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22. Some Remarks on Nonlinear Ergodic Theorems
in Banach Spaces

By Kazuo K0BAYASI*) and Isao MIYADERA**)

(Communicated by Kdsaku Yosipa, M. J. A., March 12, 1980)

1. Introduction. Throughout this note we assume that X is a
uniformly convex real Banach space and C is a closed convex nonempty
subset of X. The value of z* ¢ X* at x ¢ X will be denoted by (x, *).
The duality mapping F (multi-valued) from X into X* will be defined
by F(x)={x*e X*: (x, 2*)=| x| =||x*|*} for x € X. We say that X is
(F) if the norm of X is Fréchet differentiable, i.e. for each x ¢ X with
x+#0, lim,_,t'(|x+ty|—]|x|) exists uniformly in ye B(0,1), where
B, r)={ze X:||z—=z|<r}. By TeCont(C) we mean that T: C—C
and T is a contraction, i.e. |[Tz—Ty||<|x—y| for 2,y in C. The set
of fixed points of T will be denoted by < (T).

Recently R. E. Bruck and S. Reich established a nonlinear mean
ergodic theorem, and R. E. Bruck [3] gave a simple proof of the theo-
rem: If X is (F"), C is bounded and T € Cont (C), then for each x in
C {Tx} is weakly almost-convergent to a point of F(T). In this note
we deal with the weak almost-convergence of almost-orbits of {T,},
T, € Cont(C), and obtain an extension of the above-mentioned theorem
(see §3). To this end we prove Proposition 2.2 in § 2. This proposi-
tion is also used to show the weak convergence of almost-orbits of re-
solvents for m-dissipative operators in § 4.

2. Almost.orbits of contractions. Let T, e Cont (C) for n=>1
and set Pr=T,T, _,---T, for m=n=1. A sequence {2,},», in C is
called an almost-orbit of {T,} if

lim,_.. [SUPnzo || ®nsm—Pr "2, _4[1=0.
Let I' be the set of strictly increasing, continuous and convex func-
tions 7: [0, 00)—[0, o) with y(0)=0. According to Bruck [3] we say
that T: C—X is of type (y) if y e I and for all x,y € C and 0<2<1
([ AT2+A—-DTy—TGx+A - D=z —yl|—Tz—Ty]|.
It is known that if C is bounded then there exists y € I' such that
every contraction T': C—X is of type (;). (See [3, Lemma 1.1].)

Lemma 2.1. Let T, e Cont(C) for n=1, and let {x,},5 0nd {Y¥,}azo
be almost-orbits of {T',}. Then we have the following:

(@) {|z.—¥.|} is convergent.

(b) If {y,)} is bounded, then for any 2¢ (0,1) {Az,+(1—Dy,} is an
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almost-orbit of {T,}.

Proof. (a) can be proved by the same way as in [3, Lemma 2.1],
and therefore we omit the proof of it. Let us now show (b). Put
2,=Ax,+(1—2Ay,. Since {y,} is bounded, so is {z,} by (a). Choose an
>0 such that {x,}, {y,}CB(,7r), and put C,=CNBO,r) and Q**™
=Pr*™|, (the restriction of Pr*™ to C,). Then C, is a bounded closed
convex subset and Qz*™: C,—X is a contraction. Thus there isyeI”
such that every Q'™ is of type (;). Hence, by a similar way to that
of [3, Lemma 2.2] we obtain

“zn+m""QZ+mzn—1“
ézan‘l'(l—z)/gn""r—!(”xn—x_yn—l”—"“xn+m_yn+m“+an+‘8n)
for n=1 and m =0, where «,=s8UpP,s ||%p.n— Q" ™2,_,]| and B,
=SUPnz0 |Ynem— Q) ™Yl Since lim,_. ||z, —y,| exists by (a) and
lim,_., «,=lim,_. B,=0, it readily follows that
lim, ., [SUDnzo | 20sm— P2 ™2, ,|1=0. Q.E.D.

Proposition 2.2, Suppose that X is (F), T, e Cont (C) for n=1
and D={feC: X2 | T.f—Fl<oo}#B. If {®,}uz is an almost-orbit
of {T,}, then the sequence {(x,, F'(f—g))} is convergent for all f,g € D.

Proof. If fe D, the constant sequence {f} is an almost-orbit of
{T.}. Indeed, Sup,z ||/ —Pr " fI=8uPmzo (| — Toun |+ 2001 | Ptk
—Porr  fIE > e | =T fl—>0 as n—>co. Let 0<2<Z1 and f,ge D.
By Lemma 2.1, {||Ax,+ (1 —2)f—g|} is convergent as n—>co. However,
since {z,— f} is bounded, the Fréchet differentiability of the norm of
X implies that

lim,,, @D'(|f =9+ A2, — D= —9P=@.—F, F(f—9)
uniformly in n. Hence lim,_., (x,—f, F(f—9)=lim,_...,, 2D (|2,
+A =S —gIF+IIf —9|F) exists. Q.E.D.

