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2. Toda Brackets in the EHP Sequence

By Yasutoshi NOMURA
College o General Education, Osaka University

(Communicated by K.Ssaku YOSIDA, M..T.A., Jan. 12, 1978)

1. Introduction and Theorems. In the computation o homotopy
groups o spheres it is well-known that the ormula H(Ea, E,Ey}
=--zl-(afl)Er due to H. Toda [9] and its analogue or the tertiary
bracket [8, 5] have played a dominant role. In this note we present
two more formulae which, together with the Toda ormula, give us
complete description of the behavior of Toda brackets in the EHP
sequence

E n+ n+
i+1 i+1 >i-

where = denotes the 2 primary component of =(S).
Theorem 1.1. We have the relations, setting N--ker (Ey),
(1) E{a, 8, T}-- --H-(aoEfl)E, E{a, fl, T,} --{H-(aEfl)

N, E[, E}.
(2) H{Ea, Eft, Ey}= ---(aS)ET, H{Ea, Eft, ET, E}c --{-(a)

N, EF, E3}.
(3) {Ha, E, ET}= --E-(aoE)T, {Ha, Eft, ET, E3}c

{E-(aoEfl) Y0, T, 3}.
I. M. James [2] has constructed, for r3n--2, an exact sequence

E H.=: -.=+ _,(V,+.): P>=_....
By the same principle as in the proof of Theorem 1.1 we deduce--- --- satisfy flT--O t<3n--2Theorem 1.2. Suppose fle __, T e t-,-i

Then we have
(1) E{Pa,E"fl, E"y}=--H;(aoEfl)E"++y for e =_,(V+,)

with P(aoEfl)--O.
(2) H{Ea, E"++fl, E++T}=--P;(aoE"+fl)Ey for e with

E(aoE,+ fl) O.
-+ wih(3) P{Ha, Efl, ET}=--E-(aoE++fl)E"+IT for

H(aoE,++fl)--O.
One of these formulae provides us with a useful tool for the prob-

lem of desuspending Whitehead products and gives us a constructive
ground for some propositions proved in Toda [9], as shown in the fol-
lowing section.

The following theorem gives us a method for constructing an ele-
ment from an element of even dimension, which may be proved by a
theorem due to I. M. James [4].
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Theorem 1.:}. Let " r---r_l- "-- denote the transgression for the
homotopy sequence of the fibration p/," V+,.-Sn, where n is even.
Let t+,/ e z_(V,+) denote the characteristic class for p/,/"

Vt+I,/+2"-’-->S Then
(1) E3(r)-2Er.
(2) For e with r<=3n--2k--4

E(r)--2 + [EH(r), ],
in,+.H3(v)-- --2H+(r) + t+l,+H(r),

where i,+" V_,V,+ denotes the fibre inclusion.
p,+ has a section s,+" S-V,+ and if

Hk+l(r)=sn,+l.Hl(r)+in,+l.(r’), r’ e r_n(Vn_l,)
t+l,+=2s,,+._+i,+.([), / e _(V_I,)

then

Further, if

Hk6(r)--/Hl(r)--2r’.
Applications to Whitehead products. It is known from the2

works of J. F. Adams [1] and I. M. James [3] that, for n--216m with
odd m and 0=<c=<3, p," V,-S- has a section s, and that
H_[_, _]=0 but H[_, _]=--t,+0, where k=2+8d. Let
r(-)_ e __- denote the element P(--s,._). Then we see that
E-->._ [_, _], Hr->,_ 0 mod 2---_ if n--k is even.

Theorem 1.1, (1) implies

Theorem 2.1. Suppose .(-)(-fl)_ =0, fly=O, H=Efl for
n-2e =++, fl e y e }, ]2n--6. Then for any element T_(,

e v(-) E E
_

-fl, -} we have
( 1)-ET_(fl, ) (En+) mod ,+--+y).

If +=-E---,+_+ then T_(fl, ) may be chosen so that (--1)-E
T_(fl, y)-- (E+Z).

Theorem 1.2, (1) yields

Theorem 2.2. Suppose that a=E-r, Hr=Efl, fl?=O for e +,
-+ --, - with ]<2n--2k--3 Then there exists anr "n+-+, fl - j

element S(fl, ) ([_, _], E-fl, E-y} such that
(-- 1)-ES(, y): (En+iy).

