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4. Proofs. Proof of Lemma 3.1. We have
1 ._/_ 1p_l/ =(u) _+_...-o, k

-,o

Thus it is necessary to show that
r(z)=z/--(b-’x)z +... +(-- 1)(b-x)z+(- 1)/b-has roots u,...,u;+. This follows rom

k+l k+l

I-I (z-- u: ) E (-- 1)xz ’-
i=l i=0

pl/. is sim--1 (u u+). The proof for-_,0and a(u, ..., u+)=b- a+_ilar.
Proof of Lemma 3.2. If we allow b=0 in the definition of

p-1/r
,0 - b), hen , +x are he roos o

z/_xz +... + (-- 1)xz z(z +... + (-- 1)x),
where x=a(_), _u=(u, ..., u+). One of these roots, say u/,, is zero.
Then

0)=u?+... +uy

where u, ..., u are the roots of
Z/g Xlz/g-1 + - (-- 1)x.

This proves the first ormula. The proof for P0(_x 0) is analogous.
The proof of Lemma 3.4 follows from Definition 2.1 using methods

similar to those in [11].
Proof of Theorem 3.5.

1,/2
m=O n=O

_
1 p-1/.e,/oe:/,o - m-n,O8mtn

N+ N_ 1 _/ o/
q_n0D+ D_ k EE

The last term here can be expressed in terms of D+, D_, N+, N_ by

*) We acknowledge support oJ this project by the Australian Research Grants
Committee; under Grant No. B 7815210 I, and by the. University of Tasmania.
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1 N/ and k(/+ 1) We obtain.,o
D/

-o,ousing

1 -1/2 ,n__ N+ N_ +1

D+N_+D_N+-(+I)D+D-
D+D_(1- s)

Thus we have ’he required result, provided 1-s is a aeor o
M=D+N_+D_N+--(+I)D+D_. To show ha his is he ease we
firstly consider he erm o M’ which contains no ’s, namely he erm
(+)a[+ a(-

-(+)[+a(- s)+ ][a + (- )+’]=(+ )a[--(s0"+’].
Clearly his erm is divisible by 1-s. Secondly we consider he eo-
eeien of , 1(i(, in ’. Aer some simplification his cn be
given in he orm

(-- )+’-[-- (s0q + a(+--0(- s)[--(s0+’-q.
hgain, 1- s is eor o his erm. inlly we consider he remain-
ing erms o
can be expressed in he orm

(J-0(- s)( ) -[1 (s)-]
and hereore is also divisible by 1-s. Hence we have shown ha
M’=(1 s)M, or

The proos o he recurrence relations given in Theorem 8.6 are
elementary and are hereore omitted.

or he proo o Lemma 8.7 and Theorem 8.8 we need some ad-
()( j_diional properties. Le g (, ,+), , +,

) and ( he matrix defined by (.10) bu wihou he j-h column00

and he ls row, i.e. ( is a X matrix g denotes he i-h e]emen-00

ary symmetric uncion. The firs uxiliry resu] is,
+1

Lema 4.1. [(-1)- (g() de 0,0(] 0,
j=l

Cleary, we have
de ,o 0 or 0

Proof.
(4.1)
and
(4.2) u;q(u())= ,(u) -q/
Then the proof of the Lemma is a simple induction proof on i.

Proof of Lemma 3 7 Since pi/ =(det 0)(det o 0) - we have
1 x/ o (det 0 0) --,0 .(D+) ’N’,
=0

k+l k+l

(4.3) N’ (--1)- det 1I(u. o,o I-[ (1--us)
y=0

where
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+1

E ( 1)-’u det -o,o-) -(u-)
j-0

_]0 if 0_<i</ (by Lemma 4.1)
det Ho,o if i=

This proves the first formula. The second one follows, immediately
from the first and Lemma 3.1.

The second auxiliary result is,
Lemma 4.2.

k+l k+l

(4.4) (--1)- det’o,o (1- u,s) det o,o
j=l p=l

Pj

(4.5) o,o (1--u;s)=b- det o,o
j= p=

(4 6) (--1)+ det N<)
o,o (1-us) b s det Ho,o.

