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110. Modulared Sequence Spaces.

By Hidegord NAKANO.
(Comm. by K. KuNuGI, M.J.A., Nov. 12, 1951.)

A collection R of sequences of real numbers (i, %, ...) is
called a sequence space, if R is a linear space, i.e. R3 (2, 2, ...),
¥, Y2, -..) implies B> (ax,+By,, avs+BY:, ...). For two sequence
spaces B and S, if there is a sequence of positive numbers a,
(»=1, 2, ...) such that, putting y, = av, (v = 1, 2, ...), we obtain
a one-to-one corresponding between (x,, 2, ...) € Rand (¥;, ¥, -.-) €S,
then we shall say that R and S are equivalent to each other and
write R=S.

For a sequence of positive numbers p,=1 (v=1,2, ...), we
see easily that the totality of sequences (x, «:, ...) subject to the
condition

i‘%—lawu\””<+oo for some «a >0,

y=1 Dy

constitutes a sequence space. This sequence space will be denoted
by I(p:, p:s ...). Furthermore, putting

m(a:)=ﬁ—1—lx\.|"’y for = (21, Xsy «+.)>
= op

v

we obtain a modular” m on I(p,, p:, ...), and putting

. i
lell = inf 2
we can introduce a norm?® || «|| into {(p:, p:, ...). Then I(p:, p:,
...) is complete by this norm.” Therefore, if I(pi, Pz, ... ) =
i@, g, -..), then we can find positive numbers «, 8 such that
ezl < allyll, lyll £ B]|lx|| for a just described one-to-one cor-
respondence L(p;, Pzy ++.) 38 S YEL(@ry @z oo0)?
In this paper we shall prove the following theorems.

Theorem 1. In order that (v, Dsy ...) =1(q, @y -..), it 18
necessary and sufficient that we have

00 Pyly
21 apv- <+ o for some a > 0.
VYaa

Here we make use of the convention a = 0.

1) H. Nakano: Modulared semi-ordered linear spaces, Tokyo Math. Book
Series, I (1950), § 35.

2) Ibid., Theorems 44.8 and 43.6.

3) Ibid., Theorems 40.6 and 40.9.

4) Ibid., Theorem 30.28.
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Theorem 2. If hm pv = 1, then every weakly convergent series
in U(py, Pey «..) 18 stfrongly convergent.

§1. Proof of Theorem 1.

Lemma 1. For sequences of positive numbers §,(v =1, 2, ...),
A e < + o implies Z (a5)” < + o for some a>0, omd if
Vel
2& <+ o0 zmplwsz,‘(a&v)”v + o for some a >0, then we have
V=1
l(pl, p2’ °°')=l(ql’ Qz, °")'

Proof. According to the definition, we conclude easily from
the assumption that I(p,, s, ...) =1(gs, @2, ...) by the corres-
pondence

@iy @ay o) ELD1y Doy voe)y (Ui Yoy o0o) €EL(Q1s G2y o0)

Lemma 2. If l(pi, D2, ...) =11, @z, ...) and the sequence
&(=1,2, ...) is bounded, then SIE<+co implies STE< + o,

Proof. There is by assumptxon a sequence of posntlve numbers
a,(v=1, 2, ...) such that Z ——\ @, |"<+ o implies 2 —-Iaux,\"'<+ 0,
smce (=1, 2 ceed) ?s; bounded by assumptgon Thus, if
26‘,’”<+oo but S_,‘ "W = + o, then we have E—-(aypy"veu)"“ + oo,
and hence, puttmg q = sup q9v, we can sellect z; partial sequence
va(w=1,2, ...) such that qv, < pv, and

%‘(avpv\ﬁ;)qv < ‘2?;” for v= Yo o
v
1
Then, putting , = p,»2* for v=1y, and x, =0 for the other u,
we obtain

—1-(aa:v) v i‘(aZ"‘)" W= 4 oo
=1 Py u=1

for every positive number «, but

iMs

<

0

1 oy ’ 1
vzﬂ—a(ava) 2 2;1;‘ li‘- "21_2"7

contradicting the assumption that l(p, y Doy o) =Uay, gz, ...) by
the correspondence y, = a\.a:,, v=12...).

<+

’

Lemma 3. If i m M/+oo for some a >0, then we have
Wpi, pas .. )——l(qnq. ).
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Pvﬂv
Proof. We can assume that Za“"'""' <+ for a positive

number « <1. If }_JG”‘<+ o, then we have

D)= N @)+ S (a&)”

v=1 $vm—'1y > a?v e\,p“—""<a'“

Pyay

< 3 &+ 3 a"<{+ o,

Py—1q 7 Py-—1q 7
&Py vguv &Py v<av

because we have &, <1 except for a finite number of », and if

quv

g, <1, & < a”, then we have py > q, and (a&)"“ <ad"™. We
also can prove likewise that EE”"< + oo implies E(a&)” V<4 o0,
Therefore we obtain {(p,, Pz, ...) =1(q1, @2y .. .) by Lemma 1.

Lemma 4. If l(p, 2y ...)=U(q1, @z, ...) and the sequence
o(=1,2,...) 18 bounded, then we have

1

S < oo for some a>0.

v=1

Proof. Considering partial sequences, we recognize easily that
we need only prove the case where p, >q,(»=1,2,...). If

Z a”""’“ = + o for every a« >0, then we can determine a partial

V=1

sequence v, (u =1, 2, ...) such that

Yps1—1 1\s ‘_q
= P
1 g v:zvu ( A ) <2.

