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54. Eta-Function on S°

By Kiyoshi KATASE
Department of Mathematics, Gakushuin University

(Communicated by Kunihiko KODAIRA, M. J. A., April 13, 1981)

Let M be a compact oriented riemannian manifold of dimension
2q9—1, A?(M) be the vector space over R of all differential p-forms on
M and put A(M)=> % A®(M). Let A: A(M)— N\(M) be a self-
adjoint elliptic first order differential operator defined by

Ap==1DU(— 1P (xd—dx)¢
where the dezree of ¢ is equal to 2p, d is the exterior differential and
* is the Hodge duality operator. Note that the square A’=A4 - 4 is the
Laplace operator 4=ds-+dd, where 6 is the codifferential of d.

When a compact group G acts on M, M. F. Atiyah, V. K. Patodi
and I. M. Singer [1] defined a function

7409, 8)=§0 (sign DTr(g|E)- ||

for g in G, where the summation is taken over all distinct eigenvalues
of A and g |E, is the transformation induced by g on the 2-eigenspace
E,. They also showed as an example that if M is the circle S' and g
is rotation through an angle «, then
74(9,8)=2v =1 3, STRE.
But it seems to be very hard to obtain directly this function for other
manifolds. J.J. Millson [6] showed a method to calculate this eta-
function on homogeneous spaces by using the Selberg zeta-function.
In this paper we show how to calculate more elementarily when
M is the 3-sphere S® and
cosfd —sind ]
__Isiné cos d
B O cosgp —sing
L sing  cos¢
by determining the basis for the eigenspace of A. Our result is the
following eguation :
2sin ¢ = sin(k+2)9  2s8infd & osin(k+2)p
cosf—cos g i=s  (k+2)° cosp—cosd iz (k+2)
Details and further arguments will be given elsewhere.
1. Let H.(R"*") be the vector space over R consisting of all har-
monic homogeneous polynomials of degree ¥ on R"*' and let HY(R"*")
be the vector space over R consisting of all p-forms on R"*' of which

g e SO®@)

77.4(9, 8)= "
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coefficients are the elements in H,(R"*"). Itis known that the inclusion
map ¢:S"—R"*! induces the isomorphism
& Hy (R~ N Ker d,N Ker §,—>V2(S" N Kerd

where d, and §, are the exterior differential and its codifferential on
the space )\ *(R"*") of differential forms on R**' respectively, and VZ(S")
is the eigenspace of the Laplace operator 4 on A?(S*) with eigenvalue
L=C(+p)n+k—p+1). (See A. Ikeda and Y. Taniguchi [3].)

Since A’=4, we know that the eigenvalues of A are of the form
++/ 2, and there exists an isomorphism

f:Ker (4—21,)—>Ker (A—+v ) ® Ker (A++2,)

given by f(0)=((A++v 2)v, (A—+ 2)v). Note that the multiplicities
of V1, and —+/ 2, are equal, i.e., Ker(A—+/2,) is isomorphic to
Ker (A++/ 1,).

Moreover, there exist a direct sum decomposition

‘ V2 (S =(V2(S") NKer d) ® (V2,(S") N Ker &)
and an isomorphism
d:Ve(S») N Kers—> Vi (S") N Kerd

(see [3]).

Thus, to calculate the eta-function on S, we have only to consider

Alvgkwsmxm——- dx: V3,(8) N Ker d—>V7%(S*) N Ker d,

where 2, = (k+2)*, and investigate the trace of g acting on V% (S*) N Kerd.
2. Let 4,=@/0x)*+ - --+(3/0x,.,)* be the Laplace operator on
Rn+1.
Let a homogeneous polynomial p(x,, - - -, z,,,) of degree k be given
by
D@y vy Ty ) =D @y« - )+ TD5 1@y - -+, Zpiy)
4+ abip (s, - - -, Ty 1)+ TED,,
where p;._(@,, - - -, %,.,) is a homogeneous polynomial of dezree k—ilon
Xy vy XLy Then,

k=2
Aop(xn ] xn+1)= ;0{(7"*‘2)(7«“' 1)pk-—i—2(x27 ] xnu)

