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3. A Construction of the Fundamental Solution
for the Schrodinger Equations

By Daisuke FUJIWARA
Department of Mathematics, University of Tokyo

(Communicated by Késaku YosIDA, M. J. A., Jan. 16, 1979)

§ 1. Introduction. The aim of this note is to improve the results
of [6], that is, to show that the main results of [6] hold even if we sub-
stitute the amplitude function a(, ¢, s, #, ¥) of (10) in [6] by the constant
function 1. We shall consider the Schrédinger equation

0 1 2 a \?
1 g o _
(1) T u(t, x) + 5 j§=1 ( 7oz, ) w(t, ©)+ V(E, 2)ult, £)=0,
(t,x) e RxR"

and the initial condition
(2) u(s, x) = ().
Here 1=1h""'is a pure imaginary parameter and % is a small parameter
0<h<1. The potential V(¢,x) is assumed to satisfy the following
two conditions;

(V-I) V(,x) is real valued. For any fixed teR, V(¢,2) isa C
function of z € R*. V(¢, 2) is measurable in (f, ) ¢ R X R".

(V-II) For any multi-index o with length |«|>2, the non-negative
measurable function of ¢ defined by
(3) M.=sup|(-2 )V, | +sup V(2,2

ox J2I<1

TER”

is essentially bounded on every compact interval of R'.
We fix L>10(m+n+10). We put T=oo if ess. sup. M (¢)<co.

la|=L,tER
Otherwise we let T' denote an arbitrarily fixed positive number. Every

discussion will be made in the interval (— 7', T) throughout this paper.
We shall consider the integral transformation
—_— _Z a/am A8 (t,8,2,Y)
(4) EG,tp@ =52 ) [ ey,
where S(t, s, 2, %) is the classical action along the classical orbit start-
ing the point y at the time s and reaching the point = at the time ¢.
(If |t—s| is small enough, such an orbit is uniquely determined. See
Proposition 1 below.) The integral transformation (4) is exactly the
same transformation as Feynman used in [3] and [4].
Let [s,t1C(—T,T) be an arbitrary interval. Let
Ay s=t,<t,<t,<...<tp_ <t =t
be an arbitrary subdivision of the interval [s,t]. We put
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o(d)=max|t;—t,_,|
Define EA('Q’ t’ S):E(Z, t’ tL-l)E('z: tL—ly tL-z) ° -E(l, tv 8)
and
EA(Z’ S, t) =E(l» S, tl)E(ly by tz) cr E(l, T t)-

We shall prove that ,(4, t, s) and E (2, s, t) converge to the fundamental
solution when §(4) tends to 0.

§2. Main results. Our main results are the following theorems.

Theorem 1. Assume that V(t, x) satisfies the assumptions (V-I)-
(V-II). Let [s, t] be an arbitrary subinterval of (—T,T). Then there
exist unitary operators U, t,s) and U(4,s,t) of the Hilbert space
LA R"™) such that

(5) lim |U@,t,8)—E,Q,t,9)|=0,

(6) lim UG, s, ) — B, 5, 8)]|=0.

More precisely, thequ)g;ists a positive constant y, such that
(7) 1T, ¢, 9)—E 2,8, 9)||<1,|t—s|3(4) exp 1, [t —s],
(8) 1UQ, s,8) —E,2,5,0)||<10|t—5|5(d) exp 1o |t —s].

Where y, depends on T but not on particular choice of t,s,2 and sub-
division 4 if |A]>1.
This theorem means that Feynman path integral converges in
the uniform operator topology if the potential satisfies (V-I)-(V-II).
Theorem 2. Put UQA,t, t)=1I foranyteR. Then {UQX,t, 9} en
s a family of unitary operators satisfying the following properties ;
(i) UQ,t,t)=I.
(ii) U, t,9)=U@,t s)UQ, s, s) for any t, s, s in R.
(i) UQ,t, s) is strongly continuous in (t,s) € R%.
(iv) U@, t,s) is a topological linear isomorphism of S(R™).
For any ¢ € S(R™), let w(t,v)=U(,t,8)¢(x). Then, u(t,x) satisfies the
iatial condition u(s, x) =¢(x) and the equation
(9) Tgt—u(t’ x)+HQ, Hu(t, ©)=0 at almost every t,
where H(2,1) is the Hamiltonian operator (1/2) > 2., (3/20x,)*+ V(¢t, x)
restricted to S(R™).
Remark. If we assume, in addition to (V-I)-(V-II), that V(t, x)
is continuous in (¢, ) € R**}, then, the equation (9) holds everywhere.
§3. Sketch of the proofs. The classical mechanics correspond-
ing to (1) is described by the Hamiltonian canonical equations

dx dg oV (t, x)
10 =g, = A
(10) dt ¢ dt ox
We consider these under the initial condition
@11 x(8)=1, &(s)=n.

We denote the solution of these as x(t) =x(t, s, ¥, ) and £(£) =£(¢, s, ¥, ).
By studying this orbit in detail, we obtain the following propositions.
Proposition 1. Assume the assumptions (V-D—(V-II). Then,
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there exists a positive constant 6,(T)>0 such that S(t, s, xz,y) is well
defined if |t —s|<6,(T).

Proposition 2. Assume that |t—s|<6,(T). Let s be fixed. Then,
the function S(t,s, x,y) of (t,x,y) is totally differentiable at almost
everywhere in (s—o,(1), s+6,(T)) X R*xX R™. It satisfies the Hamilton-
Jacobt partial differential equation

12) 0.8t s, 2,0+~ |28t 8, 2, )| +V(E, 2)=0
ot 2 | ox

almost everywhere.

