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(Comm. by Kinjir6 KuNuGl, M.J.A., Dec. 12, 1963)

1. Introduction. In this note we shall prove the inequalities
of Carleman type from which we can derive the uniqueness of the
Cauchy problem with data on a noncharacteristic surface, having a
restriction on its curvature, for some class of semi-elliptic equations.
For parabolic equations which are typical in semi-elliptic equations;

(-%—L)u:O (L: 2nd order elliptic operator) M. H. Protter proved the

uniqueness when data are given on a time-like surface, (see [5]), S
Mizohata proved it when data are given on any hyperplane not
orthogonal to t-axis, (see [4]), and H. Kumanogo generalized the result
of Mizohata (see [8]). For elliptic equations which are also typical
in semi-elliptic, L. Hérmander proved the uniqueness under mild as-
sumptions. (See [1].)

On the other hand L. Héormander showed that for any integer
r=1 there are examples of non-uniqueness; {(—1— —@—>T+a(xl, xz)i}uzo,

1 0%, 0x,

a(x;, #,)=0 for x,<0. These have several means, but at a point of
view of the type of equations these are not semi-elliptic at the origin.
(See [2].) This is our motive to study the uniqueness for semi-elliptic
equations of higher order. Main tools of our proof are the partition
of unity of Hormander and the inequality of Tréves which is extended
for our operators. (See [1], [6].)
2. Notations and some class of semi-elliptic operators. x=(;, %,
-+, &,) is a variable point of n-dimensional euclidean space K", and
E=(&, &+, &,) is a vector of 5" dual to R, and £ denotes a vector
(6s &5y0 ¢+, En). m is a vector (my, my,- -+, m,) Where m,’s are positive
integers, « is a vector (ay, as- -+, @,) where a,’s are non—negative
integers, by |a:m| we denote Eaj/m,, |a| is a length of a; Za,,
and m, is the minimum of m,. E is &0, £52. .82, A polynomlal of
& whose coefficients are functions of x can be written in the follow-
ing form.
P(x,8)=Py(x,£)+Q(x,¢),
Py, 6)— Z‘ Aa(2)E°, Qx, €)= Z‘. 2 alx)En

Uam|<1--1
m
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By P“(x, £) we denote g—l;P (%, ) and by P“(x, §), T;Z:—P (%, €). In what
J

followsm%:ais shortened to % Substituting &; in P(w, &) for —1—%—
=D, we obtain a partial differential operator P(x, D). Here Wje
impose on P(x, D) the following conditions:

I. (1) my=m,. (2) The coefficients of P(x, D) are in C*"/(Q2) and
those of Q(z, D) are in C(2) and bounded on 2, where Q is a domain
containing x=0. (8) For a=(m,, 0, 0,- -+, 0), a,(0)=0.

II. Pyx, D) is semi-elliptic at x=0, i.e. for any non-zero real
vector Py (0, &) does not vanish.

III. Let &,=C, (&) be a root of Py(0, &y, &)=0, then PS>0, &, &) does
not vanish for any real £0.

IV. Let be N°=(-1,0,--+,0), N=(N,, N,,---, N,) where N,’s are
real, and £+ 9tN=(§,+ 9Ny, -+, §,+19cN,) where 7 is real number. For
my>2 there are neighborhoods U,0) of =0, V,(N°) of N° and con-
stant C, such that

ey 3 )s<s+fzfzv>“tzsco{§l | P2, e-+ieN) 41}

holds for any xej U,0), any NeV(N°) and any (£, r)e5"X R, r=1.

We note that when all m; are equal II shows P0, D) is elliptic
and that IV is derived from I, II, III which are Hormander’s condi-
tions (see [1]). In our case we don’t know whether IV is derived
from the others or not and’is replaced by a condition for =0 or
for a compact set of (¢ 7), or not. For the case of the constant
coefficients and two independent variables L. Nirenberg treated these
forms of operators under milder assumptions. (See Theorem 9 of [7].)

3. Theorems.

Theorem 1. Suppose that I, II, III, and IV hold. Then there
exist constants C, ¢,>0, M =1, and for any real number r, § satis-
fying 6<d,, 6>M,

(3.1) G zat)e) el ), f | D*u |2 exp (2c0,(2))dz
<C [ 1P, Dyul* exp (2eg,@)ds

holds if ueCs(U;(0)), where ¢,(x) is (x;—0d)*+0 Z"xj and U,(0) is a
neighborhood depending on 4. =

Theorem 2. Let be 9={x: x,<xi+2xi+---+a2}. P(z, D) satisfies
the conditions of Theorem 1. Suppose ueC™ and satisfies in a neigh-
borhood U, of =0 the inequality
(3.2) |P@, Du| <K3) S

Jj=1 ]n:mlsl-—T

, | Du |
i
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and =0 for xe¢ 9\ U,, then there exists a neighborhood U of x=0
such that =0 in U.