1
Then, putting &, = (%)‘”“"’”’“ for v, < v <wu1, we have

oo +1— 1 L
gr = z; "2 (_l_w)pv—'lv = 4o,

= "
V=Y, 2

1 1

S -5 (Ll
V=1

=y w
p=lopey, \ 2

<22(~) <+ o

=1

for ¢ = sup ¢v. Therefore we can not have I(p;, Pz, ...)

v=1, 2,

=1(¢:, @, ...) by Lemma 2.

Lemma 5. F 1+l =1, 1.1y (1, 2, ..), then
yo pv aqv Qv
o,y D2y oo )=Uahs @0y ....) ds equivalent to 1), ), ....)

=g, gsy . .0).
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Proof. I(p|, pt, ...) is the conjugate space” of l(p;, Dsy ...),
considering every «' = (x}, «f, ...)el(®!, pi, ...) as a linear funec-
tional on I(p:, P2, ...) by

x’(x)=§lx’yxv for o= (2,22, ...)€L(D;, Doy -..).

Similarly 1(gf, ¢:, ...) is the conjugate space of I(q:, ¢, ...).
Thus we obtain easily our assertion by the definition of the con-
jugate space.

Lemma 6. If l(p,, p:, ...)=1(qi Q:, -..), then we have

8

a4+ o for some a > 0.
V=1

Proof. If one of sequences p, and ¢, (v = ..) is bounded,

then there is by Lemma 4 a positive number a<1 for which
Ry2y

os
STa 7= Y 4+ o, and we have obviously a'® "“ga'”" iy =1,

V=1
2, ...). Thus, considering partial sequences, we recognize easily

that we need only prove the case where ».=2¢. =2 (v»=1,2, ...).

In this case, putting _1_+-L =1, —1—+—1——1 we have pvgqu2

Dy
v=12,...)and I(p{, p:, )— l(q,, (h, . )by Lemma 5. Therefore

there is by Lemma 4 a positive number o<1 for which Za""’_” V<400,

Since —;f--lv—~ = = 1)(q” 1), we obtain then
a5 —D5 —Qy

_Pvry e Pyv—1)(v1)

Ea Py—ay g Za Py-ay < + oo,

V=l

§2. Proof of Theorem 2.

We assume firstly that », >1 (»=1,2, ...) and limp, = 1.
V>o0
If a sequence of sequences

o = (Xp,1y X,y o) ELDI, P2y ...) (w=1,2,...)

is weakly convergent to 0, then we have obviously l1m %,,v = 0 for

every »=1,2, ..., and sup ||#,.| <+ .9 Thus we can sup-
w=1,2,

pose further that ||2,||<1 (w=1,2,...) and hence m (x,) <1.?

If there is a positive number ¢ for which m (x,) > ¢ (w=1,2, ...),
tnen we can find a partial sequence v, (v =1, 2, ...) such that

5) Ibid., Theorem 54.14.
6) Ibid., Theorem 32.6.
7) Ibid., Theorem 40.12.
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Vpr1—1 1

V_Z >e,
...V"‘
pv§1+~27 for v>v,.

For —3—+ ; =1@w=1,2,...), putting y, = 0 for » <y, and

v v _pl

Yy = |20 v|"” for v, v <<vusrs
we have then p; >2*+4+1 for v>y, and
V,H.l—l 1 p +1—1 1 Vp,+1'—1 1
u's Py - L % Py
3 S S phgleel S 3 el

< —um(xu) < _T .

We obtain thus w.——y”“’< + oo and hence (¥, ¥, ...)€l(07, 2,

V=1

...). However we have for every p=1, 2,

w1 Py Vp,+l‘—1
{EPE T ﬁ-‘wwr’v>e,

VS S b
and this relation is 1mposs1ble, because I(p{, p:, ...) is the con-
Jjugate space of I(p,, p:, ...) and

‘wul=(lwu-.1lylwﬂ.2l"-') (l"=1’2’”~)
also is weakly convergent to 0.2 Therefore, considering partial
sequences, we conclude easily lim m(x,) = 0, and hence lim ||, || = 0.”
p>oo proo
For = (®, 2, ...)€l(1, 1, ...) we have obviously

el = m() = 33|,
Thus, if x, = (&, 1, @, 2, -..)€i(1, 1, ...) is weakly convergent to
then we have lim]||x,]|| = 0." Therefore, considering partial
Mm>oc
sequences, we conclude Theorem 2.
Finally we remark that, putting

1
=141 ~1,2,...
P log (log (v + 4)) ¢ )

we have Ii}n py =1, but not I(p,, ., ...) =1, 1, ...) by Theorem

.

1, since we have for every a >0
oo by oo
21 aﬁl—] = Ea(log (v+4))l()8¢ = <400,
V= V=1

8) H. Nakano: Discrete semi-ordered linear spaces (in Japanese), Functional
Analysis, I (1947-9) 204-207. 1. Halperin and H. Nakano: Discrete semi-ordered
linear spaces, Canadian Jour. of Math., IIT (1951) 293-298, Lemma 1.

9) C.f. 1), Theorem 40.5.

10) J. Schur: Ueber lineare Transformationen in der Theorie der unendlichen
Reihen, Jour. fiir reine und angew. Math. 151 (1921) 79-111. C©.f{. 8).



