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6. On a Certain Integral Equation of Fredholm of
the First Kind and a Related Singular
Integral Equation

By Yoshio HAYASHI®*) and R. A. HURD**)

(Communicated by Koésaku Yo0SIpA, M. J. A,, Jan. 12, 1980)

1. It is the purpose of this paper to give an explicit formulation
for the solution of an integral equation of Fredholm of the first kind

(1) L {—l—ln |&—y|+Co+Cy(@—y)*+ Colz—y)tln |x-—-y|}z-(y)dy= 9(@)

2r
where I={_Jy_,l; is the union of a finite number of bounded intervals
li=(a, b)), (@,<b;<@;.1;7=1,2, - +,v,0a,.,=00), C’s are known com-

plex valued constants, and g(x) is a given, continuously differentiable
function. The unknown function z(x) is assumed to have a singularity
of O(1/vxz—c) at each of the end points c=a, and c=b, and otherwise
is continuous.

In his previous paper [1], one of the authors showed that the
Dirichlet problem for the Helmholtz equation for an open boundary [ is
equivalent to that of solving the integral equation

(2) j ¥ (@, Pe)dy=g(@)

where ¥ (xz, ) =A/4)HP (k|z—y]) and H is the second kind Hankel
function of the zero-th order. If the “length” of I, or (b,—a,), is such
that k*(b,—a)*=0(1) holds for a given “wave number” k, the kernel
¥(z, ¥) of (2) is well approximated by that of (1), and (1) is an approxi-
mation of (2). If a solution of (1) is obtained, a higher order approxi-
mation to the solution of (2) is available by successive approximations.

On the other hand, after differentiation with respect to z, (1) is
converted to the singular integral equation
3) L[ L —aw—a)-By-anla—ylwiy=1@)

i Ji ly—x
where A=2r(2C,+C,), B=4xC, and h(x)=(2/7)(dg(x)/dx), and the inte-
gral is taken in the sense of Cauchy’s principal value [1].

There are many works on singular integral equations [2], [8], how-
ever, to the best knowledge of the author, an equation like (3), whose
kernel has a Cauchy type singularity and a log singularity simultane-
ously, has never been solved explicitly.
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In the following sections, an explicit solution of (3) will be derived
by converting it to a Hilbert problem in a complex plane, from which
will derive the solution of (1) as well.

2. Let (D(z) be a function of a complex variable z defined by

00— 2 [* {1 —Aw—2—-Bu—ain(-L=2 ) eapay

2nt i=1day Ly—2 0;—2
and let @*(x) be the limiting values of @(z) when z=x+1y tends to a
point = on the x-axis in such a manner that y—04. Then, it is easy
to see that

(i) @(») is analytic everywhere except for z=co and z € [, where
l is the closure of I.

(ii) @(»)=0(z]) when |z|—>co.

(iii) @(2)=0(1/v(z—c)) when z—c=a, or b,.

(iv) 2"@)+0 (@)=h@)+ 251 Pp+Pux) Inje,—x|, (xel)

(v) 0*@)—0 (@)=r(@)—B j’ Y—a)c)dy, el
where P,;, and P,, are constants, if one notes that
(4) (~1—j =) dy) - + @)+ W gy, @el

2r1 Ji y—2 Zm L Y—2
and

( L (- z)m( )dy)dy)*

2nt Ju . —
1 (y—x)ln\—?/:i cWdy,  @el, i#)
271 Ju at—
1 (y—x)ln[ y— r(y)dy+—j W—w)e()dy,
271'% lj j_

el i=7).
On the other hand, if ¥'(z) is defined by

X 1 dy : _
=59 [ Ll + ;(meﬂwmm, vl

(z) fjl 2™

where the ¢’s are constants to be determined, and X(2) is a function
defined by

X@)=1 / «/}1 (:—a)(z—b))
whose limiting values at 2 on ! are denoted as
X@)=X"@)=—X"(2),
then, it is not difficult to see that
(vi) ¥(2) is analytic everywhere except for z=oc0 and zel.
(vii) ¥(2)=0(z]) when |2|—>co.
(viii) ¥(2)=0(1/4/z—c¢) when z—c=a, or b,.
(ix) T*@+T @ =mx)+271 (Pp+Pu2)n|a;—x|
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Note that (ix), and (x) below as well, are obtained with the help of
formula (4) applied to ¥ (z).

As a consequence, ¥(z) is shown to be identical with @(z) if con-
stants ¢’s are suitably chosen (and this will be done later), because
{0(2)—¥(2)}/ X(2) is proved, by virtue of the properties of () and ¥'(z)
mentioned above, to be a polynomial of order v+1. Therefore, we have
() — D (2)=V*(x)— ¥ (x). While, from (v), the left hand member
of this equation is

D,
«@~B [ w—oxwiy,
and the right hand member is shown to be

® T@-7 @)=

where we have set

) j@=ED [ 1A )+ 5 @ut Painia—v]
+X@) 3 g

That is, we have shown that a solution z(x) must satisfy the following
integral equations of Volterra of the second kind on [,

b
(6) r(x)—zzf =) @)dy=f@), @el;=(a,;b))
where we have set 2=B. Equation (6) is easily solved, giving

(7) (@)= F (@) + 2 j F() sinh A(y—z)dy.

Thus, we have proved that the solution z(x) of eq. (1), and of eq. (3)
as well, must be represented by (7) in terms of f(x). However, the
converse is not necessarily true. In order that (7) gives a solution of
(3), or of (1), constants P, and ¢, (/=1,2,---,v: k=1,2: m=0, 1,
..,v+1) contained in f(x) must be chosen suitably. In a following

section, a system of simultaneous linear equations with respect to
the P’s and ¢’s will be derived, which will be a necessary and sufficient
condition for (7) to give a solution of (3), or of ().

