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5. Illustrative examples, recessive genes being existent.

General discussions developed in the preceding sections have
exclusively concerned genotypes. If, however, phenotypes containing
recessive genes are taken as basic unit, the circumstances will
become somewhat different. As frequently mentioned, if recessive
genes are existent, genotype of an individual cannot necessarily be
determined from its phenotype in a unique manner. Corresponding
to the fact that a directly observable character is a phenotype,
probabilities a posteriori of possible types of father against every
given mother-child combination are also to be determined based upon
phenotypes, what will be illustrated by various human blood types.

We first consider ABO blood type. Now, given a mother-child
combination (O; O), and types except O alone may be possible as
type of father, of which the probabilities a priori for O, A, B have
to be taken as

O=»*,  A=p(p+2r), B=q(qg+2r),

respectively. On the other hand, the mating Ox0, Ax0, BxO,
orders being taken into acecount, produce a child O with probabilities

1 r r
’ ? TS
p + 2r q + 2r

respectively. Hence, due to Bayes’ theorem, probabilities a posteriori
of types of father being O, A, B are respectively given by

CA+ B)~r,
D+ 2r q + 2r

—/(1.64_1) :2r.2+q :2r'§>=p’

(1 0+

Z(0, 0; 0)=1- 0/(1 O+

Z2(A, 0; 0)=—"__.
( ) p+ 2r

A+

e r
2B, 0; 0) ) + 2r q+ 2r

-B)=q.

In similar ways, the remaining probabilities a posteriori will be
determined. The results, together with those similarly obtained on
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Q and Q,. blood types, are tabulated as follows.

Y. KomaTuU.

It is to
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be noticed

that the results on Qqg. blood type reduce essentially to those on Q
blood type by putting (v, ,v,)=(v, 0) or (v;, v,)=(0, v) and unifying
q- and ¢, into q.

Father
Mother| =% 0 A B AB
o r D q 0
o A 0 p+r 0 q
B 0 0 q+r P
(0] r P q 0
A rXp+7) p(p+7r)(p+3r) qr(p+r) py(p+2r)
A p+3pr+7r? P2+8pr+r: p2+8pr+r? P2+8pr+r?
B 0 0 qg+r »
AB 0 0 q+r p
(0] r P q 0
A 0 p+r 0 q
B r¥q+7) pr(g+7) q(g+7r)g+3r) | _pgq+2r)
B
q%+3qr+-7? g% +3qr+7? q*+8qr+1? > +3qr +r*
AB 0 p+r 0 q
A 7?2 p(p+2r) qr Pq
p+r p+r p+r p+r
AB r? pr q(q+ 2r) Pq
q+r q+r q+r q+r
AB 0 p(p+7) 9g+7) 2pg
p+q p+q p+q
\Fa-
Mother| “ther Q q- q+
IChild
Q | w12y | v(viovy v’
F?ﬁ 14+uv 1+uv 1+uv
Mother ' er @ q Q 7 w V4010, Vg2
Child - v+ V+vy
Q u(142v) 2 q+ u v Vg
Q 1+uv | 1+uw
q % v Q 1 0 0
v1(v +20s) V2
q Q 1 0 9- 9- “w V2410, V210,
q U v g+ u V1 ]
Q 1 0
g+ q- % 0
q+ u V1 V2

Making use of the thus determined probabilities a posteriori,
we can deduce the results in these concrete cases, constructing the
following tables; probabilities corresponding to (4.2) as well as to

(4.21) are listed.
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(4= @)gtbd+4(b — Db+ (d — T)d=0avr]