Corollary 2.3. Suppose that X is (F'), T, € Cont(C) for n=1 and
D={feC: 3 ||T.f—Sl<oo}#0. Let {x,}.2 be an almost-orbit of
{T.}, and let 0,({x,}) denote the set of weak subsequential limits of {x,}.
Then DNecleo w,(x,)) is at most a singleton, where clco I denotes the
closed convex hull of E.

Proof. It follows from Proposition 2.2 that for all u, v € 0,({x,})
and f,g9e D, (u, F(f—9)=lim,_. (@,, F(f—9) =, F(f —¢)) and hence
u—v,F(f—9))=0. But this is also true for all u,v € clco w,({x.,}).
Thus DNecleo w,({x,}) is at most a singleton. Q.E.D.

3. Weak almost-convergence of almost-orbits. A sequence
{#,},2o iIn X is said to be weakly almost-convergent to x if w-
lim,_.n"*' > 22t 2, ,=2 uniformly in ¢=0. By virtue of [3, Theorem
1.1] we have the following

Theorem 3.1. Suppose that T € Cont (C), F(T)+0 and {x,},5, 18
o bounded sequence in C such that lim,_., ||%,,,—Tx,|=0. Then for
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every weak neighborhood W of SF(T) there exists a positive integer N
such that n=* > "2t x,,.,€ W for all n=N and 1=0.

Theorem 3.2. Let X be (F) and T,T, € Cont (C) for n=1. Sup-
pose that

(i) lim,.. T, x=Tx uniformly in xe B for every bounded set
BcC,

() F(T)#P and FT)CD={f e C: Xz, | T.f —flI<oo}.

Then every almost-orbit {,}.z, of {T,} is weakly almost-convergent to
the unique point of F(T) N cleo w,({x,}).

Proof. Let i(n) be any sequence of nonnegative integers, and set
S, =N"" > %} ®promye 1t suffices to show that {s,} converges weakly to
a point of F(T) N clecow,,({x,}). Since {|z,— f|} is convergent for fe D
(see the proof of Proposition 2.2), {x,} is bounded. Hence, (i) implies
that lim, ... ||z, .,—Tx,||=0. Consequently, w,({s,}) CF(T) by Theorem
3.1. Moreover ,({s.}))CMi, cleo {z,: k=i}=clco w,({x,}). Thus we
have o,({s.h) 4 (T)Nclco o,({z,})TDNcleo ({x,}). However, since D
Neleo ({x,}) is a singleton by Corollary 2.3, we obtain that ,({s,}) is
a singleton and is equal to F(T) N cleo v,({x,}). Q.E.D.

Remarks. 1) Under the assumptions of Theorem 3.2 we have
G(T=D. 2) If X is a Hilbert space, z,¢C and z,=T,2,_, for n=1
in Theorem 3.2, then the condition (i) can be replaced by a weaker
condition “lim,_. T,x=Tx for each x € C”.

Applying Theorem 3.2 with T,=21,T+(1—1,)I, we have the fol-
lowing corollary which extends a result due to S. Reich [4, Note added
in Proof]:

Corollary 3.3. Let X be (F'), T € Cont(C) and 0<2,<1 for n=>1.
If F(T)+#0 and lim,_, 2,=1, then every almost-orbit {x,},=, of {1,T
+A—2)1} is weakly almost-convergent to the unique point of F(T)
Neleo w,({x,}).

4. Weak convergence of almost-orbits of resolvents. Through-
out this section, it is assumed that A4 is an m-dissipative operator in
X with A-'00 and {2,},s, is a positive sequence. For 1>0 J, denotes
the resolvent of A, i.e. J,=(I—24)"'. Clearly, J,: X—D(4) is a con-
traction.

Lemma 4.1. If {z,},2, 15 an almost-orbit of {J,} and y,=2;'(J,,
—Dx,_,, then lim,_., 2, [|¥.[=0.

