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4, Proofs. Proof of Lemma 3.1. We have
ZP = PR = ) - Q)"
Thus it is necessary to show that
r(@)=2""'—(b"'w)2"+ - - - + (=D 'w)z+(—1D*'b"
has roots %%, - - -, u;1,. This follows from
T =) =3 (— izt
i=1 =0
and o, (ui', - - -, Ui ) =b" 04,1 (U, - - -, U,,). The proof for P ,is sim-
ilar.
Proof of Lemma 3.2. If we allow b=0 in the definition of
Pz ; b), then u,, - - -, u,,, are the roots of
U —met e+ (= D=2+ -+ (= D),
where &,=a,(W), u=,, - - -, U;,,). One of these roots, say u,.,, is zero.
Then

TP 0=+

where u,, - - -, u, are the roots of
-2t 4 (=D
This proves the first formula. The proof for PY*(z; 0) is analogous.
The proof of Lemma 3.4 follows from Definition 2.1 using methods
similar to those in [11].
Proof of Theorem 3.5.
Z ZP 1agmgn

m=0n=0
-3 _12_19 1Py kP,—nlfz,osmt"
=( T Py )( 33 P:},{%.t")—_llc_ DI IS
= N+ _ZV_ i Z Z P-i/?h smEr.,

D, D._
The last term here can be expressed in terms of D,, D_, N,, N_ by
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using % 5 p;{é’s"‘=%i—, and Pyl*=k(k+1). We obtain
1 ) N. . N k41
Lsspoa g N -
o P =y s T DA 1ost
_D.N.+D_N,—(k+1D,D.
D.D_(1—st) '

Thus we have the required result, provided 1—st is a factor of
M=D,N_+D_N,—(k+1)D,D_. To show that this is the case we
firstly consider the term of M’ which contains no x,’s, namely the term
(E+1Db[14+b(—8)**'14(k+ Db+ (—1)**]
—(E+DI14+b(—8)*1[b+ (=)' 1=(k+1)b[1—(st)**'].
Clearly this term is divisible by 1—st. Secondly we consider the co-
efficient of z,, 1<i<k, in M’. After some simplification this can be
given in the form
W= [1—(st) ]+ b(k+1—0)(—8) [1—(st)** ' 1].
Again, 1—st is a factor of this term. Finally we consider the remain-
ing terms of M’, containing x,x,, ¢<j. The coefficient of x,z, in M’
can be expressed in the form
T=D(=8) (=) [1—(st)’ 7]
and therefore is also divisible by 1—st. Hence we have shown that
M’ =1 —st)M, for a suitable polynomial M.

The proofs of the recurrence relations given in Theorem 3.6 are
elementary and are therefore omitted.

For the proof of Lemma 3.7 and Theorem 3.8 we need some ad-
ditional properties. Let u=(u, - -+, % 1), U=y -+ -y Uy 1y Ujp1y -+
U, and U the matrix defined by (2.10) but without the j-th column
and the 1st row, i.e. U} is a kX k matrix. ¢, denotes the i-th element-
ary symmetric function. The first auxiliary result is,

Lemma 4.1. 3 [(— 1) 'ufa, ,u®) det UH1=0,
i=1

where 0<i<Ek, <p<Lk.
Proof. Cleary, we have
“4.1) detU,,=0 for —k<m<O0
and
4.2) U0, (U?) =0,,,(W—a;,,@?).

Then the proof of the Lemma is a simple induction proof on 4.
Proof of Lemma 3.7. Since PY*=(det U, (det 1,,)"!, we have

1 3 Pt —(det Uy (D),

where

4.3) N'=ST (=1 det U3 kﬁi (1—1,5)
=0 i=

]
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=I§ (_ l)J—luI; det u(j)ak t(u(j))
=0

_*{0 if 0<i<k (by Lemma 4.1)
~ ldet Uy, if i=k.
This proves the first formula. The second one follows immediately
from the first and Lemma 3.1.

The second auxiliary result is,

Lemma 4.2,

4.4) ';21 (— 1)’ det UsRus knl (1—u,8)=det I,
P*f
4.5) 2( 17+ det U§hu; n (1—u3's)=b"" det Uy,
p*]
(4.6) 'j‘z (— 1)+ det U3 pnl (1—u3'9)=b"'s det Ly,

D#EF
Proof. The coefficient of (—s)? in (4.4) is
kil B 0 if 0<p<k
— 1)t det Uk ’L_t”)={ =

g GV et Wi, D=Vt 1, if p—0;
this follows from (4.3) in the proof of Lemma 3.7. Thus (4.4) is cor-
rect. Now let U{;"” denote the matrix obtained from 1l,, by deletmg
the first row and ]-th column and all entrles u, replaced by u;'. Then

4.0 Z( 1)7-t det U§H P us® ﬂ (1 —wu;'s)det NP,

P=/=/

It is easily verified that
bk det uc(’—ol) =(___ 1)(1/2)(k+l)(k+2) det uO 0
Similarly,
(bu-l)k 1 det 11 -1, j)_( 1)(1/2)(k+1) det 11(1).
Thus, multiplying both sides of 4.7) by b** gives