0 0 0 0 - av
0+ d)ptbd} (b+d);Lbd} 0 0 - q av
(b+d)bd% (b+d).4bd 0 0 — vV
b b
4Z+D 4Z+
(4 +D)ptgdd 0 0 0 (@t b)glehd av
b b
gD d+ £Z+b AZ+ bd g
AN.@N.T “bg+ D)4+ D)od * (gt 1bg + D)4+ D)o 0 (gt +4bg + DX+ b)bd vhe g
£Z+Db 4Z+b v )
a0 0 0 0 elzbd
o £Z+D £Z+b
(4 +D)gudd ]l%@v@&& 0 l\l«l@+3m.§& 0 (0]
d
£g+d g+
(@t d)gibgd 0 0 0 (@ +d)gibed av
£g+d 4g3+d
olbgd 0 0 0 etbed g v
b d+ “£g+d “g+d 0 b d 14
(b +4dg+ Xt +A)DA | | (gt +udg+ D)4 +AA | (cb+udg+d)(4+ d)bd
£7+d £g+d
(4 +d)ztbd (it dygabd (ot d)ptbd 0 0 o
(4g+B)gbd — 0 (4+ b)gtbd etbd qa
(4g+ d)etbd —_ (L+d)zibd 0 otbd |4 0
(bdg+ub—+ad)et — (4+ d)gth (4+b)gtd 0 (0]
PITY ST
PIIY® 9ST pue Joyjow 0 T30l
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2nd child Part. prob. w. r. t
Mother & Q 7 | mother and 1st child
cht
Q 0 0 0
Q
q 0 0 0
Q 0 0 0
q
q uvt 0 uvt
Lg=uv*
2nd child
Part. prob. w. r. t.
Mother lstck @ - | 9+ | mother and 1st child
Q 0 0 0 0
Q a- 0 0 0 0
as 0 0 0 0
Q 0 0 0 0
Q- q- UV (V2 + v1v2) 0 0 uDv1 (V2 +010;)
a+ UVVLVL2 0 0 UVV1V?
Q 0 0 0 0
q+ q- UVVLV2 0 0 UVVLV?
s+ UVVE V10t 0 (Uv +v102)v5%

Lgg+ =uvt+v105t

It will be noticed, as really seen from the tables, that, corres-
ponding to (4.38), every total probability coincides with the one for
one-child case also when recessive genes are existent; that is,

LABO=PABO ’ Lqu-—‘Pqu ’ LQ=PQ .

6. Maximizing distributions for J,.

The distribution maximizing the probability J, obtained in § 2
will be determined by a similar procedure as in the preceding
chapters.

The probability in case of MN blood type, given in (2.17), i.e.,

(6.1) JOMN=82t2(2_33t)

is regarded as a function of the product st alone, ranging over
0<st<1/4. The derivative

(6.2) dJoun[d(st)=st(4—9st)

remains positive for 0<st<1/4, the maximizing distribution is
attained if and only if s¢t=1/4 and hence

(6.3) s=t=1/2, M=N=1/4, MN=1/2;
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the maximum being

(6.4) (Jouy)™2*=5/64=0.0781.
In case of general result (2.16), the stationary value
65  Upe—(1-1)(1-F_ L1581y
m m m* m  2m

attained by symmetric distribution
(6.6) pi=1/m (=1, ..., m),

will probably be the actual maximum.
In case of ABO blood type, the probability given in (2.18), i.e.,

6.7) Joazo=0"(1—p)" + (1 —@)* + Fpgr* (L +Tr?),

is regarded as a function of p and ¢ (r=1—p—¢q). The system of
equations 0Jyuo/0p="0J,450/0q=0 yields the maximizing distribution
6.8) p=q=0.2481, r=0.5038;
0=0.2538, A=B=0.3116, AB=0.1230;

the common value of p and ¢ is determined as a root quartic equation

(6.9) 174a* —300a° + 1962 —57x + 6 =0.
The maximum of (6.7) corresponding to (6.8) is equal to
(6.10) (Jo50)™2%=0.0610.
In case of @ blood type, we get similarly for (2.19), i.e.,
(6.11) Joo=uv";
the maximizing distribution and the maximum:
(6.12) u=1/3, v=2/3; Q=b/9, q=4/9;
(6.13) (Jog)max=16/729=0.0219.

In case of Qqg. blood type, the probability given in (2.20), i.e.,
(6.14) Joggr =W + (2u +v,)v,v;
can be regarded as a function of v and v, (u=1—v, v;=v—w,). The
system of equations determining maximizing distribution becomes
(6.15) 0=20Jygq[0v=2(1—) (v*(2—3v) +v}),
0="01gq/ 0V, =203(20(2 —v) — (5 —3vy));

the roots satisfying 0<v,<v<1 being desired. The system (6.15)
is written in an equivalent form

1 _ 2(100—98y—6v" +69v°)
(6.16) ’ 5(25 —24v +12¢%)

20(2 — ) =v,(5—3v,).
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By eliminating v, an equation of degree seven with respect to v
will be obtained. But, the detailed discussion will be omitted. We
notice here, remembering (6.12), only an estimation stating that

(Joggs)m2* 22 (Jug)™2* + Max (2' 1.2 —'vz) (g——vz>v§

0=v,<2/3 3
(6.17) 71;9 +(§ 15— 1/33)(2 15— 1/33)<15-—1/33)
=0.0315.