Theorem 3. P(x, D) and P(x, D) satisfy the conditions of Theorem
1 for m=(m,,- - -, m,) and #=(My,- - -, M,) and furthermore coefficients
of P(x, D) are in C'™!(Q). Let be P(x, D)=P(x, D)-P(x, D). Then
there exist constants §,>0, C>0, M>1, for any r, ¢ satisfying 6<d,,
0>M

1 la:m

(3 X 3 (g ) (1o L))

laim|<1 [a:m[<1 T
f | D*D¥u|? exp (2c0,(2))dz<C f | P(z, Dyu|? exp (2rp:(x)) dz
holds for ueC,(U,(0)).

Theorem 4. The similar conclusion as in Theorem 2 for the
operator P(x, D) if we replace (3.2) for
(34)  |P@Du|<K>S] S, S |D'Du|, ueCmi+im,

=1 |laim|<1——— Sl—"‘_
mj ]n m] my

4. Lemmas which are fundamental.

Lemma 1. Suppose I, IT, and IIT hold, then there exist neighbor-
hoods U,(0) of =0, V(N°)={N:|N|<1, N,e[—1, —1+«] for some
£>0},* and a constant D, such that for any NeiV,(N° with any real
2, any xe¢U,(0), and any real vector (£, 7)eE"XR!, r>1
(4.1) K*e+icN)D{|Py(x, é+9cN)|*+*| N|*| P(x, £+ it N) |3
holds, where K*¢) is .72)115”2’"/.

Proof. Let be a compact set S={(& r); K*¢+irN°%=1} in
A*XR" On S and at =0 if ¢ is zero, the 1st term of the right of
(4.1) does not vanish by II. If r is not zero and the first term is

zero, by III the 2nd term does not vanish for £%0 real, and by I

(8) the 1st term does not vanish for £=0. Therefore on S, the right
of (4.1) is positive. For any (¢, r), =1 for which the value of

K*¢&+1cN°) is t?, by setting &,=7,t mf =gt ™ ml, (n,0) is on S. This
is from the fact that K*(¢+irN°) equals to K¥n+ioN°)i. We call
this property of K?*&) m-homogeneity. We obtain thus for a constant C
(4.2)  K*&+1ieN°)ZC{| Py(0, £+1ic N [P+ | P§(0, £+ N°) ).
Furthermore by I (2) and m-homogeneity of K?*), we can easily get
for some neighborhood U(0) of #=0 and other constant C
(4.3) K+ N C{| Py(x, £+ N |?

+ 22| PO(x, £+ N°)|?} for xze U(0).
On S by continuity with respect to N of Pz, £+4zN) and P®(x, £+ iz N)
for any ¢>0 there exists a neighborhood V'(N°) which is a cone

* By |N|?* we denote ﬁlNﬁ.
i=



784 A. TsutsuMml [Vol. 39,

containing N° in its interior such that for v=0,1
(44) Sup {| P (x, £+ itN)— P (x, £+ 1cN)|: e (& r)eS}<e.

Then replacing P§*(x, +1irN°®) in (4.8) for P{(x, é+irN)+ {P§(x, &
41N — P{(x, £+1rN)}, we obtain for new constant C and any (&, 7)
on S,

(4.5) 0<C< | Py, £+t N) |+ 2% | PP, E+17N) |2
To prove for any (& 7) =1, we first remark that V'(IN°) contains a
neighborhood V''(N°) which is for some x>0 the set {N:|N|<1 and
N,e[—1, —1+«]}. Taking *=K?*E+4cN°) and setting &,=tm; "-j s
T
=tm g, we obtain for any NeV" (N
1 1 1
(€+7:TN)=(t7'_(7]1+@0N1)’ t—”‘T(Y]g—*—’iO'lzNg), T t—;;;(yin_l—iolnNn))
1 1
where [, denotes ¢t =;. Thus by I (1) and t>1 (for r>1), we obtain
0<!,;<l. Hence N'=(l,N,, l,N,,--+,1,N,) is in V"(N°). Applying (4.5),
for £=7, r=0, N=N and using m-homogeneity of the both hand
sides we get for a constant C
(4.6) K&+t NO)<C| Py(z, £+1izN)|?
+2*| PiP(a, é+icN)[*} for any (§,7), r=1.
Furthermore it is clear by similar argument as above that there
exists a neighborhood V'”(N°) with the same type as V”(N° such

that %K *(e4+icN)< K*E&+1icN®) for any NeV’/(N®). Setting U,(0)

=U(0) and V(NO=V"(NOYNV"(N°), we get (4.1). The proof is
complete.

Next we shall state results of Tréves and their modifications for
our form of operators.

