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The 2-components =7, ; of the homotopy groups of spheres x,,;(S™)
have been determined in the unstable range for all » when 1<24 [4, 6,
7,11]. The purpose of this note is to summarize briefly the results on
the unstable homotopy groups of spheres which have been obtained as
the application of the composition method of H. Toda [11]. Making
use of the generators given in [2,4-9, 11] and the new ones defined in
this note, we will state, in this part I, the results on the 2-components
a2, for all n* when 25<¢<28. Further results will be stated in the
part II.

The results overlap in the metastable range with those of M.
Mahowald [38] and S. Thomeier [10].

1. On the 25-stem. There are following new elements: ¢ €z,
¢ e nly and ¢ € nl, with the Hopf invariants ¢; (mod 4y, o ks, o), o5 and
7., respectively.

Now, for an element « € {5,, 2¢, ¢;}, We have 2a=z, d; (mod 7, f150
Gy, BV 0g,0k,). Hence we conclude that there exists an element ¢ such
that 2¢' =900, (mod ;50 g, 0 0,) and E¢ € {9, 2¢;, ¢5} (mod v,-x). This
implies

13 =Z ¢ YPZ,{V o g0 k1, }DZ,DZ,.

In the above group and the following ones, the last two direct
summands Z,DZ, stand for Zus, }DZ{n,o fins1°0,,1s} =83) which
survive in the stable range. Next, the relation 2¢” = + E*¢’ (mod other
elements) holds for an element ¢” € {v;, E¢’ o 045, 0}, and we see

ﬂ'go =7 3{¢”}@Z 2{”5 0 g0 "16}®Z 2{”§ o0 11}®Z BDZ 29
18 =Z (A7) }DZ{A(E A, 0 ) }DZ A EAPNDZ(E P YDZ v 0 5.} D2, DZ,

Let us choose ¢ € {0’ 0ay, 0y, vish. Since viod, € 2al, it follows

that 2¢"' =120 6,; (mod 2E*¢""), which determines
#=Z@LN", B¢ VDL o g0 p:)DLDZ,.

Making use of the relations E’¢"'=g,01f; (mod v;oa,) and ¢’ &,

=E*¢" (mod 2E¢", 2E°¢", 1, 0 15 0 655), We obtain
w3 =2Zg{0g 0 £10YDZ {0y 0 g 0 1} DZ {0, 0 1} DZ,DZ,,

We omit the cases that n=2, 4 and 8; the results are immediate from
Proposition 4.4 of [11].

*)
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=2 4{0 wo 17}@Z4{0'10 ° Vﬁ}C'BZ DZ,.
We are in a position to use metastable periodic elements [9].
nééjzz{Kl}@Z4{011 © 518}@Z2{011 oftayo V;ks}@zz®zz,
Ty = Za{&z : 0'30}@Z2{EK1}@Z2{0'12 o&yptone ”ﬁ)}@zz@zz,
m=2Z{13 0 03}DZ,DZ,, Where 2&,,0 g5y=0y;0 &.

We have the following isomorphisms:* rg=m, all=2,{D, o uy}
Oz, mii=2 z{B 1° ﬂ32}®z 2{E Do ﬂsz}@ﬂga rp=2 z{E B,o ﬂss}@”:})g-

Since &, 0 053=0, we have n=Z{&,s0 0:}DPZ,DZ,, mii=2Z,{&,5° 05}DZ,
DZ, and 7", =2Z,DZ, for n=20, 21, 22,

Similarly, the periodic elements give the following results: z3
= 2D, o9)BZ.®DZ, %= Zi{B, o0t 5= ZAEB,onBLDZ,
=Z{d(¢)}DZ,DZ,, a7, s=2Z,DZ, for n>27.

2. Onthe 26-stem. Thereare following new elements: " e zil,
" e my and %V € my with the Hopf invariants 9,0 0y flay, 050 pys ANd gy
(mod 2p,;) respectively.

