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2. Toda Brackets in the EHP Sequence

By Yasutoshi NOMURA
College of General Education, Osaka University

(Communicated by Koésaku Yo0sIpA, M. J. A., Jan. 12, 1978)

1. Introduction and Theorems. In the computation of homotopy
groups of spheres it is well-known that the formula H{F«, E8, Ey}
=—A"(ap)E? due to H. Toda [9] and its analogue for the tertiary
bracket [8, 5] have played a dominant role. In this note we present
two more formulae which, together with the Toda formula, give us a
complete description of the behavior of Toda brackets in the EHP
sequence
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where 77 denotes the 2 primary component of =,(S™).

Theorem 1.1. We have the relations, setting N,=ker (E"p)*,

1) E{da,8,7}=—H (a-E*B)E?%, E{da, p, 7,0} C —{H (o E*p)
NN,, E%, E*5}.

(2) H{Ea,EB,Ey}=—4"YaBE?%, H{E«a, EB,Ey,Eé}C — {47 (ap)
NN,, E*, E*5}.

(3) 4{Ha,EB, Ey}=—E"YacEp)y, 4{He, EB, Ey, Ed}C
—{E~"(a°EB) NNy, 1, d}.

I. M. James [2] has constructed, for r<3n—2, an exact sequence
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> =T (Vi) ——> T > - -
By the same principle as in the proof of Theorem 1.1 we deduce

Theorem 1.2. Suppose e ni=r=1, y € nizrz] satisfy pr=0, t<3n—2.
Then we have

(1) EYPya, E"8, E"}= —Hi @-EPE"**;  for aem, o(Varus)
with Py(acER)=0.

2) H E%a, Er+e*'g, Ertitlyl= — Pilaoc E**'R)E% for a ez} with
E¥(acE"*'8)=0.

B) P {Hix, EB, Ey}=—E""acE"*R)E"y  for aca?ii with
Hk(CKOE’”k“ﬁ)zo.

One of these formulae provides us with a useful tool for the prob-
lem of desuspending Whitehead products and gives us a constructive
ground for some propositions proved in Toda [9], as shown in the fol-
lowing section.

The following theorem gives us a method for constructing an ele-
ment from an element of even dimension, which may be proved by a
theorem due to I. M. James [4].

n n+k
>"



No. 1] Toda Brackets 7

Theorem 1.3. Let 0: 2"z} denote the transgression for the
homotopy sequence of the fibration Dy 1,5 Vyir,.—S", where n is even.
Let ty,1,642€ Tnas(Va,za1) denote the characteristic class for Duii ezt
Vasrze—S" Then

(1) E%(z)=2Er~.

@) Forren® with r<3n—2k—4

Eo(r)=27+[EH(z), ¢;],
in,lc+1*cha(f)= —2H7c+1(7) +tn+1,lc+zH1(T)y

where iyt Var,s— Vo denotes the fibre inclusion. Further, if
Dais1 RAS O section S, 4,2 S =V, 4, and if

ch+1(f)=sn,k+1*H1(T)+in,k+1*(7,), e ﬂr—n(Vn—l,k)

tn+1,lc+2=28n,k+l*‘n—1+in,k+l*(/v‘)’ ©re n'n—l(Vn-—l,k)
then

H0(z)=pH,(z)—27’.

2. Applications to Whitehead products. It is known from the
works of J. F. Adams [1] and I. M. James [3] that, for n=2°16%n with
odd m and 0=<¢=<3, P,: V,r—S"! has a section s,; and that
H,_\lt, 1 z,, Jd=0but H.le, 1 tp 0= —1t, 1,70, where k=2°+8d. Let
5D e n % _, denote the element Py(—S, i,_,). Then we see that

Er e FD =], 1 tnoils H Y0 mod 2772 if n—Fk is even.
Theorem 1.1, (1) implies

Theorem 2.1. Suppose & (E""*g)=0, pr=0, Ha=EpB for
XETny BT yernt, j<2n—6. Then for any element T,_(8,7)
€ {c{30, E*"%p, E™ ¥y} we have

(— DFE*T, (B, )= a(E*'y) mod Exis (B
If apsl=E*'aik .., then T, (8, 7) may be chosen so that (—1)*'E*
T B ) =a(E" ).

Theorem 1.2, (1) yields

Theorem 2.2. Suppose that a=E* ', Hr=EB, fy=0 for a e ny,,,
reriiitl , BenitE Y, reni™ with j<2n—2k—3. Then there exists an
element S;(B, 1) € {[tn-rs tu_rls E* "%, E"~ %y} such that

(=D B*84(8, 1) =aB).
Further if y0=0 for den] then S8, )E" **'de —P{E" "B, B" %y,
E"~%3}.  In particular, for a=I[0, ], 0 € n7,,, we have
(— D*E*Su(8, 1) =[0(E"), o],
i;z’f)lwl*HlSk(,B’ T)=tn+1,k+2(E—la)EnT-

From Theorem 1.2, (3) one can deduce

Theorem 2.3. Let [E*8,¢,]=E%, By=0 for Beni™? teniil 1
rent with j<3n—3k—4. Then

T(En-kﬂr) € Plc{tn+1,k+1’ E,B, ET}-

These theorems enable us to construct meta-stable elements whose

iterated suspensions are Whitehead products and among which we may
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find the elements obtained by N. Oda [7]. We list below several con-
sequences of the above theorems.

