No. 10] Proc. Japan Acad., 45 (1969) 995

217. A Class of Markov Processes with Interactions. II

By Tadashi UENO
Department of Mathematics, Faculty of General Education,
University of Tokyo

(Comm. by Zyoiti SUETUMA, M. J. A., Dec. 12, 1969)

Here, we look at the branches which deseribe the interactions
between particles of the model in [4]. This leads to finer proofs of
Chapman-Kolmogorov equation and the backward equation. A con-
sistency condition holds for probabilities of events which are de-
termined by bundles of these branches.

1. To consider the simplest model with binary interactions, let
qt, =q,t,y) and ¢=¢,=¢,=---=0, and write n(¥’|t,y,E) for
(Y, |t,y, E) in 1 of [4].Y” Then, the forward and the backward equa-
tions are

PP(s,x,t, B)=P(s, x,t, E) +j:drijP‘f>(s, z, T, dy)

o x PL@, 9| 720 |7,v, )Pz, 2,4, B),
PGS, @, t, B)=P(s,x,t,B) + [ dz[ Pus,@,7,p)

) X PL(dy)g(z, y)jﬁn(y' 7,9, &Pz, 2, 1, B),

where P;f?(l_'f])z'J~ fdx)PP(s,x,7,E), s<s<t.
R

Let T be the set of all branches which grow downward with
binary branching points and the trivial branch (or a pole) b,. For
b,and b,in T, b=(b,, b,) is the branch which has b, and b, on the left
and the right side of the highest branching point. Length I(b) and the
number of the end points £(b) are defined by

(b)) =0, U(b,, b)) =14max(l(b,), I(],),

(D) =1, £((0,, b)) =#(b) +£(b,).
When #(0)=n, let b, ---,b,) be the
branch b with branches b,, ---, b, con-
nected at the end points, with b, at the
k-th end point from the left. We write I
b>b’ when b=0b'(b,, ---,b,). Since the.
branches b,,---,b, are determined by b

b() (bl)bZ)

1) This is for the simplicity of descriptions. Results in this paper can be
extended to the models in [4].
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uniquely for given b and b’(<b), we
b (b1, by, b3) denote the bundle of branches (b,, - - -

b -+.,b,) by b/b’. When #(b)=n and
x=(x, - -x,), let b(x)=b(x, ---,x,)
1_1_] be the branch b with variables

2, --,%, at the end points, with x,
at the k-th end point from the left.
b b b (by(x)), by(x,) and b(b,(x), - -+, balx,)

1 2 3 . .
are defined similarly.

For beT, x=(@, -, %), s=(8, -+, 84) and t such that

max(s) <t, we define P(s, b(x), t, E) inductively by
P(s,, by(x), t, E)=Ps,, x, t, E),
P((sl’ Sz)y (bl(xl), bz(xz)), t,E)

3 b (x)
: e = drjR P(s,, b,(x),7,dy)
max (81,82) 2
X P(s,, by(xy), 7, dy)q(T, y)
10X

i X A3 xj (' |7,y,d2)P(7,2,t, E),
R

where s;=(8,, -+ -, 8n), $=(Spmy1, - * -
tt 0y sm+n), x,=(x, -, Tm)s xzz(xmn’ Tty xm+n)’ m:#(bl)’ and
’n:#(bz)_Z)
Then, by a simple induction, we have

P, b0, t, B+ [ dzf P(s,0(0, 7, ez, <L,
R
starting with the equality in case b="b,.
2. Theorem 1. For s, t, u such that max(s) <t<u,
(4) P(s, b(x), u, E)= 3 [T PCsi, bi(xi), t, dyy)

b’ <bJ R¥(’) brEH/b’
XP((t’ ct t), bl(y)’ U, E)-
Note. This is an exact extension of (52) in Feller [1] to our
present model :

Pn(s9 X, U, E)=i Pk(sy xz, t, dy)Pn—k(t, Y, U, E)-
k=0J R

Outline of the proof. For b=b,, (4) is the Chapman-Kolmogorov
equation for Pys, x,t, F). If we assume the result for b, and b,, then
for b=(b1’ bz):

P(s, b0, u, B = (|

max(8)

max (8)

dr +j’:dr) jmp(sl, by(x), 7, dy)

X P(s,, by(x), T, Ay (T, ¥) j 7@ |7,0, 4P, 0, B)

2) Intuitively, P((si,---, Spn), b(®1,---,2,), t,E) is the probability that the
particle, started at x; at time s;, is in the set E at time ¢ after the interactions
with other particles which started at xs,---, %n, at times ¢,---, t,, respectively,
where the order of the interactions are determined by the branch b.
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=j P(s, b(x), t, dy)Py(t, v, u, E) + j i‘drjR
R 2
x { 5 j M Plsi, bi(xo, t, dyP((E, - - -, 8, b(g), 7, dy)}
b'<b1J REOD) b,’ceb;l/b'
<{ = | T Pl b/Ce, 6 U)P( -+, 0, (e, dy))
b <baJ RED') b.’i'ebz/b"
X q(z, y)JRn(y’ | 7,9, d2)Py(t, 2, u, )