Now using the relations 24’ =7} g, and 28;=E*#, we have

n=2, 4{ﬂ/ °0: 22}@Z 2{”, ° ¢6}®Z 2{07 ° ”20}@Z 2{7]3 ° #3,4}9
Th=2, 3{55 °0: 24}@Z 2{¢5 ° ”28}®Z 2{1’5 oRgo ”zs}C'BZ Avs 0 G} DPZ,DZ,.

The last two direct summands Z,DZ, stand for Z,(12oFk,.q
DZ (s o pts,nsn} s they survive in the stable range.

Following relations hold: 2g;00,5=ys° ¢, and 24(cv;) =120 k1, —y,
0 Ego vy (Mod vgo d). They lead us to

73 =Z{d(EA,o ﬂzo)}@z4{d(2 ° ”31)}@24{56 ° 025}@Z8{Z6 ° Oy}
®Z 2{¢6 ° ”29}@Z D,

i =2 {0’ 0 Wy 0 vy} Z,{k; 0 V3 }DZ {5 0 006} P Z{C; 0 046}
®Z 2{¢7 o ”30}@Z Z@Z 20

Here we see a relation ¢’ o &,,=xC, 0 g, for an odd integer .

s =Zz{0'9 © W10 Y3} DZ {0y 0 516} DZ {0y 0 516}@%{% ° Vgs}@zz{as ° 028}@Z2@Z2'

Now we have to define some elements by Toda brackets: <
€ {4010, virs P> T € {20115 visy o}y A TV € {015, 1gy po}1-  This enable us
to determine

71',3;3 =7 s{‘f”}@z 4{R1}@Z 2{0' 1000 17}®Z DZ;,
=2, s{T”’}@Z 2{C1 ° Kzs}@z 2{0' n°od 18} DZ,DZ,.

In the above groups, we have the relations: 2R,=4(v, o x,,)
=Ry oviy—vokyy 2t =t0dy0ly, 20/=—E7" and ER,=C ok, (mod
E*z3). Moreover we see 32t =¢,,0C,y,=4FE7""’, which implies
T=2, 64{TIV} ®DZ 4{E T/ — STW}@Z 2{A1 ° ﬁz4}@z z{E Cio "24}@Z 2{0' 1200 19}@Z DZ,,

ﬂég =Z B{E TIV}@Z Z{E Al ° "725}@2 2{0' 13800 zo}®Z DZ 2
T =Z{E"YOZ,DZ,,  mi=mi.

*) When we write a7=A®@x7-F, the latter direct summand must be under-

stood as the image of the (iterated) suspension homomorphism, which is incidental-
1y monic.
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Next, we use the periodic elements [9] to obtain #}j=Z{M® }@mo,
= Z{EMMDPZ,DZ, ni=Z{M/\DZ,DZ, ry=Z{M/YDZ,DZ, =i
= Z1o{A(U4x)}@Z4{EM;/ —24(e)YDPZ,DZ,. 7wyi= Zs{En-mM;}@Zz@ZZ for
n=21, 22, 23,

In the above groups, we have the relations: 2M}’=+E*M®,
2M; =EM}’, 2M,=E*M} .

Finally wesee: nia=Z{M,}®r%, rn=2Z{EM,}PZ,DZ,, nis=2Z {E*M,}
@®Z,DZ,, ryy=Z{E°MYDZ,DZ,, ny,20=2,DZ, for n=28.

3. On the 27-stem. There appears no new elements.

mh=2,{V o O}DZAY o g0 0 1}DZ. ofesod WPz 4{[4}9
75 =2Z,{0"" o k}DZ (v 0 G5}DZ {vs 0 fig 0 05} DZ y{v5 0 0} DZs.