3. To begin with, theorems which play an important role in the
following calculations will be stated.

Theorem 1 (Hardy-Poincaré-Bertrand [2]).

dy ¢(y, 8 o 2 f j 3y, 0
Ly—w W= —mglw o)+ | do C—y—w) w
Theorem 2 (Hayashl [an.
_ 1 (9 XW 5, [—2 02 PnaZ™, v<n)

(9) H”(x)*”{:%' L oy—2 dy“{o, 0<n<y—1)

where

X(z)=1/\/j]j1 (z—ez,)(z—bj)=m§_—‘;m Bn2™, |z|>1.
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Corollary (Hayashi [1]).
X(y)
(10) — = _dy
t C—y(y—2)
For the proof of these theorems, the reader is referred to [1] and [2].
On substituting (7) in (3), and changing the order of integration,
we have

av i@ [ {1~ Aw—2—Bu—ainls—l} @y

I

0 (x,lel,z+0).

v 7] 4 1
=15 [P rouf {1 —aw-o
j=1Ja; aj ’y — X
— Bly—a)ln|a—y|} sinh 2C—v)dy
where the inner integral on the right hand can be calculated to be

ay \Yy—o

=z{(c-x)ln|c—x|+%(c—x)} {ana,—xH- A+X }sinhz(c—a,)

— 2{(aj—x)lnIaj—x|—|-—§12—(a,—x)} cosh A((—a,)
which reduces (11) to
a2 i) —f %dy

=—)§[{ln|a,—w|+ A“z}f S(y) sinh 2A(y—ady

+ z{(a,,— o)l |a,— xl—l-?(a,—— x)} j ' f@) cosh (y—a,) dy].

On substituting (5) in (12) and making use of (8), (9), and (10), it can
be proved that the left and right hand sides of (12) are rewritten,
respectively, as follows,

(13)  LH.S.=——ir> (PptP o)l |a,—a|—ix 3] quHon(@).
j=1 m=y
(14 RHS.—=-3 [(A2h§'+Aajh7)—l— i 3 Pu(A,S" + 40,0
j=1

+ z 0n(A,S1,+ Aa,Cl, ]+sz [hf+ 31 3 PaCH 3 quf]

=014=1
— z n|a,—a| [W+Ba,hf+ » z P,.(38* + Ba,Ci¥)
k=0 1¢=
+ 3} 0384 +Ba, 04|
+B 3 wlnla,—a|-[hi+ 3} 3] Po O+ 3 0,04
j=1 k=01%=1 m=0

where we have set

SOV_ 1 ( X(y) fsinh A(y—a))
{5 C’(C)} at Jiy {— y{cosh Aly— aj)}dy
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h§}= _h@_{s’(C)}dC S“"}z Cinla,—C| {S’(C)}dc
h L X©Q i) o l X© (@)

S2, _ n sinh Z(y—aj)} _ A+22

C{n} J Y Xw {cosh y—a,) W, A A

The necessary and sufficient condition for (7) to satisfy (3) is that

(13) and (14) are equal to each other identically with respect to . Be-
cause of the independent property of 1,z,In|a,—z| and xln|a,—x|,
this condition is equivalent to the following system of simultaneous
linear equations with respect to P,, and ¢, (j=1,2,.--,v: k=1,2:m
=0,1, .-,v+1).

1 v v
(16) izp_.q,+inp - 1Grat 2 2 Pu jZ_l (A8 + Aa,C")

+ 3 0n 3 (S} + Aa,Cl) = — 3 (A +Aash)
j=1
+1 v v
Bl — Z Z P, Z. CiE— Z an 2, Ch=2 1
A =0 Jj=1 Jj=1
v+1
X inP;— Z Z P, (28"*+ Ba, ,C**) — Z 4,481+ Ba,C%)=(2h{+ Bahi)
B Pt 3 5 PuC+ 3 0,Ch=—1}
k=0 1=
As a conclusion, a function z(x) defined by (7) in terms of the P’s
and ¢’s which satisfy (16) gives a solution of (8). Since (16) is com-
posed of 2v+2 equations with respect to 3v+2 unknowns, a solution of
(8) contains v undetermined parameters in general, in accordance with
the known result [2].

4. Let the kernel of (1) be denoted by (2, ¥) and let z(x) be a
solution of (3) obtained above. If z(x) is substituted,

[ e vepay— @
may not necessarily be zero, but must be equal to some constant, since

d _
%{ e e dy— g(x)} -

is (8) and z(x) is a solution of it. This implies that, in order that (7)
gives a solution for (1), the v remaining parameters should be de-
termined by the further conditions

an [ v peay—g@)=0 (=12,

where z; is arbitrarily fixed point on /,, Equation (17) represents v
simultaneous linear equations with respect to the P’s and ¢’s, whose
explicit representation is straightforward. Equation (17) together with
(16) comprise 3v+2 equations with respect to 3v+2 unknown para-
meters P and q, whose solution, when substituted in (7), gives the
solution of (1).

5. We have shown that a solution of (8), or of (1), if it exists,
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must be given by (7), with the constants P’s and ¢’s satisfying (16),
or (16) and (17), and that the converse is also true. Thus, the existence
and the uniqueness questions on a solution of (3), or of (1), have been
reduced to those on solutions of (16), or (16) and (17), however, we
shall not go further, because these questions depend on the choice of
coefficients of the original equations, the ranges of integration, and
the wave number k. We remark that the results obtained here are of
interest in the analysis of acoustic and electromagnetic diffractions by
a union of line segments of arbitrary width. Detailed discussions of
these questions will be left to more specific, practical cases.
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