=j P(s, b(x), t, dy)P(t, blw), u, E) + 3 zj
R¥(bo) REWD,077))

b'<b1 b''<Db2

X H P(sk’ b}é(xk)’ t» dyk)P(sjy bé’(x§), t, dy;)

(b,éeh/b’,b"f'ebz/b")

X P((E, - -+, 1), (&' (@), b (), u, E).
But, this is the right side of (4), since b/b,={b} and there are natural
one to one correspondences between {b’ < b,} X {d” <b,} and {b’ < b} —{b,},
between {b,/b’} x {b,/b”} and b/(b’, b")—{b,} for each fixed b’<b, and
b”g bz.:«x)

For a branch b(=b,) and the
i-th end point of b from the left, b b
there is a unique pair of branches
b and b such that b(x)=b'(x,, - - -
sy gy (0@, D), Ty - -5 )
or b(x)= b/(xv e ,xk’(b(&)ybo(xi))’
Lii1s c vy &,) for some k. This
b is called the closest subbranch
of b to the i-th end point.

Theorem 2. By substituting
s=(sy, 8 and b(x)=(b,(x), b,(xy) in the place of v, and y, of P((ry, - - -
] Tn)’ E(yl? °c yn)’ t, E); we ha've

P(s, 73 -7, BOG), sy -,y t, )= [ dr

max(s,r)

() x| Pl b, 7, dy) Plsy bix), 7, dy)atz, )

XJRﬂ(y, | Y, dZ)P((T, (FTRRRR Tn), B(Z, Yo »+ s yn)’ t, E)»

where ¥=(ry, ---,7,) are time parameters which correspond to the
closest subbranch b of b to the first end point, s;=(s,, -+ -, #(b;)) and
$:= (S s1s * * 5 Spon +8000) - B

Outline of the proof. When b=>b,, (5) coincides with (3). When
b=(',b"), assume (5) with b replaced by »’. Since b is also the closest

subbranch of ' to the first end point, P((s, 7,, - - -, 7,), bB(D(X), U3, - - - » Yn),
t, E) is equal to

8) These correspondences are of the form b’ xb” —s (¥, b”).
4) The substitution can take place at any end point of b, where the cor-
responding formulation is clear.
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P((s, v, ¥, (0'(b(x), ¥ ), b"(y")), t, E)
¢
=j o ”)dO'J\RaP((S, ), '(b(x),y"), a, AYPG",b"(y'"), o, dy’)

% (0, ) j W 19,9, d2)pf0, 2, B)

- j ‘ daj {j drj P(s,, b,(x), 7, dv)
max(s,r’,r’'’) R2 \J max(s, r)
x P(s,, by(x), 7, dv') g(z, v)jﬂnw Iz, v, dw)

X P((z, ), V' (w, y"), o, d?/)}P(r”, b"(y"), o, dy")q(o, y)jR

Xn'|o,y,d2)P(o,z2,t, E)
with obvious notations v, ¥”,y’,y”’. But, this coincides with the right
side of (5) by changing the order of integration by de and dz, using (3).
Let ¢(x) be the sum of non-negative functions ¢,(x,), k=1,2, - - -,
measurable in x,= (24, x, - -+, Ting, 1), and let I(x,) be the set of indices
for x,. For a subset J of I={1,2, ---}, we write

[reew=3%] I F@)0ux0),
k=1J R¥I (xp)) 1€I(xy)
[ seew=x| [ F@e)eue).?
REI(NIO) iXxnTe

Then, by a similar 1nduct10n as in II of [3], we have
Theorem 3. The minimal solution PY'(s,z,t, E) of (1) is given
by

PO @t B)=[ 17 5P, 9, 500, 8, ),

PRE)= [ 7= 5 P, +++,9), b(x), 1, B).
3. Applications. a) Chapman-Kolmogorov equation :
(7) PY(s,z,u,B)= jRP<f)(s, x,t, dy)P(Pé’f‘) )(t, Y, u, B, s<t<u.
Proof. By (4) and (6), PY(s, x,, u, F) is equal to
P(s, by(xp), t, dy )P, b (y), u, E)®

(6)

I(l)c bET b'<D J;B#(D ') bg€b/D’

ol S PG e,y PG, V), u, B

{1}¢ b'e€TJ R¥(D') k=1 bgeT

=b§T‘[R#(b') { (1)cfw Z PG, bl(xl) t dyl)} n

b1ET
X Uf > P(s, by dyo}P(t v(y), u, E)
bgeT
=j P(s, wy, t, dy) 3. I P9(dy)P(E, b (y), u, E)
R b7eTJ RED)-1 k=2

5) When f is a probability measure, these are the integrals by infinite
direct products of f’s.
6) P(s, b(x),t,E) is an abbreviation for P((s,---, ), b(x), ¢, E).