Proposition 3. Assume that 0<|t—s|<d,(T). Then the action
S(t, s, x, y) is of the form

13) St 5,2, 9)=3 2=V ¢—gott, 5,2, 0.

For any pair of multi-indices o and B with length |a|+|p|>2, we have
a9\ d

(2 (3 )uvommise.

where C,; is a positive constant independent of (t,s, x, y).

The next proposition follows from this and the result in [5].

Proposition 4. i) There exists a positive constant y, such that
(15) 1EQ@,t, 9ol<r:llell  for any ¢ in CTR™
if |t—s|<8(T). 71, depends on T but not on t,s, 2 and o.

ii) s-lim,., EQ,t, 8)p=¢ for any ¢ in LA(R™).

As a consequence of Proposition 3, direct computation yields

0

(16) (—25{+ ) ( yro )2+ v, x))((?n-(;j—s)ymew(w:w)

. n/: —_
:( Z ) =9 gt s, @, persne
22(t—s)/ 21

almost everywhere.
Definition 5. We introduce the integral operator
aamn GQ@, t, 8)p(x)
— —2 "2 (t S) S (£,8,2,9)
—<271:(t———s)> j 4,0(t, 8, 2, y)e Po(y)dy.
Just as in Proposition 4, we can prove
Proposition 6. There exists a positive constant y, such that
18) 1G4, t, 9ol <r:|t—s[12] o]
7. 18 independent of t, s, 2, ¢ but it depends on T.
Let H(2, t) denote the minimal closed extension of the Hamiltonian
operator restricted to S(R®). We introduce the following pseudo-
differential operators.

Definition 7. We put, for j=1,2,...,n
19  X,@&, ¢, 8)p@)= (i) ” eV (8, 8, Y, PDe(y)dydy
2 RnXRP
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and
@ £ o@=(g ) [[,.,, et s ey

Using the results of Asada-Fujiwara [1], we obtain
Proposition 8. We have the formulae, for j, k=1,2,-.-,n,

K - -
@1) ( o oo B0 1B 95,0 6,95, 8))90(96)
=( t;s )(Pj(z, t, 88,0, t, 8)+ Py(i, t, 542, t, 9))e(x)
+( t;s )Zij(z, t, 8)p(@)
and

©@2) (@@ EQ,t, )—EQ, t, )X, t, )X, t, 8)p)
=( S )(Qu4, £, X0, t,9)+@ulls t, 9K, 1, (@)

+( t;8 )2ij(2, t, $)p(@).

The norm of operators P,2,t,8), P;(2,t,8), Q;(2,¢,8) and Q;(2,t,s)
are bounded uniformly in t,s and A if |A|>1.
Since &,(4, t, s) and X (1, ¢, s) maps S(R™) into itself, we obtain
Proposition 9. If ¢ € S(R™), then E(4,t, s)p belongs to the domain
D(H(2, 1)) of the operator H(2,t). Moreover, we have

©@3)  EQt,8)p—p=—2 j’ HQ, DEQ, 0, $)odo + 2 j” G2, 0, )pdo.

The right hand side is the Bochner integral in L*(R™).
Using this, we can prove the following basic properties of E(2, t, s).
Proposition 10. Forany t,s and s, satisfying |t —s|<6,(T), |s—s,|
<ol(T) and |t—s,|<0,(T), we have the following estimates;
(1) [[EQ,t,s)*EQ,t, 8)—EQ, s, 8)[|<rs(It—s:F +|s;—sP),
(i) ||EQ,t,9)||<expy;|t—sf,
(iii) | E@,t,8)—EQ,t, s)EQZ, 81, 8) |<r(t—s:F +|s;—sP),
(iv) |[[E@,t,8)*—E@,t,8)"|<rs|t—sl,
(v) IEG,t, )EQ, s, ) —I||<rs|t—s,
where y, is a positive constant independent of t,s,s, and 2 provided
[t—s|<o(T), |s,—s|<o(D), [t—s,|<o(T) and |2|>1.
Theorem 1 follows from Proposition 10.
To prove Theorem 2, we use the following fact.
Proposition 11. For any t,z,s in R, we have
(24) &,2,t, 99U, 7,9)—UQ, 7, 85,2, t, 8)e

2! j “UG, o, P, t, UG, o, pda

and
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@5) X, t, U@, 7, 8)— U, 7, X, (4, t, e
= j UQ, 7, 0)Q,(, t, DU, 0, $)pdo,
where
B, t, s):a‘%gj(z, t, )+ ALHQ, 9), 8,( t, 9)]
and

3,0 ¢, s)=disxj<z, t, )+ ALHQ, 9), X, t, 9)]

are pseudo-diff erential operators of Calderdén-Vaillancourt type in [2].

Since P,(Z, t,s) and Qj(z, t,s) are pseudo-differential operators
which are bounded in L*(R"), 8/ 20x) U(2, t, 8)p € L*(R™) if both 5,(2, ¢, 8)¢
and ¢ belong to L*(R"). Repeating similar discussions, we can prove
that for any pair of multi-indices « and g, x*(9/29x)*U(4, t, 8)p € L*(R™)
if ¢ e S(R™), which proves that U(4,t, 9)p € S(R®). The closed graph
theorem proves that U(4,t, s) is a topological linear isomorphism of
S(R™. Theorem 2 is proved.
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