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24. Monodromy Preserving Deformation of Linear Differential
Equations with Irregular Singular Points

By Kimio UENO
Research Institute for Mathematical Sciences, Kyoto University

(Communicated by Kdsaku Yo0sIipA, M. J. A.,, March 12, 1980)

§ 1. Introduction. The purpose of the present article is to study
the monodromy preserving deformation of linear ordinary differential
equations with irregular singular points.

The theory of monodromy preserving deformation originates in
the classical works of continental mathematicians in the beginning of
this century (L. Schlesinger [1], R. Fuchs [2], R. Garnier [3]). In
particular they revealed that the Painlevé equations are nothing other
than the deformation equations for appropriate linear differential
equations. Their works, however, had somehow been forgotten
until interest is aroused quite recently both from mathematical side
(K. Aomoto [4], K. Okamoto [5], B. Klares [6]) and from physico-
mathematical side (J. Myers [7], Wu et al. [8], Sato et al. [9], Ablowitz
et al. [10], Flaschka-Newell [11]). Since most of the problems ap-
pearing in applied mathematics or mathematical physics have irregular
singular points, it seems important, not only from theoretical view-
points but also for applications, to establish a general theory that will
cover the cases admitting irregular as well as regular singularities.

The equations considered in this paper are n X n first order systems
of following types;

1.1 PY=0, P=d/dz —(ﬁvg Aj/(x—a,)+B)
=1

(1.2) PY=0, P—zd/de—(Az’+Bx+C)

(1.3) PY =0, P=zxd/dx—(x'E+F+z@G).

In §2, after explaining the fundamental result by Y. Shibuya
[12] concerning asymptotic solutions of linear ordinary differential
equations, we investigate the local monodromy preserving deformation
in a general situation. §3 is devoted to the proof of the main results
in §2. Deformation theories for (1.1)-(1.3) are treated in §§4-6,
respectively. In these sections, we give a necessary and sufficient
condition for (1.1)-(1.3) to be deformed without changing the Stokes
multipliers, the global monodromy and appropriate connection matri-
ces. We state that the resulting non-linear systems (“the deformation
equations”) are completely integrable.
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Main results of this and a forthcoming note have been obtained in
[14].

The author would like to express his gratitude to Prof. M. Sato,
Drs. T. Miwa and M. Jimbo of Kyoto Univ. and Dr. K. Okamoto of
Tokyo Univ. for many valuable comments and stimulating discussions.

§2. Local monodromy preserving deformation in the general
case. Let V be a neighborhood of the infinity of the complex Riemann
sphere, and U an open set in C?. Let A(x,t) be an nxXn matrix,
meromorphic in ¢ € ¥V and holomorphic in ¢t € U and having a local ex-
pansion at x=o0
@.1) A, =5 A®e

y=—o00

Here A,,_,(t) is assumed to be a diagonal matrix with mutually distinct
entries.

In this section, we consider an nXn first order system with an
irregular singular point of rank m at x=co,

2.2) PY =0, P=d/dx— Az, ).

This equation has a formal matrix solution as follows:

2.3) Y@, t)=T (@, e exp (ﬁ D,(t)x”).
v=1

Here Y (z, t) is a formal power series in #-! having the n X # unit matrix
as the leading term, and D,/(t) for 1<v<m and D(t) are diagonal
matrices. For example we have
2.4) m=1; D,=A,, D=A{"

m=2; Dz=—;—A2, D,=A{", D=A{"+A{A})"™

and so forth. Here, for an nXn matrix X=(x,,), we denote by X*’
=diag Xy, * + +5 Xpp) and X '=X—-X* the diagonal and off-diagonal
part of X, respectively. The bracket notation { } is defined as follows.
For a diagonal matrix A=diag (4, - - -, 4,) (or diag (4,),<,<., for short)
with mutually distinct entries, we define a matrix {X}, through
0 if k=1
(2.5) {X}A,kl={ . if kL.
A—A,

We also set {X, X'},={[X, X']}s

We call ¥(z, t) the normalized formal matrix solution for (2.2) at
x=o00. Note that it is holomorphic in t e U.