The direct summand Z stands for Z{{; ,}. We have the relations:

2#§=77§ © Us,5 and 2C3.5EE2#; (mod ygo pg0 G-
7% =2 {d(p130 03 }PZ {0 0 E1s}PZ {54 0 7., }DZs,
T =Ze{0, ° ’314}@Z2{’77 ° 615}@28’
e =2Z {0y © k1s}DZ,{p, 01} DZs,
=2 4{A (’J;kl)}@z 8{0' 0ok 17}@Z 8¢

With the help of the metastable periodic elements [9], we see
mi = Z,{CT} ® ZC{ 00} D Zs{on o ki) D Zsy 755 = Z,{Al'} ® Z,{A{ 003}
@Zz{EC{I} @ Zz{EC{D ° 0'32} @ Z4{0'12 ° /319} DZ;, miy = ZZ{EA{I} @Zz{EA{n ° ‘733}
BZ {0130 kn}DZy, mit=ZAE’ATVDZ {010 kn}DZy nyv=2Z5 for n=15, 16,
17, 18.

We make use of the periodic elements again to obtain #{=Z,{C}}
@Z,{C:00 101D Zs, =2 2{AI}®Z z{A ° ‘740}(‘9”46, Tg=2 z{E A}DZ z{E A,o 0'41}
DZ;.

For the element V, of Y. Nomura [8], we have 4(%)=2V,=E?A4}].
Hence we obtain the following results: zh=Z{V,}DZ, .
=Z{E" 2V }BZ, for n=23, 24, 25, ryy=Z{d(¢s)}DZ;, 7}y,0r =2, for n=26,
27 and n=29.

4, On the 28.stem. There appears no new elements.

mh =2V o 50 flr 0 02} DZ{V 0 43, e} PZ{¢ 0 v} DZ,.
The last direct summand Z, stands for Z,e,o k,.s} which survives
in the stable range.
wyy=2Z{vy o B¢ }DZ{vy o pts,s}DZ o{vs 0 g © 190 026} DZ,.
Now, 84(p,s) =vso ts,e and v 0 E°¢’”=0, hence we have
=2 m{A (Pm)}(‘BZ s{”s ° ’514}®Z 2{”0 oF 2¢”’}@Z 29
Tp=2 z{¢m ° ”32}@Z z{a "o Nuo ’Em}@z 2{’:’7 ° /Exu}EBZ 29
77-'§7 =Z2{0‘3}@Z2{09 ©7%16° ’317}®Z2{0’9 ° ”;‘:i ° V.u}@zz{ﬂs; ° '317}@Z2-

Here we remark that following two relations hold: ¢’ ony,ok,
=¢,0 s+ k7 ONd 0y o vy =E"¢" o vy,

Let us use the periodic elements. Then we obtain ng=Z{F{"}
®Z z{O'fo}@Z 2{0' wo Yo V35}®Z 2{1710 ° E18}®Z » =2 2{01 ° wza}@z 2{0{2) }@Z z{E F 9)}
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@Zz{aﬁ}@zz{ﬂu ° /‘—719}@Zz» 7513 = Zz{Afz) }@Zz{A 1° w24} ('Bzz{Ax 00 ° #31} ® ZZ{EC{”}
PZAEC,0 0} DZAEFPYD Z {010 ko) D Z,, 7t =ZAEAPIDZ,{EA, 0wy}
@ZZ{EAI 00y ﬂaz}@zz-

Since 164(p,) =EA{?, we have wii=Zu{4(0x)}DZs, 1=2, for n
=15, 16, 17.

The last parts of the 28-stem are also determined by metastable
periodic elements: 7l8=Z{F,}®Z,, 18=Z,{CO)DZAEF B2, ni=Z,{AP}
®Z2{Az ° 540}@Z2{A2 N © ‘741}@7"2’ T = Zz{EAél)}@Zz{EAz ° 541}®Z2{EA2 °Nu
0 0a)D %y 18=Z,{d(0)}BZ, where 84(c,;) =E’AP, 17, 15=Z, for n=23, 24
and 25, ©=Z{A0)\®%:, th=2{C)OZ, tB=2{A)Dr, M=LFA}
DZ,, 7y ,5=2, for n=30.
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