% (_1)1-1(_ 1)amk+D dat 113{3%;1 kﬁl (1_%13)
Jj=1 p=1
=D} (— 1) k1D dat 1] . "
Multiplication by (—1)¢-V2&+D&+ oiyeg the result (4.5). Finally, con-
gider

ST (=1t det URwE ] (1—1,9).
j=1 p=1
pFJ
The coefficient of (—s)? is
37 (— 1) det URuE~1a,(u).
If 1<p<k this coefficient is 0, by Lemma 4.1. If p=0, then
S (= 1) det NKus=0.
i=0
If p=1, then
57 (— 1" det Ul o) = 3 (— 1" det Uy~ )
J J =1

i)
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=37 (— 1) det usfguf;:-l("_j u,——u,)
J i=

= —det uo,o’
since
2 (= 1 det Uhus =0,
Thus
"i (—1)'* det UGut~ kﬁi (A—u,8) =(—det ) (—9).
Jj= o
pFEj

Replacing u; by «;* in this equation and then multiplying by b*-! gives
the required result (4.6).

Proof of Theorem 3.8. We expand det 1, , about the top row,
then about the bottom row to give

k+1 k+1
det 1, ,—>" (—1)f-lu§+m( 5 (—1)“"u;"Ai,)
= jzi
where
(R e G e s S s R
A,=|
Uy o Uyey U Ujy Upin s Upin
=bu; 'u;* det Ui,
Thus

det nm,n=b Z Z (_1)i+]+k-lu§+m-lu;n—1 det uéféj).
T 7

Hence we have

ST P st =33 (det 1, )(det U, ) ls™

m=0 n=0

=b(det o)™ 3 3T (— D+t~ det Ui (3 (uis)’")
] m

(ze)

) — 1)+ aR-1gk-lg =1 dat 1169
—b(det o) 37 37 ¢ Ly Cet I
(det oo™ 2224 A—us)A—u;%)

=b(det 11,)"'D7! Z [(""D“k(l—-ujs)“j_l ST (= 1)ttt

A—u;'t) B
« det 1§y :ni (1-ups)].
If we replace u by ©” in (4.4), we obtain e
=b(detll,)"D:' 3] (= 3’_ ’;(thl)— $)_ det U
=b(det U, (D,D_)* :4_,“ (—1) " *(u;*—s) det U% :i A—wu,"t)
p#j

=b(det 110,0)'1(D+D_)'1[Z (— 1) 5t det USR [T L—u;'t)
J »
—s 3 (—=1)7** det UG T] (1—u;‘t)].
J »
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If we use (4.5) and (4.6), this gives
=b(det U, )" '(D,D_)"[b-*det U, ,—sb~'t det U, ]
_1—st
- D.D_’
Theorem 8.9 and Corollary 3.10 follow from the generating funec-
tion for P}, by equating coefficients of s™t* for m,n>0.
Proof of Lemma 3.11.

1—-st 1 1 s t
P1/2 smir = _
mzc)nZ D.D. D, D. D, D.
=<i P%?Osm)<z PI/Z t ) < 1/2 2. Sm)(i —(n . Ot )

(Z P1/2 Sm)Pl/g_'_(Z >P1/2+ i: i 1/20P1_/3L
- S T TR o)
Equating coefficients of s™t" gives the result.
Proof of Lemma 3.12.

7{:— Z P;s™ = ]; i (k+1—9)(—1)x,st, from Lemma 3.4,

(2 Ps)(S G+ 1-0(—Diws’),  from Lemma 3.7
i (k+1—9)(—1)'Py*, s™, by changing the index

of summation.

I

i
IIMR‘

Equating coefficients gives the result.
Proof of Theorem 3.13. If we put m,=0, j+1, in the generating
function for D;2. .., we obtain by simplifying the right hand side

Z D52 o (2)ST = 2—2x,s, _ ~1
rio 120+ (1- 3 at)sl
i

= Zl P,,;%(in ; 1~—jZ]k1 x“})s;”f—l.
mi =
VE]
Equating coefficients of s gives D; 2 (2)=1 and D32, ,0,....0 88 given
in the theorem. The second part of the theorem is proved similarly.
5, Qutlook. The main results of this paper are; suitable defi-
nitions, generating functions and recurrence relations for k-dimension-
al extensions of Chebyshev polynomials. Some open problems about
these polynomials are to find partial differential operators for the poly-
nomials (for cases b=1, K=C, k=1 and 2 these operators are known,
see, e.g. Rivlin [13], Koornwinder [8], respectively). Of great interest
is, of course, to find weight functions for the polynomials P;'/}(z; 1)
in case K=C, such that these polynomials are orthogonal on a region
of C*. For k=2 and complex conjugate variables z, and x, such a
weight function is given in [8] and the corresponding region is bounded
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by the three-cusped deltoid (or Steiner’s hypocycloid). Nothing is
known yet about the zeros of the polynomials over C. There are also
several algebraic-number theoretic problems in case K=GF(q). For
instance, which of the polynomials P:'*(x; b) are permutation poly-
nomials, i.e. for which m,n e Z does P:'(x; b)=a have exactly ¢**
solutions in GF'(q)* for each a € GF(q). For n=0 partial results are
given in [10], the special case k=1 is studied in [9], Chapter 4, §§8
and 9.
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