Lemma 2. Let be T(u,v)= f UV exXp <E tﬁxj>dao for v and o in
0" (Q)-

(1) P(D) is operator with constants coefficients of order m,.
tal — —
Then T(P(Dyu, P(Dyu)=S) —2—'t2“ T(P(3), P(3)) holds, where
a20 !

denotes 3, t3*- .-t and 6 does an adjoint of D; §,=D;—2it}, and
P(g) does P(&)=3"a.£% @ is the complex conjugate of a, and a! denotes

a;! ay!---a,! Furthermore the expression of the above formula is
unique.
(2) =T (P“(D)u, P“Y(Dyu)<2m- '“lla' T(P(D)u, P(D)u) holds.
a
(3) T(Pyx, Dyu, Pyx, D)yu)= 2 2= T(P& (x, o)u, P§=(x, o)u)

+R, where for all ¢,>1 |R12<CTl(u, u)ZTl_ 1 (u u); T,(w, u)
= > T(D*u, D*u) holds.

|a:m] =8

(4) t=T(Pi(x, Dyu, Pi(z, Dyu)<C [T(Po(w, Dyu, P, Dyu)
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+{Ty(u, w)}E x {Jﬁl Tl__mij_(u, u)} %} holds, for ueC;*(2) and constants C’s
independent of wu.

An outline of proof. (1) and (2) are due to Tréves. (See ([6].)
For (8) and (4) we only remark some points to modify the proof of
Hormander for an operator with a homogeneous order. (See Th. I of
[1].) In a term of the left of (3); T'(a.(x)D*u, b,(x)D?u), we transfer
D® from left to right and D? from right to left by integrating by
parts: T(uw, D,u)=T(6,u,u), for ueC;(2), and by using an almost
commutative relation between D; and é,:6,D,— D;6,=2t}, 6,D,— D,6,=0
for jxk. In doing so, the sum of the orders of the derivation D
and ¢ and of the derivation of by(x) X a.(x) and of t, which are contained
in one term, is invariant. But in our case the length of a« and S
are not equal, therefore the regularity of a, and b, must be raised
to C*™(Q2), though in [1] it was sufficient for them in C*(Q). In these
process of the integration by parts we classify the terms in each of
which b,a, is derivated once at least and other terms, and the former
is denoted by R. Then we get
4.7 T(Py(x, Dyu, Py, D)u)zzﬂ C.s(a, b, t)T'(6"u, 6*u)+ R,

where R is the sum of terms t¥T(D¢(bsa,)D*u, D*u); |7+a’:m|<1,
[r+p :m|<1, p>0,* and C,(a, b, t) is a quadratic form of a.(x) with
polynomial coefficients of {. And by the uniqueness of the representa-
tion of (1) the 1st term of (4.7) becomes that of (3). It only remains
to estimate B. For p>0 fixed, for any B such that |f:m|=s—|p:m|
is satisfied, it is easily verified that there exist at least one «a, satis-
fying |a:m|=s, and a constant C(a, p) such that

(4.8) T(D*u, D*u)<C(a, p)t=2 T (D*u, D*u)

holds for ueCs(2), by virtue of (2) of this lemma. Hence for a new
constant C'(a, p)

(4.9) . T(DPu, DPu)<C'(s, p)t 2 T (u, u)

holds for ueCy(R2). For multi-integers a’ and 7 such that |a’+7:m|<1,

there exists at least one j such that la’—l—r:ml_é_l—-—wlb—a holds, hence

J
there exists at least a multi-integer p such that p>y and |p+a’:m|
=1——1— hold. Then applying (4.9) for f=a’ s=1——}—-, we get

m; my
(410) T(D"u, D"u)<C(j, p)t~* T1-~‘7(u, u)<Cp)t~* jﬁ: Ti 1 (u, w).

m =1 mj

For B’ and 7 such that |5’+47:m|<1 holds, there exists at least one
o such that ¢>7 and |o+ 8 :m|=1 hold. Then similarly we get
(4.11) T (D*w, D¥u) < Clo)t=> T\(u, ).
Using (4.10), (4.11) and Schwarz inequality, we get

* p==(py, p3,-+-0,) where 0; are non-negative integers, is called multi-integer, and
sometimes denoted by #=0. If there is at least one positive 0;, it is denoted by #>0.
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(4.12) | R|P< G4 =T (3 ) ST Tyt (u, )
J=1 mj

for a constant C independent of ¢ and ueCp(2). Thus if all ¢; are
=1, Ct¥r—e*¥r=2 jn the right replaced by an other constant inde-
pendent of £. Thus (8) is proved. To obtain (4), we apply (8) for
P(x, D)=P{#(x, D) and use (4.9), (4.10) and (4.11) and similar calcula-
tion as in [1] is allowed. For References, see the next article.