Further if =0 for e = then S(fl, z)E-+ e --Pi(En-,
E-3}. In particular, for --[, ], 0 e =+, we have

(-- 1)-ES(fl, y)= [O(E), ],
() .HS(fl, y)=tn+,+(E-lO)E

From Theorem 1.2, (3) one can deduce

n-2 n-Theorem 2.. Let [Efl, ]--Er, fly=O for fle v e +-+1,
y e = with ]=<3n--3k--4. Then

:(E-+) e P{t+,+, EZ, E}.
These theorems enable us to construct meta-stable elements whose

iterated suspensions are Whitehead products and among which we may
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find the elements obtained by N. Oda [7]. We list belbw several con-
sequences o the above theorems.

1) For odd n, ETo(fl, 2)--2a and HTo(, 2)-fl where a e z//,-, 2--0, Ha--Efl, i<2n--6
z( E+ where e2) For n=3 mod 4, ETo(_, )-w+, ,

=0, ]2n--6. We may take , p+, , for .
3) For n 2 mod 4, ET(2_, ) [Ey, ], HT(2_,

n- 2 O, ]<2n--6. We may take ,e {V_, 2_, } where Z e = _,
8a_ 16p e_ forn-2 2 n-2

4) For n 4 mod 8, E4T(8n-, Y) [4Ey, n], HT(8=_,- 8--0, ]<2n--6. We may take ,=_,e {_, 8_, } where e =
2a=_, 4p_, _, n- for .

() 17, HT3(n-2,5) For n 4 mod 8, ET(-, 7) E +

n-Ie {u_, _, 7}, where 7 e z _7--0, ]<2n--6. We my take _,
6) For n 6 rood 8, E T(,_, 7) v(E+7), HT(,_,

+, is an ele-e {_, ,_, 7} where 7 e = >-7 0, ] <2n--6 and e 2n+. forment ffiven in Y. Nomura [6]. We may take 2+, +, +, n+4
7) For 4 mod 8, T(2=_2,)-- [(2Z),=], HT3(2=_2,

-+ 2_2--0, <2--6 We maytake 4+{_, 2,_, y} where y

=+, _, =+, 4=+ for y.
8) For-8 mod 16 with [Sa_s, -s] 0, s(32_, y) [16y, =],

-2 32y--0, <2--6. WeHT(82_2, ) {a=_, 82=_2, y} where y =
may take p=_, 2p3,_2 for y.

f(3) 22_9) For4mod 8 there exists an element -4 --, =-,
92-} such that 2=_--r=, -4--[9+2, +2].

I0) For n4 mod 8 there exists an elemen =-4 --, 2-,
22=_, 2=-} such that 4z_--[_+2, _], 24_4=- ,=2+,

[=+2, =+2].
II) For -0 mod 4, =, r8--6 we have H(r)=_Hr.
12) For r=, --2mod4, 2Hr--0, _3-Hr--0, r3--6

==-2 such hat r (r), 2r [Hr, =],there exists an element r, r2 e
_

H(r,--r) e {_, E-Hr, 2tr-n_}.

=- of order 8 2_ and13) For n 0mod8 there exist 2_e +
_=" T0(a, 2+) (a=e_ or 9_) such that E2_=3r), E2_=2Er

E 22n_ E’’=[+,=+], 2E2_ [+,=+],
_ , .,_ 2_, H2_

" Further there exists an element
e =_-s such that E_s=S(E-H_,n+), E=_s=22n_n_,

n+14) Let ,_ 0 for ?e.. n8mod16, ]2n--2. Then, for
<) E-7} we have E r)(E +7) modany element 3 e {E r_s, ,_,

2r)(E+’7), hence E6= [E7, n+].
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15) For n0 mod 4, 7 e ]2n--5, 2,=0, we have ES(2_., 7)
[E2", tn], H1Sl(2tn-2, 7")-- ]n_2(ET.).

16) We have relations" v_3T2_:0 for T:],
:0 for T:v, e, a2, , 22p, 2, , (3r()) T2n+:0 for

The details of our results will appear elsewhere.
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