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51. Probabilities on Inheritance in Consanguineous
Families. VII

By Yasaku KoMATU and Han NISHIMIYA
Department of Mathematics, Tokyo Institute of Technology
(Comm. by T. FURUHATA, M.J.A., March 12, 1954)

VII. Mother-descendants combinations through several
consanguineous marriages

1. Special combinations with several consanguineous marriages

The main purpose of the present chapter is to determine the
probability of a mother-descendants combination designated by

W(pv;mtmv(aﬁ; Em1, $2ﬂ2)EAaBK(uv;n)tluv(aB; &1, Eme) (0= Ros1, V=1141).
By definition, the reduced probability ;. . 18 given by
K(p.vm),lpw(aﬂ; U 82772)'_“2’5(}“‘;7»)‘(‘1:8; ab)’cw(a’b; €1y Eama).-

Evidently, this probability is symmetric with respect to w. and
v, for any r with 1<r=<¢, while it is quasi-symmetric with respect
to p and v, i.e.
Ifcw;n)tmv(algi Em1, 62772>=K<w;n)tlm(a/8; €2, S1"71)-
In the present section we first deal with the case where the
n,, p and v are all equal to unity. After substituting the known
expressions, its defining equation yields
K(pv;n,;n(aﬁ; Emy Emme) = (€, 52’72)‘*‘2—”1/15[7(0‘:8? Em1y Eama)
+4u, > R(ab)x(ab; &1y, Exme) +20, > S(aB; ab)x(ab; &, Exm,)
+ 4w, > T(aB; ab)x(ab; Eyy Euns).
Thus, it remains only to determine the last three residual terms, i.e.
X(Emy, )= ) R(ab)e(ab; &1, Emmg),
D(aB; &1, Eame) =21 S(a3; ab)x(ab; & 171> Eama)s
3(aB; &y, Eme) =2 T(aB; ab)x(ab; €1y Eama),
which are evidently symmetric with respect to &, and &y,. Actual
computation leads to the following results:

X(15, 90) =§*(L—0)(1419), x(11, k) = — 1k,
X(43, k) = — 2%, (43, hk)= — i*hlk,
X(eg, v) =4ig(1—247), X(17, ok) = — 3%k,

X(%7, hk) = — 3ighk;
(it 16, 90) = —I(1—9A—26),  Y(; 01, i) =%ig(1—10)(1—20),
Y(it; i1, gg) = —{5i9°(1—29), Y(ii; w, f9) = —3ifg(1—20),
D(it; ik, k) = — eho(1— i — ko + 8i2—84%F),
(it; ik, k)= k(L + 45— 5% + 4ik),
D(ii; ik, ig) =skg(l—Ti+88),  D(it; ik, kg)= k(1 —3i— 2k + 8ik),
D(i; ik, g9) = —Fskg*(1 —43), Y(ie; ik, f9) = —shfo(1—40),
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D(ei; kk, kk) =511 — k)1 —2k), D(it; kk, kg)= — 7sk°9(8 — 4k),
D(w; kk, g9) = Lk*97, Y(ie; kk, fo)=1k"f9,

D(5; hie, hk)={hH(2—8h—8k +8hk),  D(ii; bk, kg)= — Ahkg(3 —8K),
D(ei; hk, fg)=3%hkfg,

D(ig; 1, 1) =—FHA—0)(A+47), Y(i;%,15)=g%0(¢+ 25 — " — big +8%),

Y(ig; 4, J7) =—553(E+7—44j), Y(ig; 10, 19) =35i9(2—5(+87%),
Y(ig; 10, 39) = —3g5i9(i+2j—84),  Y(i; U, 99) =—5510°(1—40),
Y(ig; 1t £9) = —Fifg(1— %),

I

— s (0 -+ —3* =57+ 64j(0 +5) — 160%?),
V(ig; i, 19) =559(i+5— 20— 6i5 + 164%),
D(ig; 7, 99) = — 52970 +7—8%), I(ig; i, f9) = —fsf9(t+5—81j),
D(ig; ik, ik) = — k(1 + 20—k +44% + 6ik — 16i%k),
D(ig; ik, §&) = k(i + 5 — 665 — 2(i + 1)k + 16igk),
D(ig; ik, bk) = &k*(1—6i—k+8ik), D(if; ik, 1g) =3%kg(1—23)(1—8s),
D(ig; ik, 19) = —skg(i+7—8t), V(if; ik, kg)=55kg(1—6i—2k+16ik),