Proof. If fe A~'0, the constant sequence {f} is an almost-orbit
of {/,,} and hence r=lim,_,., ||z,— f| exists by Lemma 2.1. If »=0,
then 2,||¥.1S0J:,%0-1— 2o ||+ — 2, s [|=>0. (Note that ||/, 2z, —a,|
—0, for {x,} is an almost-orbit of {/, }.) Next, let »>0 and choose an
%, such that |x,— f||>7/2 for n=n,. Let § be the modulus of uniform
convexity of X. Then é(|z—y|)<1—|z+y|/2 for z,y € B(0,1). Put-
ting x=(/,,%._.—f)/a, and y=(,_,— f)/a,, where a,=|z,_,— S|, we
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have
0, [|Ynll/ @) SCn— |3, @01 — =27 2,,]  for n>n,.
However, since y, € AJ, x,_, and 0 € A f, the dissipativity of A implies
that |, 21— S SN2 @n-1—Ff — 2y, | for 2>0. Therefore we have
(23, (Yl /M) Z (@0 i— F =30 — £l for n>m,
where M =sup,:.¢,. Letting n—oco, we see that lim,_.. 2, |¥.,|=0.
Q.E.D.

Theorem 4.2. Suppose that X is (F') and let {x,},», be an almost-
orbit of {J,}. Ifliminf,_, 2,>0, then {x,} is weakly convergent to a
point of A0,

Proof. Put y,=2;'(J,,—Dx,.,. Then ,[¥,]|—0 as n—co by
Lemma 4.1. Combining this with liminf,_.1,>0, we obtain
lim,_. ||¥,|=0. Sincey,¢e AJ,x,_,, we have

1(J;—Dd o0 [|SY. -0  as n—oo.
Let {n’} be a subsequence of {n} and u=w-lim, .. x,. Then u
=w-lim,._..J,, %, by || €, —J, %, _.||>0 as n—>oco. Therefore by the demi-
closedness of J,—1I we have (J/,—Du=0, i.e. ue A~'0. This shows that
o,({x,))CA-0. However, since A"'0CD={fe X:3 7.||J,.f— fll<oo},
it follows from Corollary 2.3 that v, ({z,}) is a singleton. Q.E.D.

Corollary 4.3. Let B:X—X be a continuous dissipative operator
which maps bounded sets of D(A) into bounded sets in X. Let {e,},2:
be a nonnegative sequence and let x,¢ X and 2,=(I—2,(A+¢,B)) %, _,
for n=1. (Note that each A+¢,B is m-dissipative (see[1]).) Suppose
that X is (F) and 3.2, A,e,<oo. Then we have the following :

(@) Ifliminf,_, 2,>0, then {x,} is weakly convergent to a point
of A~10.

(b) If imsup,..2,>0 and > |en—en.:|< oo, then {x,} is weakly
convergent to a point of A-10.

Proof. Put A,=A+¢,B and T,=(1—-21,4,)7%, and let feA~0.
Then

%0 = FNSNT 2@ s = To S |+ TS = SIS @0 — S+ 22 || AL

<[ @ams— I |+ 2t |BS ||, Where [[| A, flll=inf,c.,, |1 2]l

From this and > 7, 2,6, < oo we see that {,},, is bounded in D(A).
Put K=sup,.,||Bz,|. Since||z,—J,,2,il|=:,(@n_1—2:exBL,) — I, 1]
<2, ||Bx,||£K2,¢,, we obtain

120 sm =T rgem L 2a@n 1 S 0E0 |2 — @i IS K 2 5-n e
for n>1 and m>=0. This shows that {z,} is an almost-orbit of {J, }.
Thus (a) is a direct consequence of Theorem 4.2.

To prove (b) it suffices to show that lim,_.. ||¥,]|=0 as seen from
the proof of Theorem 4.2, where y,=2;(J,,—Dx,_,. To this end set
V=20, —x,_,). Since v,eA,x, and v, +(e,—&,.)BT,,; € AT,
the dissipativity of A, implies

”vn+1”§“vn“+len—en+l| Han+lH§”?)n“+K len_enn"
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Combining this with > >, |e,—e,,,|< o0, we have that {|v,]|} is conver-
gent. Moreover ||v,—¥,||=4;" %, —J;,X0_1||<Ke,—0 as n—oo (note
that {¢,} converges by > »_.|e,—e,, |<<o0). Therefore {||v,|} is also
convergent, and hence lim,_., ||¥,||=Uim sup,-. 2,)* dim,_., 2, ||¥.|D
=0. Q.E.D.

Taking ¢,=0 for n=1 in Corollary 4.3 we have the following
which is due to S. Reich [4].

Corollary 4.4. Suppose that X is (F'). Letx,€ X and x,=J, x,_,
for n=1. If limsup,.. 2,>0, then {x,} is weakly convergent to a
point of A~10.

Remark. In Theorem 4.2 and Corollaries 4.3 and 4.4 the agsump-
tion “X is (F)” may be replaced by “X satisfies Opial’s condition”.
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