AP i@y -, T},
where 4,=(0/0x,)*+ - - - +(9/0,.,)".
Hence, p(zy, - - -, 2,.,) € H(R"*") if and only if
(i+2)(i+1)pk—i-2(x29 ) xn+1)+A6pk—i(x2, ) xn+1)=0
for ¢1=0,1, ---,k—2. That is to say,
pk—u(xm R} xnn):%?%!)—(df))ipk(xz, tt xn+l)
and
-1,
plc-zi-l(xzy Tty xn+1)=ﬁ(do)ipk—l(xz: R} xn+1)
for ¢=1,2, .- .,[k/2] and hence any element in H,(R**") is determined
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by (@2 - - +y i) ANA D1 (Zsy - - -, Bsr)-
Therefore we have a canonical basis

{h’?z,'--,in.;.]’ hl;apu,jn.,.lliz_'_ v +in+1=k7 j2+ tee +jn+1=k“1}
for H,(R"*") where

Rty =25 - - X — gwido(wé“ Cee i) 4 Exi(dé)%xé’ Ceemin)—
and
= ; : 1 1 . .
h’;Zv"'afn+l= X242 - - xiqu_?jxidg(xgz e wi’iﬁ‘)ﬁ-axi(dé)z(aﬁ’ ce wrizﬁ-ﬁl) — .

Note that
dim H,(R**)=,H,+,H,_,
_(n+k—1)+<n+k—2)_ n+2k—1)-(n+k—2)!
“\ k k-1 )™ El(n—1)! '
As for the derivatives, we have

P n+l _
Lemma 1. e h?,,...,in.,_l: _SZ;1’3(7’3'—1)hi‘cz,'1-',i.g—2,~--,in+1
3 =
0 hk k-1
ox h/Zx"'sjn+l=h’j?y"‘»fn-l»l
1
0 -
Wh?Zw--~,i”+l='Luhfa,}-uiu—l,---,inﬂ u=2,3, -, n+1
u
a Tk > T k-
_a?hh,-'w]’nn':]uhljc‘z,%“»ju—l,-",jnn u=2’ 8’ o ',1’L+1.
u
3. Let
cosd —sind
sin cos
g— |sind 0 e SO4)

0 cosp —sing
sing cosg
act on R*=R*PR?. Then ¢ induces the action on A*(R*) and A *(S®)
also denoted by ¢g. In particular, we have
Lemma 2. ¢-(+dz,dx,+dx,dx)=+dz,dx,+dr,dx,
9 - (Fdx,dx,+ da,dx,) = cos (p+0)(F dx,dx,+ dz.dx,)
+sin (p£0)(+da,dw,+ de.d,)
9 - (+dx,de,+ dx,dr,) = —sin (o FO)(F dx,dx,+ dx.dx,)
+cos (p+ (£ dw,dx,+ dz.dz,)
Considering Lemmas 1 and 2, we can choose a suitable basis for
H:(RY) N Ker d,N Ker §, to calculate the trace of g.
Let
Ai_g00= iﬁi—i,i—l,O(i dx,dx,+dx,dx,) + (k— i)ﬁllg—i—l,i,o( Fdx,dx,+dx,dx,)
+hE_; (X da,de,+ dw,dx,) 1=0,1, - -, k
Bi-i0,=T% ih—f,lg—i,o,i—l(i da,dx,+dx,dr) +hi_; 0 (F dx,dx,+dx,dx,)
F(k—Dhk_ ;1= de,da,+dx,day) 1=0,1, -,k
Tor—i,i= N8 s, (£ dw,da, 4+ dx,d,) q—_’iﬁg,k—i,iq(: dx,dx,+dx.dx,)
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F—DhE i1 (Eda,dae,+da,da,) 1=0,1, - -,k
5}?—1—}—1,{,]:{(i"'1)hz—1—j,i,j:|:(k__i""j)j};/z-i—j—lnnl,j—l}(idxldx2+dxade
H{(F—t—DhE oy, FOHDIRE 051}
X (Fdz,dx,+ dx.dw,)
i{(i’i"l)iﬁ’lg-i—j,z—l,j+(k—i—j)(k“i—j—l)ﬁllg—i—j—z,in,j}
X (+dx,dx,+ dx.dx,) 0<%,jand i+7<k—1
elf—i—J—lyi,jz i{(,I:+1)7;ﬁllg—i—j—1,i—1,j+1+(j+1)jﬁllz-1—j—1,i+l,j—l}
X (£ dw,dw,+ dz,dx,)
H{GHDRE i, 2D —i—F—DhE ;o4 5)
X (Fdx,dx,+dz,dx,)
F{GADRE gy FGADE—T— = DRE (i)
X (+dx,de,+ dx,dx,) 0<4,7and i+7<k—1.
Then, these are linearly independent and the number of «*, - - -,e*’s is
(B+1)X3X2+k(k+1)/2%X 2% 2=2(k+1)(k+3) which coincides with the
dimension of H:(R!) N Ker d,N Ker §, (see I. Iwasaki and K. Katase [4]).
Thus we have the following
Lemma 3. {a*, g%, --,¢e*} is a basis for HiL(R")NKer d,NKerd,
and hence {¢*a*, *B*, - - -, *e*} is a basis for V3(S*) N Ker d.
Remark. The double signature + corresponds to the element of
Ker (AF+ 1,) respectively.
Now the diagonal components of the action of g on V3(S*) N Ker d
are as follows :