9(ig; 13, i)

D(ig; ik, 99) = — g5 g*(1—81), Y(ug; ik, f9) = — k91 —81);
B w0, 1) =F5i(1—-9)2—0)(A+9), 3@;w, i) =—§’°g2—1),
3(it; i, 99) =—119°2—1), B(1; 1, fg) =— %ifg(2 —1),

B(dd; ik, i) =k(l—i+ i+ k(1 —i)(1—29)),
B(d; ik, k) = — 1?1+ E)(1 —3),

B(i; ik, ig) =kg(1—1)(1—20), 3(@i; ik, kg) = — Lkg(1+ 2k)(1—1),
B(it; ik, 99) = —kg* (1 —1), B(w; ik, fg) = —tkfo(1—1),

B(e3; kk, kke) =+ k2(1 +k), B(it; ke, kg)=1k*g(1 +k),

B(it; kk, 99) = 3(w; kk, f9) =1kf9,

3(it; hk, klc)z%kk(l +k +k+2hk),  3(w; bk, kg)=Lthkg(1+2k),
3(@; hk, f9)=21hkfg,
3(ig; 4, 1) = g5i(1+2)(1—20+2¢%),
B34 4, ij)=31§73(1~i—-j — 24* — 245 + 44%),
B(if; 16, 1) =4uii(1—2i—25+205), B(; 6, ig) = —gyig(l+2i—45),
3(ig; i, jg) =gxig(1—2i—4j+445), 3(w; @, 99) = — *—zgz(l —1),
3(; i, fg) =—%ifo(l—1),
B3(ig; i, 1) =55(1—4e)(E+7—2i5) + +57),
8(7’.7: 1’.77 /l’g)"‘ Eig(q‘ _j+47/2+47:j'~87/2j))
3(ig; i, 99) = — g (@ +7 —2%), 35 14, f9) =—§fo(t+5—240),
3ig; ik, k) =55k +k + 4¢° — 4ik + 8%k),
3(tg; ik, jk)=35k(1—2(0+5) +k+ 4ij— 4(i+ 9k + 8ijk),
B(ig; ik, kk) = — L&A+ k)1 —20),  3(i5; ik, 19) =%kg(1 —47+8¢%),
3(ig; vk, 39) = gxkg(l—4i—49+815), 3(%; ik, kg)=— ~-—kg(1 +2k)(1-21),
3(w; ik, 99) = — skg*(1—24), 3(ig; ik, f9)=— gkfo(1—2i).
Since, besides an evident symmetry character of X, 9 and 3 with
respect to descendants’ types, the quantities D(aB; &y, Eom:) and
B(aB; &y, Emme) are both independent of o8 provided A.. and A,
have no gene in common with A, all the possible cases have thus
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been essentially worked out. The final expression for desired prob-
ability is thus written in the form

/C(pv;n,,lu(a/g; 51’71, 52’72):'7(51771, 82772) +2_t+1U(a/8? 51'771’ 52’72)

+4uX(E 1y, Em) +20,9(aB; €1y, Exme) + 4w, B(aB; €1y Eama)s
which remains true also for =1 with u,=v,=0.

By the way, we can readily deduce the relations

ST X(En, ab)= X3 V(aB; &y, ab)=>] B(aB; &y, ab)=0.
We further remark that there hold the relations
ST ALY (ab; Emy Eme)=0, > An3(ab; &, Eam2) =X (€1, E2"72),
SN Q(aB; ab)Y(ab; Emy, Eons) =) Q(aB; ab)3(ab; £y, Eanz) =3D(aB; Emyy Eas).

We now consider the probability .y, in which 7,>1 while

n.=>1 for 1<r<t¢. It is defined by the equation
Kuys w1 (@85 Empiy Exme) =1 K w05 ab)e(ab; &y, Eam)-
Hence, we get the formula
Ky w11 (a,@; 81771, E2"72) :0(‘51”'71, 52772) + 2””‘”/1,;(]((1,8; 61"71’ E2"72),
which remains true even when t=1.

We next observe the probability ..,y With »>1. The defin-

ing equation then yields
K ntm(a:@; Emuy Eama) =2 Kepy; 1),(“:8 ; ab)iy,(ab; Emy, Ema).
Based on the relation
> R(ab) W(ab; U E2772) :“}Aslle(gﬂh; 52"72);

>1S(af; ab) W(a’b; Em1, Eme) =4S(aB; € 11> Eam2),

21 T(aB; ab) W(ab; Emy, Ems) =3+T(aB; Em1y Ema),
we get the formula in the form

Kowvs 1,119 Emyy Ema) = 01, (Emy, Eame)
+27°4, {Ag2,,2Q(a,8; Emy) + 27 V(aB; Sy, Evma)}
+277 {zutAElle(Elﬂl; €ama) +v.8(aB; €y Eame) + Wi T(afB; Emyy Exma)}

which remains valid also for ¢=1 with u,=v,=0.

