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8. Probabilities on Inheritance in Consanguineous Families

By Ydusaku KoMATU and Han NISHIMIYA
Department of Mathematics, Tokyo Institute of Technology
(Comm. by T. FURUHATA, M.J.A., Jan. 12, 1954)

In a series of successive papers? a unified theory of inheritance
has been developed from a probabilistic view-point. In the present
Note we consider again a single inherited character which consists
of m multiple alleles at one diploid locus denoted by

A, Gt=1,..., m)

and of which the inheritance is subject to Mendelian law. Our
main purpose is to study the distributions of genotyves in several def-
inite combinations, lineal or collateral, consisting of individuals
chosen at random from a consanguineous family; a population in con-
sideration is supposed to be in an equilibrium state unless the
contrary is stated. We further suppose that the panmirie takes
place at any generation except when the consanguineous marriages
are appointed. The problem may be regarded as generalizations of
those discussed in the previous papers®.

In the present preliminary Note we confine ourselves to a
compendious announcement of the results. The details on the for-
mulas as well as their consequences will be fully discussed in our
subsequent paper® which will nearly be published.

The definitions as well as the notations concerning several con-
cepts contained in the previous papers will be retained. However,
for the sake of brevity, the frequencies of the genes A, (1=1,...,m)
will be denoted merely by

¢ instead of p,
provided no confusion ean arise. Further, the different Latin let-
ters except those designating the running types in summation are
supposed, in principle, to indicate the different genes.

I. Simple lineal combination

1. Mother-nth descendant combination
The probability of mother-child combination ==, is now gen-
eralized to that of a combination consisting of an individual A, and

1) Y. Komatu, Probability-theoretic investigations on inheritance. I-XVI. Proc.
Japan Acad. 27-29 (1951-1953).

2) Cf. especially, IV. Mother-child combinations. 27 (1951), 587-620 and 29
(1953), 68-77; V. Brethren-combinations. 27 (1951), 689-699 and 29 (1953), 78-82.

3) Y. Komatu and H. Nishimiya, Probabilistic investigations on inheritance in
consanguineous families. Bull. Tokyo Inst. Tech. (1954).
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its nth descendant A.,, which will be designated by

ma(3; 577) = Auren(aB; E’]) .
The reduced probability «, satisfies a recurrence equation

kn(af; €n) =2 kn-1(aB; ab)x(ab; &n)
where the summation extends over all the possible types A,. The
running suffices will be designated, in principle, by letters at the
head of Latin alphabet. Now, it is shown that the probability is
expressed by the formula

ko En)= Ay +27"1Q(af; En)

where the quantity @ is independent of the generation-number »
and its values are given as follows:

QG 46)= i(1—7), Qi k)= k(1—2i),
Qs kk)= —I?, Q(id; k)= —2hk;
Qig; )= $i(1—27), Qig; 19)= $(i+7—44),
Qg; k)= $k(1—49), Qig; kk)= —kK,

Q(ig; hk)= —2hk.

The proof of the formula can be performed by induction® by
actually verifying an identity

>1Q(aB; ab)e(ab; §n)=3]Q(aB: ab)Q(ab; §n)=32Q(aB; &x).
It is noted that the quantity @ satisfies a quasi-symmetry relation
AupQ(aB; &n)=AeQEn; aB)
and further the identities
S QaB; ab)=0,  S1A,Qab; &n)=0.

An asymptotic behavior of «, as n—>o can be readily deduced
from its expression derived above. In faet, there holds a limit
equation

lim x,(a8; é9)=As,
stating that a consanguq?r;oeous correlation between the types of an
individual and of its nth descendant becomes negligible for a suffi-
ciently large n. The approach to the limit is for any pair mono-
tone.

Finally, it is to be remarked that the values of «,(a8; &), and
hence also of Q(aB; &), are evidently independent of a8 provided
the genotype A., possesses no gene in common with A,. Conse-
quently, the values of «,(ij; kk) and «,(¢); hk) coincide with «,(ii; kk)
and «,(%; hk), respectively. Similar remarks will be availed passim.