ka0 cosi g cos (p(k—i+1)0)
KRB0 cost ¢ cos (p+(k—i+1)0)
TG iy cost-ip sint e

kGE Min. (4, 7)

k=i=j=1,%5 | cos(k—i—4)0 Z’ (_1)3< >(

Z ) sin?s @ Cosi+j—28(p
1
8

Min. (z J=1
+sin (k—i—7)0 (-1)( )( >Sin2“lgocos“f‘23‘1ga
”L
S
1
S

>< )Sinmgocosi*j—mflgo
Min, (z 7

—sin (p (k—i—7)0) (1) )( >sin28+l¢cosi+f-2w

s=

cker .. Min. (7. Jj+1)
k=i=j-Li:j | cos(px(k—i—35)0) (- 1)(
sh

Hence we have

Tr(g|E ;) —Tr(g| E_m)=2{—-2 37 cos'p sin gsin (b—i+ D }
=0

Min. (,7~1) . .
i1+jsk-1 §=0
Min. (¢,7+

—2 3 sinpsinte—i—p0 2 (—1(5)(75 1) sinvp costrs 0

i+jsk-1 8=0

. .. Ming, = A P

-2 ;C 1cos¢)s11r1(llc—z—])0 Z,; ( 1)( ><s+1)sm *l cos ©

T+jsk— s=

= —4{sin g sin (k+1)6+sin 2¢p sin kd+ - - - +sin (k4 1)psin 6}
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and we obtain the following

Proposition.
ad k+1 o3 . . .
,8)=—4 2 skisindpsin (k4-2—1)0
74(9, 8) :éo e

2sing =, sin(k4+2)¢  2sind z, sin (k+2)¢
cosf—cos g i=  (k+2)° cosp—cosf i=  (k+2)
Note that the infinite series > y_,sin (k+2)x/(k+2)° is uniformly
convergent on the closed interval except the points x=nr, =0, +1,
+2, ... (see, for example, [2]).
Remarks. 1. Letting s—0, we have

2sin 1 0 .
,0)=— i’——(— cot———smﬁ)
740, 0 cosfd—cosgp \2 2
__2sind (l cot £ —sin go)
cosp—cosd \ 2 2

= —cot L cot £
2 2

which coincides with the result of Atiyah, Patodi and Singer [1].
2. With a little more computation, we can obtain the eta-function
on the odd dimensional sphere (see I. Iwasaki [5]).
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