both A and B are topological isomor-
phisms from V to V’. Since A is a topological isomorphism it follows
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that A* from V" to V' is also an isomorphism. But A* restricted to
V is B and B is an isomorphism of V and V/. Hence A* is an isomor-
phism of V" and V' as well as of V and V’. From this it follows that
V"=V implying that V is reflexive. Q.E.D.

Corollary. If ‘o’ is symmetric and V has the Lax-Milgram pro-
perty with respect to ‘a’, then V is reflexive.

We recall from [1] that ‘b’ is the symmetric bilinear form defined
as

b(x, y) = a(x, y)“z'a(yy x) .
Further, if a(z, x)>0 vx+0, then V, is the pre-Hilbert space whose
underlying vector space is V and inner-product is ‘b’.

Theorem 2. Let V be a Banach space. Let ‘@’ be a continuous
bilinear form on V such that a(x, x) >0 vx+£0. Then, the following
are equivalent.

(i) ‘@ is coercive.

(ii) ‘@’ is continuous on V, XV, and V has the right Laz-Milgram
property with respect to ‘a’.

(iii) ‘@’ s continuous on V,XV, and V has the left Lax-Milgram
property with respect to ‘a’.

Proof. It is easy to see that continuity and coercivity of ‘a’ imply
that ‘e’ is continuous on V,xV,. It is proved in the corollary to Theo-
rem 1 in [1] that if ‘e’ is continuous and coercive, then V has both right
and left Lax-Milgram properties with respect to ‘a’. Hence, ()= (i)
and (i)=(ii).

We shall prove that (ii)=(3).

Since ‘@’ is continuous, 3M, << 4+ oo such that |a(x, ¥)|<M,| 2| | Y] VZ,
yeV.

Since ‘e’ is continuous on V,XV,, aM,<+ oo such that |a(x, ¥)|
<M a(, ©)yaly, v).

Since V has the right Lax-Milgram property with respect to ‘@’,
by Theorem 1, 3¢>0 such that

vreV, sup laly, »)| )| =>clx|.
ver Nyl
Therefore,
la(y, ©)|<MVa(z, ©)Valy, v)
<M MVal(z, 2)|y|
Ssup 19U Dy, VI atw, 7).
ver |yl
Hence, c||z|| <M,V M, va(x, x)vx € V. This means that ‘e’ is coercive.
Hence (i)=(@). Similarly (iii)=>@{). Hence, ()& ()& (ii). Q.E.D.
Corollary. Let ‘e’ be a symmetric bilinear form on the Banach
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space V such that a(x, 2)>0 vx£0. Then, V has the Lax-Milgram
property with respect to ‘a’ iff ‘a’ is coercive.

Proof. Sufficient to prove only that ‘e’ is coercive if V has the
Lax-Milgram property with respect to ‘e’. Since ‘@’ is symmetric and
a(z, £)>0 vz =0, it follows that

vz, yeV, |lax, y)|<valx, 2)vVa(y, ¥). (Schwarz’ inequality.)
Therefore, ‘a’ is continuous on V,xV,. Hence, the conclusion follows
immediately from the above theorem. Q.E.D.

Proposition 3. Let V be a Banach space over R and let ‘a’ be a
continuous bilinear form on V such that a(x, ) >0 vx=£0. Then, ‘@’
18 coercive tff V has the Lax-Milgram property with respect to ‘b’.

Proof. Suppose V has the Lax-Milgram property with respect to
‘b’. Since ‘D’ is symmetric and b(z, x)=a(x, ) >0 vx 0 it follows from
the corollary to Theorem 2 that ‘b’ is coercive. This means ‘a’ is co-
ercive.

Conversely, suppose ‘e’ is coercive. Then, V and V, are isomorphic.
Since V is a Banach space, it follows that V, is complete. i.e. V, is a
Hilbert space. Therefore, the Riesz representation theorem implies
that V, has the Lax-Milgram property with respect to ‘b>. Since V and
¥V, have the same dual, it follows that V also has the Lax-Milgram pro-
perty with respect to ‘0’. Q.E.D.

The following is a natural question.

Question. Let ‘a’ be a continuous bilinear form on a Banach
space V such that a(x, ) >0 vx+#0. Suppose V has both right and left
Lax-Milgram properties with respect to ‘a’, then is ‘e’ coercive?

We answer this question in the negative even in the case of Hilbert
spaces, by means of an example.

We shall construct an isomorphism S of H and H where H is the
Hilbert space I*®1*, such that (Sz, >>0 vx+0 and such that S+ S* is
not an isomorphism. (Here, {,) is the inner product in H.) Then,
the bilinear form ‘e’ given by a(z, y)={Sz, y> provides a counter-
example to the above question. For, by Proposition 3, ‘@’ coercive will
imply that H has the Lax-Milgram property with respect to ‘b’. It is
easily seen that H has the Lax-Milgram property with respect to ‘b’ iff
S+ S* is an isomorphism. (More generally, a Banach space V has the
Lax-Milgram property with respect to ‘0’ iff A+ B is an isomorphism
of Vand V'.)

Construction of the counter-example. Let H=[I®I*. The inner-
product <z, y) of x=2,+=, and y=vy,+v. is given by (@, ¥.) + (., ¥.)
where (, ) is the inner-product in I*. Let A be the linear map taking
an element of the form u-+v to —v+u where u, v € I>. It is easily seen
that A is an isometric isomorphism of H and that (Az, x)=0 vx € H.
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It follows that ||[A||=1=| 4! and A*=—A.

Let (2,),c» be a sequence of positive real numbers tending to zero
such that sup,cy 2, <1. Let (e,),cy be an orthonormal basis of H. Let
T be the operator from H to H taking =37, <z, e,ye, to > v, 1,{x,
e,>e,. Then, it is easily seen that ||T||<1, T=T* and (Tz, z)>0 vz
+0. Since vne N, 1, is an eigenvalue and 1,—0, it follows that T is
not invertible.

Let S=A+T. Then, since A is invertible, |[A-'||=1 and ||T||<1,
S is invertible. S*=A*4+T*=A*4+T. S4+S*=A+A*42T=2T as
A+ A*=0. Hence, S--S* is not invertible as T is not.

This finishes the construction of the counter-example.

Let V be a Banach space. Let ‘@’ be a continuous bilinear form
on V. The above counter-example shows that in general, A+ B is not
an isomorphism even if A and B are. However, we have the following

Proposition 4. Let V be a Banach space. Let ‘a’ be a continuous
bilinear form. LetV have both right and left Lax-Milgram properties
with respect to ‘a’. Let further the bilinear form ‘b’ be non-degenerate.
Then, A+ B s one-one and (A+B) (V) is dense in V.

Proof. It is easily seen that A4 B is one-one because ‘b’ is non-
degenerate.

If (A+B) (V) is not dense, 3ge V", B0 such that g vanishes on
(A+B) (V). Since V has both left and right Lax-Milgram properties
with respect to ‘a’, it follows by Proposition 2 that V is reflexive.
Hence, j is given by an element % of V. Thus, 3 an element #==0 such
that (A+B) z(w)=0 vzeV, ie. a(u, 2)+a®, w)=0 vze V. But this
implies that #=0 since ‘b’ is non-degenerate. This is a contradiction.
Hence, (A+B) (V) is dense in V. Q.E.D.
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