No. 10] Class of Markov Processes with Interactions. IT 999

- j PY(s, @y, t, dy) j PO 3 P, Y (y), u, B),
R {1}¢ b'eT
coinciding with the right side of (7) by (6).

b) Backward equation (2) for the minimal solution is proved by
rewriting

(8) P<f>(s,r,x,t,E)=j 7S P((s, 7,7, -1, b(x), 8, B, 1,8<t,D
{1}e bET

in two ways. First, noting that b, <X b,—b,((b,, b,)b,, - - -, b,) is a one
to one correspondence between T'x T and T—{b,}, and using (5), we
have

PU(s, 7, 3, t, B) = j I {P(s, boa), t, E) + 3
{13¢ beT—{bo}

% P((s, 7, - - -, 1), b(x), 1, E)}

=Pis, v, t, D)+ [ 7 5 S P(s, 7, 00, b(ba),
(9) X by(x), &), , B)
=Ps,et, B+ 705 S [ def Pe,boa, 7 )

{13¢ b1ET b2€T
XP((r, - -+, 1), b(x), 7, dy)a(z, ) j AW |70, d2)
X P((T’ Ty ooy 7')’ bl(z’ x//), t, E)

=Py(s, 7, t, B) +j‘ drj Py(s, @, 7, AP (dy) a(z, ) f )
s\Vr R2

XnW'|t,y,d2)P (z, 1,2, t, E)®
On the other hand, we can prove, by (4),
(10) PW(s,r, @, t, B) =P@7)(s, x,t, B), for r<s<t,”
and hence (2) is obtained by substituting (10) into the left and the

right extremes of (9) with r replaced by s,. In fact, PV (s,r,x,t, F)
is equal to

[ s m ] PCr b, sdw 1]
{1j¢ bET b/'<b J RO (bkkezbéb’)
P(r, bi(xy), s, dy)P(s, b'(y), T, E)
(where b, is the first of b/b")
7) Intuitively, this is the probability that the particle, started at x:. at time
81, is in the set E at time t after the interactions governed by b with other par-
ticles which started at time » with the common initial distribution f independent-

ly. Clearly, this reduces to P (s, %, t, E) when r=s.
8) The corresponding equation of forward type is

Psr,t )=Pos,a,tB)+ [0 de[ Posraedy
X Pr{(dy)ae)) | @'y, 40P 2., B).

This is proved in a similar way, or by a successive approximation similar to the
proof of (6). Note that this reduces to (1) when r=s.

9) In case s<r<t, P<f>(s,r,oc,t,E)=jRPo(8,W,’r‘,dy)P‘f’(”",y,t,E)'
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= fw Z Z P((S, Ty ooy 7'), bl(xl)’ 8, dyl) i’Iji[:

{13¢ b’eTjR#(b') b1€T

X Z P(T, bk(xk)» 83 dyk)P(s’ b,(y), t, E)

bReT
- 5a,(dy) [T PLYAy)PGs, b (y), t, B)=PES(s, @, t, ),
b'eTJ REO) k=2
since P((s,7, - -+, 1), b(x), 8, E)=0,,(E) or 0 according as b=b, or not
for r<s.
4. Let d’<band define a substochastic measure on (R¥®", B(R¥®"))

by
P(b/bl, §, X, t) dy)= n P(sk, blc(xk), t) dyk),
brEb/H’

Where x=(x1, Tty x#(b’)); s:(slr Tty s#(b'))‘w)
Then, the following extension of (4) is proved easily.

“4) P@JY, s, x,u, B)= f POB/b, s, x,t, dy)
b/<b'’'<b J R¥(b')

XP(b"/b’, t, U U, E)ll)
Let be12b22 ce 2bn’ togt1_<_ cc Stn, Ele@(R#(bl)), ""En

e P(R¥»), and let
Pty ty, -y s byby o by 2, By - -,En)=jE P(b/b,, b, x, t,, dxl)jE

2

(11) XP(bl/bz’ tl, X1y tZ, dxz) M 'I P(bn—z/bn—l’ tn—27 Xn—2s tn—l; dxn—-l)

En-1
XP(br_1/bns ury X1y Eas Ey).
Then, a version of the consistency condition holds:
P(tmtl)ta’ . ,tn; bo» blybs’ c ‘9bn;x’E1’E3y ° yEn)
= >, PQyt,tyty -ty 000,by 4,0, x, B, R¥2F,, ... E),

b12ba>0bs

where we skipped ¢, alone for simplicity. This suggests that (11) is
the probability of a cylinder set of a probability space which describes
all interactions suffered by the particular particle we are watching at.
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