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(Comm. by T. FURUHATA, M.J.A., Jan. 12, 1954)

III. Simple mother-descendants combinations (Continuation)

3. General mother-descendants combination

The problems in the preceding sections concern a combination
consisting of an individual and its two collateral descendants in
which a collateral separation takes place at the original generation.
We shall now consider a mother-descendants combination in which
a collateral separation appears at a certain intermediate genera-
tion. In fact, we introduce a probability

Wllp.v(aﬁ; U Eame) = Aaﬁ/‘?up.v(algS U 52772)
which is defined by an equation
knpaBs E1m1y Eme) = X1 k(@B ab)wy, (ab; 171y Eg).
According to three systems for the «,’s, we distinguish here
also three systems, i.e. p=v =1, u=1<y or p>1 =y, and p, v>1.
The formula for the lowest system 1is then expressed in the form
kn11(eB; Em, 52?72) = 0("31")1: Ema) + 27 U (af; 51771: 52772):
where the quantity U is defined by
U(aB; S Eme) = > QaB; ab)x(ab; Em1y Eame).
It is symmetric with respect to &5, and &, and its values are
listed as follows; ef. a remark stated at the end of I, § 1:
U(w; v, 1) = 201 —2)(1+0)(1 +20), U(ds; i3, 99) = }ig(1—243),
Ui; 4, 99) = $19°(1—21), U(w; w, f9) = $ifg(1—20),
U(ae; ik, ik) = 2k +k—3¢*+ ik —8%k),
U(ii; ik, kk) = k(1 —38i+ k—4ik),
U(iz; ik, i9) = $kg(1+1—8¢%), U(wi; ik, kg) = tko(1—8i+ 2k —8ik),

U(is; ik, 99) = 3kg"(1—40), U(i; ik, fg) = tkfo(1—43),
U(ii; kk, kk)= — 2+ k)A+2k), Ui; kk, kg)= — k(8 +4k),
U(ii; kk, 99) = —3K%9%, U(is; kk, f9)= —3k*f9,

Uii; hk, h)= — 1hk(@+8h + 8k +8hk), U(ii; hk, kg)= — Lhkg(3+8k),
U(it; bk, fg9)= —hkfg;
U(if; i, 1) = 1561 —28)(1 +4)(1+23),

U(ig; i, i) = 750G+ 2J + ©— 81 —84%),
U(ig; i1, 3) = 16W(@+5—4i9), U(ig; i, 19) = {519(2—8i—87),
U(ig; i1, 59) = %190+ 25 —8ij), U(ig; i, 99) = 1519°(1—44),
U(ig; i, f9) = ¥ifg(l—40),
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Uig; i3, i) = 760+ +3+ 2 —205(5 +5 +81))),
U(ig; 3, 19) = 15908 +J +20°—2ij — 164%),
Uig; i, 99) = 159%(0+5—81)), U(ig; i, f9) = §f9(i+5—84),
U(ig; ik, ik) = 75k(1 —2i+ & — 64— 2ik — 164%),
U(ig; ik, 5k) = 75k(¢+7—6i7 + 20k + 25k — 16i5k),
U(ig; ik, kk)= 15k*(1 — 60+ k—8ik), U(ig; ik, @g) = 7=kg(1—2¢—16¢%),
U(eg; ik, 39) =1skg(s+5—1647), U(ig; ik, kg) = 15kg(1—6i+ 2k —164k),
U(ig; ik, 99) = 75kg*(1—81), Uig; ik, f9) = §kfo(1—8q).
It is noted that there hold the identities
32 U(aB; &n, ab) = 3Q(aB; &n), 32 ApUl(ab; &y Eans) = 0,
1 Q(aB; ab)Ulab; &9, Exme) = $U(aB; E1m1s Egma)e
The formula for the second system tis expressed in the form

/Cmv(aley 51771: Ez"h)
= o (Emy, Eopn) +27 lAs ny QaB; E1m1) + 27 V(aB; Eipis Eana),
where the quantity V is deﬁned by
V(aB; &, Eme) = > Q(aB; ab) W(ab; E1m1, Eama)s

and its values are listed as follows; cf. again the remark stated
at the end of I, § 1:

Vi@s; 4, 46) = 331 —8)(2—1), Viis; i, ig) = $ig(1—20)(2—1),

Vi(it; i1, 99) = —3%g%(2~1), V(is; w, fg9) = —ifg(2—1),

V(is; ik, i) = k(1 —20+20%), V(it; ik, ik)=34k(i+ k— 20*— 4ik + 4¢%),

V(it; ik, kk)= $*(1 —26—2k +2ik), V(ii; ik, 19) = 2kg(1—20)?,

Vit; ik, ko) = kg1 —2i — Ak +4ik), V(is; ik, g99) = —kg*(1—1),

V(is; ik, f9) = —2kfg(1—1),

Vi, kk, @) = $ik*(1 +1), Ve, kk, ik)= —$k*2i— k— k),
Viis; bk, k)= — 32 —K), Viis; kk, ig) = $g(1 + 24),

V(s kk, kg)= —Fk°g(1—F), V(ii; kk, 99)= 3k°9?,

V(i; kk, £9)= Kfg,

V{is; bk, i6) = hk(1+1), V{is; b, i) = — hk(i—k—2ik),
Viii; bk, k)= —hk(i—k—2ik),  V(ii; bk, hk)= —hk(h+Fk —2hk),
Viis; bk, ig) = hkg(1+29), V(ii; bk, kg)= — hkg(1—2k),
V(is; kk, 99) = hkg?, V(wi; kk, f9)= 2hkfy;