Proof. The coefficient of (-s)v in (4.4) is
+ [0 if O<p<k(-1)-’ det ,(m, ,()

o,o
i p 0= det Uo,o

this. ollows rom (4.3) in the proo of Lemma 3.7. Thus (4.4) is cor-
rect. Now let ,) denote the matrix obtained from 0,o by deleting
the first row and ]-th column and all entries, u replaced by u;. Then

k+l k+l

(4.7)
pj

It is easily verified that
b det 51)= (_ 1)(/)(+,)(+) det o,o.

Similarly,
(buT)- det N2,) (- 1) 00

Thus, multiplying both sides of (4.7) by b- gives
+I

--o,o (1--#)

=b-( I)(’/)(+><+) det No,o.
Multiplication by (--1)(-/)(+)(+) gives the result (4.5). Finally, con-
sider

k+l

(- 1)- det () -o,oU (1--us).
j= p=

The coefficient of (--s) is

0,0j p

If l<pk this coefficient is 0, by Lemma 4.1. I p=0, then
k+l

(- 1)- det ()o,oU- 0.
j=0

If p= 1, then

(-- 1)- det -o,oE
/
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-] (-- 1)- det (J)’-(-)--o, j U j
\i=1

det 11o,0,
since

(--1)- det (),-=00,0j

Thus
k+l, (--1)- det,-0,0, I-[ (1-) (- det 110,0)(- ).
=I p=l

p=/=j

Replacing u by u in this equation and then multiplying by b-1 gives
the required result (4.6).

Proof of Theorem 3.8. We expand det 1I, about the top row,
then about the bottom row to give

)det 1;t,n= (-- 1)t-lU/ (-- 1)+ Uj A
i=1 \j=l

where
Ui_ Ui+l j

U Ui_ Ui+l Uj_

----bu;u7 det o,o(’)

k- k-1
Uj+ "’’Uk+

Uj+I. .Uk+

Thus,

det 1/t =b , (--1)i++-’u+m-lun-’ det, 4ztOO

Hence we have
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If we use (4.5) and (4.6), this gives
b(det Llo,o)-(D/D_)-[b- det Lt0,0- sb-t det 10,0]
1--st
/)+/9_

Theorem 3.9 and Corollary 3.10 follow rom the generating func-
tion or P/" by equating coefficients of st for m, n>0

Proog og Lemma .11.

1/2 t 1--st 1 1 s t
oo D+D_ D+ D_ D+ D_

-0 (-1)0

1/ p/ ,oSt).m-l,0 (n-l)

Equating coefficients of st gives the result.
Proof of Lemma .12.

1 p_/_ 1 (+1--i)(--1)z from Lemma

---(0 -,0/)( (+ 1--i)(--l)z), from Lemma 8.7--- (+ 1--i)(--P-,o, by changing the index

of summation.
Nquaing eoeNeients gives he result.

Proof of Theorem 3.13. If we pu m=0, i, in he generating
function for D-/_,...,, we obtain by simplifying he righ hand side

o,...,o,,o,...,o()r= -1

(:0 1--2xs+ 1-- x s
j=l
j

-1/ 11p,0 2x;1- x s
m=l j=l

j

Equating coefficients of s gives -/D0,...,0()= 1 and as given0 Omt0 0

in the theorem. Te second part o the theorem is proved similarly.. Outlook. The main results of this paper are; suitable defi-

nitions, generating functions and recurrence relations or k-dimension-
al extensions of Chebyshev polynomials. Some open problems about
these polynomials are to find partial differential operators or the poly-
nomials (for cases b 1, K= C, = 1 and 2 these operators are known,
see, e.g. Rivli [13], Koornwinder [8], respectively). Of great interest

/,is, o course, to find weight functions for the polynomials P,(x;1)
in case K=C, such that these po]ynomia]s are orthogona] on a region
o C. For k=2 and complex conjugate variables x and x such
weight function is given in [8] and the corresponding region is bounded
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by the three-cusped deltoid (or Steiner’s hypocycloid). Nothing is
known yet about the zeros o2 the polynomials over C. There are also
several algebraic-number theoretic problems in case K--GF(q). For
instance, which of the polynomials P,(_x; b) are permutation poly-

+/2nomials, i.e. for which m, n e Z does P,n(X_;b)--a have exactly q
solutions in GF(q) for each a e GF(q). For n=0 partial results are
given in [10], the special case k=l is studied in [9], Chapter 4, 8
and 9.
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