1) For odd n, ETB, 2¢;) =2« and H,T (8, 2¢;,) = py; where « € 7}, .1,
gent? 2=0, Ha=EB, i<2n—6.

2) For n=3mod4, ET (7., 1)=(0c{)E""y, where yeax}, 7, o7
=0, j=<2n—6. We may take ¢,, 7,071, £n ¢ LOr 7.

3) For wn=2mod4, E*T,2c, 1) =I[E%¢), HT @,y
€ {Pn_s> 2n_s v} Where yex?? 2r=0, j<2n—6. We may take v} _,
0%_sy 80y 16p,_y, G,_, for 7.

4) For n=4mod8, E'T8c,_57)=I[4E%,¢,], H\T:8c, o7
€ Vs 8tn_yy 7} Where yeni?, 8r=0, j<2n—6. We may take v,_,,
20,3 4Pn-z, Crnon ns for 7.

5 For n=4mod8g, E'Ty(pn_s 7)) =cPE™ Yy, HT (27
€ Vot Yu_wr 7} Where yea?™, 5,_,y=0, j<2n—6. We may take v,_;,
035—-19 Nn-18ns Pn-1Kns Cn1 for 7

6) For n=6mod8, E*T,0. ,7) =zE""Y), HT (i)
€ {Pn_s Vi_s, 7} Where y e a4, v2_y=0, j<2n—6 and 7, € 73, is an ele-
ment given in Y. Nomura [6]. We may take 2¢,,,, V2,4, vF.,, 7, fOr 7.

7 For n=4mod8, E‘T;2v,..7) =M. E,e)], HT:2v, 57
€ {Vu_ss 20y, 7} Where y e 2%, 20, ;y=0, j<2n—6. We may take 4¢,,,,
Ens1s Yio1s Jnsss 4fnpy TOT 7.

8) Forn=8mod 16 with [8¢,_s, ¢,_s] %0, E*T(32¢,,_,, 1) =[16E%7, ¢,],
H.T/(82y_37) € {009y 32t,_y, v} Where yen?? 32y=0, j<2n—6. We
may take p,_,, 20, ,_, for 7.

9) For n=4mod 8 there exists an element 5,_, € {4, 72n_6> 2ton_s»
Dyn_s} such that 2E'5, =<3, B, _y=[04.2 tnyal.

10) For n=4mod 8 there exists an element #,_,€{r® im0
2yn_ss konst SUch that 4E°%, = [y, 1knie tnorls 2E' %y o =T onkonsrs By
=[/Cn+2’ ‘n+z]'

11) For n=0mod 4, r e ?, r<3n—6 we have H,0(c)=1y,_Hr.

12) For reca?, n=2mod4, 2H,r=0, %, ;E'H7r=0, r<3n—6
there exists an element z,, z, € n?-2 such that Et,=d(z), E*z,=[EHz,¢,],
H\(z,—7y) € {5 E*Hz) 200y}

13) For n=0mod 8 there exist 2,_;e a2 of order 8, ,_, and
=Ty, 2¢,,)) (@=e,_,0r v, ;) such that E?2,_,=0c, E°2,_,=2E{
=[77n+2’ 5n+2]’ 2E42n_3= [773;+1’ ‘n+1]a Ez%—5=21n-3’ EZ;’_6=22;_5, H12n~3=y:,—47
H2 _=enoy HA ¢=79,_:6q_ Further there exists an element 1,

e 28 such that E%, =S;(EH\X 5 vei0); E2 =22, s 1, Hidyp_s
=Ky gy B A,_s=0.

14) Let y,_,y=0 for yea?"', n=8mod 16, j<2n—2. Then, for
any element 6¢{E'%{";, vin_e E™ %}, we have E'9=:P(E"*'y) mod
2¢®(E"*'y), hence E6=[E%, t,.s].
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15) Forn=0mod4, yez?? j<2n—5, 2y=0, we have ES,(2¢,_,, 1)
= [Ezr’ tnly, HiS:(2¢0,_s, ) =0,_(E7).

16) We have relations: 7,_s:,_,=0 for y=1, ¢, 9, tt, ; @) 201
=0 for y=v, 7, % ¢, 70, 7%, &, £; @O") 12n45=0 for y=27%7a.

The details of our results will appear elsewhere.
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