Put Sm={x eV; L”;D—5<arg x<%} for1<li<2m-+1. Here

0 is a positive number. It is known (Y. Shibuya [12]) that there
exist a sufficiently small 4, a sufficiently small open subset U’ U and
actual fundamental solution matrices Y,(x,t), 1<I<2m-1, of (2.2)
such that Y, has the asymptotic expansion
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(2.6) Y, )~Y(,t) inS,, 1<I<2m+1,
valid uniformly in U’. Moreover Y, is uniquely determined by (2.6)
(Balser et al. [13]). Note that they are holomorphic in U’, and that
Yon. =Y (xe )e??, We call them the normalized solution for (2.2)
at x=o00. We define Stokes multipliers C;, 1<1<2m, by
2.7 Yz+1 = YLCL'
Then the local monodromy of Y, at x=o0 is €**2C;}-.-C;l. We set
“the deformation properties” as follows:
(DP) dD=0, dC,=0, 1<I1<2m.
Here d denotes the exterior differentiation with respect to parameters
t. Our goal in this section is to find a t-equation satisfied by Y, when
it is deformed under the condition (DP).

Proposition 1. If “deformation properties” (DP) hold, 2=dY,
-Y1! is a meromorphic 1-form in the neighborhood of x=oco such that

2.8) Q=3 3 0PM)wdt,,
v=—o0 p=1
2.9) dP=[0,P], d2=0AQ,

@100 3 O (t)dt,=the coeflicient of a° in Y(}mj dD,xv)?-l.
p=1 v=1

Here dP=—dA(z, t), and [2, Pl=QP—PRQ2. Conversely, if there exists
a meromorphic 1-form £ in the neighborhood of x=oo satisfying
(2.5)-(2.7), then (DP) holds. We remark that (2.9) is the integrablity
condition of the system PY =0, dY =0Y.

§3. The proof of Proposition 1. First we prove (2.8)-(2.10)
assuming (DP). Since (DP) guarantees the invariance of the local
monodromy of Y,, we see that 2=dY,-Y;'is single-valued. Moreover
dY, Y;*=dY,,,- Y}, 1<1<2m for dC,=0, 1<1<2m. Hence 2 has
the following asymptotic expansion in all the sectors S, ;, 1<1<2m+1,

Q~d¥ V-1t f(;"‘: dex”)Y'l.
pv=1

The right-hand side gives the local expansion of 2 at x= oo, due to the
single-valuedness of £. Then it is clear that Q=dY .Y~

+ ?(i dDm,)f’“ satisfies (2.8)~(2.10).
v=1

Conversely we assume that a meromorphic 1-form £ satisfies
(2.8)-(2.10). From (2.9) and (2.10), it follows that dD=0, and that
the normalized formal matrix solution (2.3) satisfies PY=0, d¥=0Y
(K. Ueno [14]). Also, we obtain PdY,—Y,)=(dP—[2,P])Y,=0.
Hence there exist matrices B, (1<1<2m+1) independent of z such
that dY,—QY,=Y,B,. We show B,=0. Since 2=dY.7-,

3.1 dY, Y;'—Q~0(x? in S, ;.
On the other hand,
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3.2) Y,B,Y;!~Y P exp (ﬁ D,,.’X:")BL exp (—271‘_, D,x")x‘DY“ in S, ;.
v=1 v=1

If exp (i D,x”)Bl exp (—f} Dvx”) had a non-vanishing off-diagonal
v=1 v=1
element, it would grow exponentially, for the central angle of S, ; is

larger than *_. Hence B, must be a diagonal matrix, and
m

3.3) Y,B,Y;'~B,+0(x" in S, ;.

Comparing the right-hand side of (8. 1) with the one of (3. 8), we obtain
B,=0. Accordingly dY,=Q2Y,, 1<1<2m+1. Then itis clear that the
Stokes multipliers C, are invariant. This completes the proof.

§4. Construction of the deformation equations for (1.1). Let
U be an open set in C?. The nXxn coefficient matrices 4,=4,@1),
1<j<N, B(t) and the regular singular points a,=a,t), 1<j<N, are
assumed to be holomorphic in U. Assume further that

(I) B=diag (b,(®), ---,b,() with b, (t)#b,(t) (kD) for te U,

(II) the differences of the eigenvalues of A,(t) are not integers,

il  a,)==a,@) (i+7) for te U.

From the theorem of Shibuya (§ 2), we have the normalized matrix
solutions ¥, (1<I<8) at infinity such that Y,~V in S,. Here
V= f’(x, t)x?® exp (xB(t)) is the normalized formal matrix solution of
(1.1) at =00, and S; (1<1<3) are appropriate sectors with central
angles larger than . We define the Stokes multipliers C, 1<1<2) by
Yz 17 YzCz-

Near x=a,, Y, has a local expression of the form
4.1 Y (x, )=90,(z, )(x—a,)", 1<7=N,
where @, is holomorphic and invertible near x=a,. We set “the de-
formation properties” as follows:

(DP. 1) dD=0, dC,=0, 1<Z1<2,
(DP.ID) dL,=0, 1<j<N.