We finally consider the probability qy;m, v in which n, and »
are greater than unity while the »,’s with 1<r<¢ may be arbitrary
numbers equal to or greater than unity. Its defining equation be-
comes

Keuvs mg1v (085 €y, € 2772)=Z’C<w;n>,(“5; ab)iy,(ab; &1, Em),
and hence readily leads to the desired formula
Kepvs mygl1v (@8; Emy, 52’72) =a,(Emy, & 2772)
+27%i4, {Azzan(aB; Em) +27 V(aB; €y, Eama)}s
which remains true even when ¢ is equal to unity.

2. Generic combinations with several consanguineous marriages

We consider the probability .,;., . for the generie case, namely
with u, v>1.

We first deal with the case where the »’s are all equal to unity.
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It is defined by the equation
Kuvs 1, CH €y Eame) =21 Kepvs 1),(‘1}8; ab)"fw(ab; Em1y Eamg).
Based on the identical relations
21 B(ab)T(ab; £y, Exme) =3 Az, Q(Emys; Ema),
>18(aB; ab)T(ab; & 1M1 52172)=%S(a,8; &, Eams),
S T¥(aB; ab)T(ab; Em1, Eme) =4T(aB; €y, Eoms),
the desired formula is then given, with A=u+v—1, by
Koy 1 Iw(aﬁ ’ 517)1: 52"]2) == Guu(éﬂh, 52772) + 2“k+1utA§1n1Q(E 115 Ez’h)
+ 2“‘+1At‘{2“"A52.,,2Q(a,8 ’ 3 1"71) +27 vAtle(aB ’ 3 2772) }
+27* (@7 A, +v)S(aB; Emyy Eme) + Wi TX2B; Epyy Eama)} -
We next observe the most generic case, i.e. xqw;ny, 1w With n,
u, v>1. Its defining equation becomes
Kf(p.v;n),;lw(ale; 61771: 52772)22 Kiuvs ,,)t(aB; ab)"w(ab; 51’71’ ‘52772)
and it leads to the desired formula
Kuys n)tlpw(ale s €1, Em2) = 00 (Eipy )
+27M1%14, {2'“A§2,12Q(a,8; Em) + 2_VA§1111Q(0¢:8?. Emo) +2778(aB; Emp, Ema)}
which remains valid even when ¢=1.
Finally, we consider the probability .y m,iqwv; 1y 1wy (@85 Emis Ema)
(uv' =ppsverr). The defining equation is then given by
Kouvs my | Qulv’s Dy 1w (aB; Emuy Exms)
:2 Kepys mdy [/ v7'5 1)Lf(a:8; ab)"'wv'(ab; 517)1, 62772)~
We distinguish here three systems according to the generation-
numbers (x/,»") of the descendants (A, A:,): p'=)=1; u/'=1<)
or W>1=y; u,v>1. It is shown that there hold the following
formulas:
Ktuys mdg ) (W Vs Dy | u(ab; & "1, € ) =a(§ 1715 52?72) + 4(“:’ + w;)%(flm, £ 2772)
+ Z—N‘“At {2—t,»«4;’ U(aﬁ; 51"71» E2"72) + (1);' + 2w:/)§0(a/3; 51"71, 52"72)} s
Kquys ndy | (W' v7s 1Dy Jw(a:@; 3 1715 52772) =0 1v'(":" 1M1 3 2772)
+ 27wy + W) A Q(E s Emz) + 27704, {2"'A;:Ag2,,2Q(a,8; §m1)
+ 27 AL V(aB; €y Eme) +27 (00 4+ 2w1)S(aB; €y Eme)}
Kcuys wy w75 1y [p.’v'(alg; §m1, E2")2) :"'u’v'(sﬂhx 3 2772)
+ 27wy + w;’)AEf'uQ(&lﬂl; €m2)
+ 2N A, 27V A, QaB; Em)+ 27 A, m@(aB; &)}
+ 275 Y A (277 Ay + vpp + 2w,)S(aB; Eyy Exme)
with ¥=p'+ —1.



