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54. Eta.Function on S

By Kiyoshi KATASE
Department of Mathematics, Gakushuin University

(Communicated by Kunihiko KODAIRA, M. J. A., April 13, 1981)

Let M be a compact oriented riemannian manifold of dimension
2q-1, / P(M) be the vector space over R of all differential p-forms on
M and put /k(M)==/k’(M). Let A:/ke’(M)--/ke’(M) be a self-
adjoint elliptic first order differential operator defined by

A (/- 1)q( 1)P+I(.d- d.)
where the degree of is eclual to 2p, d is the exterior differential and

is the Hodge duality operator. Note that the square A2- A A is the
Laplace operator l=d+,d, where is the codifferential of d.

When a compact group G acts on M, M. F. Atiyah, V. K. Patodi
nd I. M. Singer [1] defined a function

(g, s)= (sign ,OTr(g E) I1
2-0

for g in G, where the summation is taken over all distinct eigenvalues

of A and g lE is the transformation induced by g on the -eigenspace

E. They also showed as an example that if M is the circle S and g
is rotation through an angle , then

](g, s)=2-- sin n.
n=l n

But it seems to be very hard to obtain directly this function for other
manifolds. J.J. Millson [6] showed a method to calculate this eta-
furtction on homogeneous spaces by using the Selberg zeta-function.

In this paper we show how to calculate more elementarily when
M is the 3-sphere S and

,[cs t --sin 0
g= Isin t cos e S0(4)

cos --sin
[ 0 sin 9 cos 9

by determining the basis for the eigenspace of A. Our result is the
following equation"

]A(g, s)= 2 sin 9 sin (k + 2)0 2 sin 0 k sin (k+ 2)9.
cos --cos 9 k--0 (k + 2) cos 9--cos t (k+ 2)

Details and further arguments will be given elsewhere.
1. Let H(R+) be the vector space over R consisting of all har-

p n+l)monic homogeneous polynomials of degree k on R aId let H(R
be the vector space over R consisting of all p-forms on R+ of which
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coefficients are the elements in H(R 9. It is known that the inclusion
map " Sn---Rn+l induces the isomorphism

p 1) pH(R Ker d f Ker 0 V(S ) Ker d
where d0 and 0 are the exterior differential and its codifferential on
the space *(R ) of differential forms on R + respectively, and V(S)
is the eigenspace of the Laplace operator on (Sn) with eigenvalue
2=(k+p)(n+k--p+l). (See A. Ikeda and Y. Taniguchi [3].)

Since A=, we know that the eigenvalues of A are of the form
2 and there exists an isomorphism

f" Ker (--2) Ker (A-- 2) Ker (A+
given by f(v) ((A+ 2)v, (A- 2)v). Note that the multiplicities
of 2 and --2 are eual, i.e., Ker(A--2) is isomorphic to
Ker (A+ 2).

Moreover, there exist a direct sum decomposition
pVf(Sn)= (V(S ) Ker d) (Vf(S) Ker 3)

and an isomorphism
p+l(.nd Vf(Sn) Ker 3 ._ Ker d

(see [3]).
Thus, to calculate the eta-function on S, we have only to consider

A](s)=d. V(S) Ker d V(S) Ker d,

V .q Ker d.where 2 (k+ 2), and investigate the trace of g acting on
_

2. Let 0= (3/Xl)+" +(3/Sx+) be the Laplace operator on

Let a homogeneous polynomial p(x,..., Xn+) O degree k be given
by

P(Xl, .., Xn+l):Pk(X2, .., Xn+l)+ XlPk-l(X2, .., Xn+ 1)
+. +x-lp(x, ., Xn )+ XPo,

where p_(x,..., Xn+) is a homogeneous polynomial of deree k-i]on
x,.--,x+. Then,

0p(xl, ..., Xn+)= {(i+2)(i+ 1)p__(X, .-., Xn+)
i=O

op_(x, ..., x+)}x,+
where ’o (3/3x) +. + (3/3Xn ).

Hence, p(x, ., x+) e H(R +) if and only if
(i+2)(i+ l)p__(x, ..., x+)+ oP-’ (x, x ) 0

or i=0, 1, ..., k-2. That is to say,

p_(x, ..., x+)= (- 1) (’0)p(x, ..., x+)
(2i)

pk_2i_l(X2, "’’, Xn+l)--" -1)i ()ipk_l(X2, "’’, Xn+l)
(2i+ 1)

2or i= 1, 2, ..., [k/2] ancl hence any element in H(R/) is determined
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by p,(x., ..., x,/,) and p_(x, ..., Xn/).
Therefore we have a canonical basis

h{ ,...,+,, h,...,+,li+...
for H(Rn+) where

"*in+l X2 n+l

and

",jn+l n+l l0k2 n+l

Note that
dimH(R )-- nH -- nH__--(n+k--1)/ + (n+k k--2)=’1

(n+2k--1).(n+k--2)!