Theorem 1. The deformation properties (DP.I), (DP.II) hold if
and only if A; A<F<N) and B satisfy the following non-linear system
4.2 dP=[Q, P], dR=0N4%,
where 2 is a rational 1-form defined by

4.3) 0=3 A _do,1{dB, A},+2dB, A=} A,
= x—a, =

(4.2) is equivalently rewritten into the following completely integrable
system

4.4) dAj=.(#Zj> [4,, Aldlog (a,—a)+[{dB, A}, 4,1+ [d(a,B), A ],
1<j<N.

We remark that a,(t) (1<j<N) and B(t) can be regarded as in-
dependent variables.
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§5. Construction of the deformation equations for (1.2). Let
U be an open set in C?. The nxXn coefficient matrix A, B,C of (1.2)
are assumed to be holomorphic in U. Assume further that

(I) A=diag (a,(t), - - -, a,(t)) with a,(t)#a,(t) (k1) for te U,

(II) the differences of the eigenvalues of C(t) are not integers.

At 2= o0, we have the normalized formal matrix solution
V=Y (x, t)z>® exp (x*A(t)+x2B(t)), and the normalized matrix solu-
tion Y, (1<1<5) of (1.2) in the sense of §2. Let C, be the associated
Stokes multipliers. Near =0, Y, may be expressed in the form,
Y. (z, ) =0(x, t)x*?, where d(x, t) is holomorphic and invertible matrix
near x=0. As in §4, we set the deformation properties as follows:
(DP. 1) dD=0, dC,=0, 1<1<4,
(DP.II) dL=0.

Theorem 2. The deformation properties (DP.I), (DP.II) hold if
and only if A, B and C satisfy the following non-linear system

5.1) dP=[Q, P], A2=09AN4%.
Here
(5.2) Q=0*0+2V 46

6.3  o=Lada, qr=d3<+>+{ldA, B}
2 2 4

6=10, Clu+{¥, B+ diag {4 3 bubud(——2— )}
2 k= a,—a, /isizn

(5.1) is equivalently rewritten into the following completely integrable
system
5.4) dB=V+[0, B]+[¥, C], dC=I[0, C].

We note that A and B‘*’ can be regarded as independent variables.

§6. Construction of the deformation equations for (1.3). Let
U be an open set in C?. The nXn coefficient matrices, ¥, F', and G,
of (1.3) are assumed to be holomorphic in U. We assume further that

(I) G=diag (9:®), - - -, 9.(1), E=K diag (&), - - -, €,(£))K~' with
some K holomorphic in U,

(IT) the entries of G and E= diag (e,(t).<x<» are mutually distinct,
respectively.

At 2= o0, we have the normalized formal matrix solution
Y= ?(w, P ® exp (G(t)), and the normalized matrix solutions Y,
(1<1<3) in the sense of § 2. To consider the asymptotic behavior of

Y, at x=0, we make a transformation Y=KZ. Then the system (1.3)
is converted into
6.1 Z—Z=(x'2E+x"K“FK+K"GK)Z.

x

Applying the theorem of §hibuya (§ 2) to (6.1), we have the normalized
formal matrix solution Z=/Z(z, )z*®® exp (—z £ (t)), and the nor-
malized matrix solutions Z,(z,t) (1<1<3) of (6.1) at x=0. We define
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the Stokes multipliers C{=’, C® (1<1<2) by

(6-2) Yz+1=YzC£°°)’ Zz+1=ZLC§0)-
We define further the connection matrix @ by
(6.3) Y.=KZ,Q.

The deformation properties we consider are similar to those in the
previous paragraph, except that we now require the connection matrix
to be constant as well. Namely we set
(DP.I) dD*'=dD® =0, dC{”=dC®=0, 1<I<L2,

(DP.II) d@=0.

Theorem 3. The deformation properties (DP.I), (DP.II) hold if
and only if G, F, E and K satisfy the following non-linear system
(6.4) dP=[Q, P], dR=02N80

dK=K{dE, K-'FK};+{dG, F},K.
Here Q=x@4-V 42710 is an nXn matrix 1-form in t given by
(6.5) O=dG, ¥={dG,F};, 0=—KdEK-
The above system (6.4) is equivalently rewritten into the following
completely integrable system
(6.6) dK=K{dE‘, K-'FK}z+dG, F}.K,
dF =[0,E1+10, G]+[¥, F1.

We note that G and  can be regarded as independent variables.

Further remark. The deformation equation for the type of (1.3)
was considered in Sato et al. [9], but they did not make clear what is
preserved under the deformation.
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