2. Parents-nth descendant combination

Let a pair of parents with fixed types (Au, 4.s) be given, the
order of members being taken into account. We then denote by

4) Another deductive derivation of the formula is found in Y. Komatu and H.
Nishimiya, Lineal combinations on a Mendelian inherited character. Rep. Stat. Appl.
Res., JUSE 3 (1953).
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en(aB’ v8; &-77)
the probability that the pair is accompanied by an »nth descendant

A.,.
paper™,
mula

(@B, ¥8; En)=3]e(aB, v8; ab)ra_i(ab; &y).

It is shown that the probability is expressed by the formula
(@B, ¥8; En)=Ae+27 " E(aB, v8; &p)

valid for n=2. The factor E in the residual term is then defined

by

E(aB, 78 &n)=23>1e(aB, v8; ab)Q(ab; &)
and is symmetric with respect to o8 and 8. Its values are listed

as follows:
E(i5, ity i1)= 2i(1—1),
E(i, ii; 99)= —2¢°,
E(ii, ik; 9i)= $3(8— 41),
E(ii, ik; kk)= 3k(1—4F),
E(ii, ik; kg)= $9(1—8k),
E(w, th; fg)= —4fg;
E(ii, kk; 45)= i(1—27),
E(ii, kk; i9)= g(1—44),
Ei, kk; f9)= —A4fg;
E(ii, hk; i6)= i(1—25),
E(5, hk; k)= ¥(1—4F),
E(w, hk; ig)= g(1—47),
E(i, hk; 99)= —24%,
Eig, ig; i0)= i(1—24),
EXig, ij; i9)= 9(1—40),
E(ij, i3; fo)= —Af9g;
E(i7, ik; i8)= i(1—23),
E(1g, ik; j5)= 351 —4j),
EXig, tk; 19)= g(1—41),
E(ig, ik; 99)= —2¢°,
EXig, hlo; i1)= 3i(1—43),
Eig, hk; i9)= 39(1—8%),
E(ij, hk; f9)= —A4f9.

E(i, it; 19)= 29(1—21),
E(w, ©; f9)= —4fg;

E(i, ok; ik)= %t + 8k —8&k),
EXu, th; ig)= 39(8—80),

E(ie, kk; tk)=10+Fk—4ik,
Ei, kk; g9)= —2¢°,

BXii, hk; ik)= 3(i+ 2k —8ik),
B, hk; )= 3(h+k —8hk),
E(ii, hi; kg)= $9(1—8k),
E(it, hk; f9)= —4fg;

E(ig, ig; 1) = t+35—41j,

E(ig, ij; 99)= —2¢°%,

E(ig, ik; )= $(i+ 25 —84j),
E(ij, ik; jk)= %(j +k—8jk),
E(ig, ik; jg)= 39(1—89),
Eig, ik; f9)= —4f9;

EXig, hk; ig)= 3(i+7—8ij),
E(ig, hk; 99)= —20%,

It is noted that the quantity E satisfies the identities

ZE’(aB; 78; a’b):O)

get

SNV ALEeB, ab; n)=Q(ab; &r).

An asymptotic behavior of ¢, as n—>« is obvious;

namely,

lim e,(aB, v8; &p)=A.,.
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The values of e=e; have already been availed in a previous
The probability in question is given by a recurrence for-

we

5) Cf. I. Distribution of genes. 27 (1951), 371-377.
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II. Simple collateral combinations

1. Collateral combination originated from same couple
By generalizing the probability of brethren combination s=o;,
we introduce now that of a combination consisting of uxth and vth
collateral descendants A. ., and A§2n2, respectively, originated from
the same couple, which will be designated by
qu(el"]l, sz’?z)zlzlenl"'w(glﬂl: s27}2)-
It is proved that there holds an tdentical relation
Tp.v(gl"]l: E2"]2)———'_""'u.w—1(61771; E2’72)
provided w+v>2, while it should be remembered that =, is not
identical with #;,. The last relation shows, in particular, that the
dependence of r,, with u+»>2 on the generation-numbers is sub-
ject merely to their sum u+v.
2. Collateral combination originated from different couples
We next designate by
O'av(‘fﬂh: 52772)EA§1")17?W(51771’ 82772)
the probability of a combination consisting of xth and v th descend-
ants A, and Agz,,z, respectively, originated from two different
couples with a female alone in common.
It is proved that there holds an identity
'Tg.v(gl"h’ 52772)=/Cy.+v(§ 115 52772)
for any pair of x and » with x, » =1, and hence

0 __ —
Ty = Tp+1,y = Ty, v+1e