V(i @, i) = $X2—0)(1—21),  V(ig; i3, if) = $i(2)+—Tig +4d%),
V(ig; 4, 39) = }ij(c—25 +2ij), V(ig; @, ig) = Hg(2—Ti+ 447,
Vis; 4, jg) = ¥ig(i—4J +44j), V(ig; @, 99) = —%ig*(1—1),

V(ig; 4, £9) = —ifg(1—1q),

VUig; 44, 16) =31 —20)(i+5 —249), V(ig; 17, 1) =3 + 5 — 4i5) (¢ + 5 —245),
Vig; 4, 19) = 191 —40)(i+35—235), V(ij; i, 99) = —3g%¢+5—219),
V(ig; i, f9) = —fo(i+75—23j),

V(ig; ik, ii) = }ik(1—25)?, Vig; ik, 1) = k(5 + 23> — 6i5 + 84%),
V(ig; ik, §5) = 3k(c—35+24i5), V(ig; ik, ik) =3k(i + k — 43* — 6ik + 8¢%k),
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V(ig; ik, jk) = 3k(g — 44 + 2¢k — 45k + 8igk),

V(ig; ik, 19) = hg(1—4i)(1—20),

Viig; ik, k)= He(1— 4i— 2k + Adk),

V(ig; ik, jg) = 3kg(i—2j +43j),

V(ig; ik, kg)= +kg(1—4i—4k +8ik), V(ig; ik, 99) = —3kg*(1—21),

V(ig; ik, f9)= —kfg(1—29),

Viig: ks, 46) = 3ik¥(1+24),

V(igs ok, ik)= — p3(4i— ko — 4dk),
Vig; bk, i) = bihk(1+24),

Vig; bk, ik)= — hh(2i—k— 43k),

V(ig; kk, ©7) = $k¥i+J + 449),
V(eg; kk, ig) = 3°9(1+ 40),
V(ig; hk, i5) = $hk(i+7+ 445),
V(eg; bk, i9) == $hkg(1+ 47).

It is noted that there hold the identities

Z V(aﬁ; E”?, ab) = 0:
P JIsz(abi Eim1s Exme) = 0,

> ViaB; ab, &) = 2Q(aB; &x),

2 Q(ale; ab) V(ab; 51’71: -527]2) = &V(ale; 61771) 82"]2)‘
The formula for the last generic system is expressed in the form
’szu(aze; 51771: &) = d].w(El"?l? 52772)+2—‘+1 {2"“222,,12(;)(0/3; e1771)

+2"Z§1le(aB; Eama)} +277S(aB; Evpyy Eama)s
A= putv—1,

where the quantity S is defined by

S(aﬂ; S17)1: 52772) = > Q(afb; ab)T(a»b; 81771: ‘?2772);
and its values are listed as follows; c¢f. a routine remark:

S(it; 1, ) = $2(1—i)(1—20),
S(i; i1, 99) = —%ig(1—23),

S(it; i, ig) = ig(1—21)%,
S(ii; 4, f9) = —ifg(1—20),

S(t3; ik, ik) = $k(k—17*—5ik +8:%k), S(it; ik, kk)= —3k*(0+k—4ik),

S(ii; ik, ig) = tkg(1—5i+8:),
S(i; ik, 99) = —3kg*(1—44),
S(it; ke, kke)= 3k*(1—2k),

S(ii; kk, 99)= k¢,

S(ui; hk, hk)= —4hk(h+Fk—8hk),
S(ii; hk, f9)= 4hkfg;

S(ig; 4, 1) = 3*(1—20Y,

S(ig; 4, i) = —3ig(e+75—41),
S(ig; 1, 39) = — $ig(¢+ 25— 8ij),
S(ig; 15, f9) = —%ifg(1—49),

S(it; ik, kg)= —%kg(i+ 2k —8ik),
S(ai; ik, f9) = —kfg(1—49),

S(4i; kk, kg)= —3k*g(1 —4k),
S(ui; kk, fg)= 2k°fg,

S(te; bk, kg)= —+thkg(1—8h),

S(ig; i, i) = $i(j —*—big +8%),
S(ig; i, i9) = }ig(1—5i+ 8%,
S(ig; i1, 99) = — g (1—49),

S(ig; i, ) = @ +5"—615(0+7) + 160°),

S(ig; i, 99) = — 1°(+5 —8u),

S(ig; i, 19) = 19(J —2¢°— 645 +160%),

S(ig; 4, f9) = —3fo(i+5—8ij),

S(ig ik, ik = Ho(lb— 2* — 6k + 16i%K),

S(ig; ik, k)= — ¥k*(2i + k—8ik),
S(ig; ik, 39) = —kg(i+5—84j),
S(i7; ik, 99) = —1hg*(1—80),

S(igs ik, k)= — ¥k(ig + ik + jk— 8igk),

S(igs ik, ig) = thg(1—6i+168),
S(igs ik, kg)= — kg(i+k—8ik),
S(it; ik, f9) = —3kfg(1—8).
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It is noted that the quantity S satisfies, besides an evident
symmetry relation S(aB; &1, &) = S(eB; Emsr &vp), also the identi-
ties

218(aB; &y, ab) = 0, >3 A,S(ab; &y Eme) = 0,
1 Q(aB; ab)S(ab; &1, Ems) = $S(aB; S, ).

The asymptotic behaviors of «;,, as v(or u) or ! tends to infinity

will be obvious. In fact, we get the limit relations

P}E KnpaB; Emyy Eame) = Kren(aB; 51")1)—:1-;2712
and
213 Kll}w(als; &y Eape) = O'M(Sl"h» E27)2):

which remain valid for any values of I, p with I >1, u=1, and
of y, v with p =1, v =1, respectively.