As for the derivatives, we have
n+l

Lemma 1. h,...,n+-- i(i--1)h::..,._,...

--k k-1

3x
h,...,+=h,...,+

Let
t --sin t 0sinO cosOg= e SO(4)

cos --sin0 sin cos

act on R4--R2R2. Then g induces the action on /*(R) and /*(S)
also denoted by g. In particular, we have

Lemma 2. g (+_ dxdx2+ dxdx)-- +_ dxdx.+ dxdx4
g -dxdx+dxdx) cos (__+ t)(- dxldX+ dx2dx)

+ sin (--+_ 0)(+_ dxdx+dxdx)
g. (+_ dxdx+ dx.dx)= sin (-0)(dxdx+dxdx)+cos (_+ )(___ dxdx+ dx.dx)

Considering Lemmas 1 and 2, we can choose a suitable basis for

H(R) Ker do Ker o to calculate the trace of g.
Let

a;_i,,o __+ i_,_,o(_+ dxdx2+ dxdx4) ++_. k i)-i-l,i,o( -- dXldX+ dxdx)+h_i,i,o(++_dxdx+dxdx) i=0, 1, .., k
fl_ ,o, +_ i_,o,_(___ dxdx.+ dxdx)+ h_,o,i(-- dxdx+ dxdx)

--(k--i)__,o,(+__dxdx4/dx2dx) i=0, 1, ..., k
yo,-, ho,_,i(+_dxdx.+dxdx)---ih,_,_l(---dxdx+dxdxt)
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+ (k--" h) o,__l,(-+-dxdx+dxdx) i=O, 1, ..., k- s-,,s- ((i+ 1)h_
_

s,, +- (k--i- ])]h___, ,_}(dxdx+dxdx)
])h___l,+, (i+ 1)]h__,,_}+{(k--i--

(dxdx+dxdx)
{(i+ 1)ih_

_,_ , + (k i- j)(k- i- ]-- 1)h_
__, ,}

(dxdx,+dxdx) Oi, ] and i+]gk--1
k

(dxdx+dxdx)
+ {(]+ 1)h_

_
s_, ,s (i+ 1)(k-- i-- j-- 1)h_

_
s-,,s 1}

(dxdx+ dxdx4)
+ {(i+ )h__ s_ ,,s+ (]+ )(k-i- j )h_

_
s_,+ ,s}

(dxdx+dxdx) 0 i, j and i+ jg k-- 1.
Then, these are linearly independent and the number of a, ..., e’s is
(k+ 1)32+k(k+ 1)/2 2 2= 2(k+ 1)(k+ 3) which coincides with the
dimension o H(R) Ker d0 Ker 0 (see I. Iwasaki and K. Katase [4]).
Thus we have the following

Lemma . {a, fl, ...,} is a basis for H(R)Ker d0Ker3o
and hence {e*a, *fl, e*e} is a basis for V‘(.q Ker d.

Remark. The double signature corresponds to the element of
Ker (A ) respectively.

v: (S Ker dNow the diagonal components of the action o g on
_

are as ollows

e*a_,,0 cos o cos (o+_ (k--i+ 1)0)

e*3;_i,o, cosocos(o+/-(k--i+l)O)

e*r:,_, cos- sin o

k-i-j-l,i,j

Min. (i,j +1)
cos (p+_(k--i--j)O) F

s=O
Min. (i, j)

--sin (o+_(k--i--j)O) F,
=0

(--1)-( si)(J+sl)sin=Scsi’j-=s*l
(--l"(i)(g++ll)sin=s+lcsi+J-Ss

Hence we have

Tr(g ]E)- Tr(g E_ ,/a)=2-2 cos9 sin o sin (k--i+ 1)o
i=0

+2 sin(k--i--])O (--1) sin+’ --p
i+j- s=0 8 1 COSi*

-2 sinsin(k-i--])O (--1) ]+1 sin,cos._,_,
i+jk-1 s=0 8

--2 cos ? sin (k-i- ])O (--1)
i+jk-1 s=0

--4(sin sin (k+ 1)0+sin2 sin kO+. +sin (k+ 1) sin 0}
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and we obtain the following
Proposition.

]A(g, S)= 4 sin i9 sin (k/ 2 i)t
--0 (k+2)
2 sin sin (k+ 2)0 2 sin sin (k+2)

cos 0--cos = (k+2) cos --cos (k+2)
Note that the infinite series =0 sin (k+ 2)x/(k+ 2) is uniformly

convergent on the closed interval except the points x=nz, n=0, 1,
2, (see, or example, [2]).
Remarks. 1. Letting so0, we have

(g,O)=_2sinp (1 __0- )eosO-eos et 2
sinO

cos p-cos 0
cot 2 --sin p

--cot eot

which coincides with the result of Atiyah, Patodi and Snger [1].
2. With a little more eomutation, we can obtain the eta-function

on the odd dimensional shere (see I. Iwasaki [gl).
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