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(Comm. by Z. SUETUNA, M.J.A., July 12, 1954)

1. The main object of this note is to study a mapping which
has a torus as the image space. The methods of the paper are
strongly influenced by Spanier’s proofs [5].

2. In this section we prepare some definitions and lemmas known
in Spanier’s paper on Borsuk’s cohomotopy groups [5], [2].

Let X denote the space of a sequence of real numbers y=(y,)
(¢=1,2,...) which are finitely non-zero (i.e. ;=0 except for a finite
set of integers ¢). X is metrized by

dist (4, )= (S ).
Definition 2.1. The sets below are defined by the corresponding

condition on the right:
S ={yeX|y;=0 for i>n+1 and Slyi=1},

[<isn+l

Ert={yeX|y;=0 for i>n+1 and >ly;i=<1},

(Si<n+1
E; ={yeS"|Yn.=0},
Er ={yeS" I Yni:1 =0},
E!=p=(1,0,...,0,...),
E? =p=(—-1,0,...,0,...),
T =8"XS",q=pXpP,q=DXD (for n=1).

Lemma 2.2. Let A be a deformation retract [4] of a compact
space X and let f: (X, A)—>(Y, B) be a map of (X, A) onto (Y, B),
which maps X— A homeomorphically onto Y—B. Then B is a defor-
mation retract of Y.

Lemma 2.3. Let (X, A) be a compact pair with dim (X—A4)=mn.
If F is any closed subset of XxI—-AxI, dim F<n+1.

Definition 2.4. Let f: (X, A)—>(YxY,(y,y). A map

F: (XxI,AxI)>(YXY,(y,¥v)
will be called a normalizing homotopy for f, if
F(z, 0)=f(x) }
Pz 1) e (Yxy)U@xD) for all xzeX.
The map f': (X, A)->[(Y xy) Ul xY), (y,y)] defined by f'(z)=F(x, 1)
is called a normalization of f.
In the following YV Y will denote the space (Yxy)U(yxY).

Let
e: [YVY, @]~y
be definel by
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@,y =y for (¥, y) € Yxy,
w,y")=y" for (y,y")eyxY.

Definition 2.5. Let a,8: (X, A)—(Y, B) and assume that axg:
(X, A)>(YxY,(y,y)) can be normalized. Let f: (X, A)—>(YVY,
(,9)) be a normalization of axg8. The sum with respeet to f(de-
noted by a<f>g) is defined to be the composite map a<f>8=Qf.

Lemma 2.6. Let (X, A) be a pair with dim F'<2n any closed
FCX—-A. If f: (X, A)~>(S"x S (p, p)), there exists a normalization
g of f such that f=g rel f~1(S"vS").

Lemma 2.7. Let (X, A) be a compact pair with dim (X—A)
<2n—1. If a,B8,d,8: (X, A)—>(S", p) with a~d' and B~@’ and if
g9: (X, A)~>(S"Vv S", (p, p)) is a normalization of axB8 and ¢ : (X, A)
->(5"V S (p, p)) is a normalization of o’ xA8’, then Qg~qQy(' .

3. Our theorems are the following:

Theorem 3.1. In the product space 7'*"x T*", the subset (7"
xq)U(gxT*) is a deformation retract of T xT*"—[(q,q) U T*"xp
xpUT"xpxpUpxpxT™JpxpxT™].

Proof. This is analogous to Borsuk’s proof [1]. Let f: (E",
S"1)—>(S", p) map E"—S" ! homeomorphically onto S*—p. Let f~'()
=7 be the center of E”*. Define

g: [E*xXE"—(%,%,%,%) | E™x (E")! x 8" E*x S"!
X (BE™ U (B x S*=1x B () St x (B x B,
E2n X T2n—-2 U Tzn—z X E2n:]
> [T X T —(q,3) U T™ x f(E"F) x p U T x p x f((E"Y)
UFE) % px T | px f(E") x T,
T xqUgxT™]
by

9@y, T, Ty, T0) = (), f(05), F(2,), f (,)), where (E") is the interior
of a set £”. Then g is a map onto T x T*"—(p, B, B, D) U T x f(E™)")
xp'J T x p x f(E"F) UF(E™) x px T Up x f(E™) x T* which maps
E™x B —(%,2,2,%) UE™ x (BE") x S*'{J B x St x (BE™)J (E™ x S"*
X B 8™ x (B x B — [E™ x T*=2( ] T*-*x E*] homeomorphically
onto

T xT*"—®,D, D, D) U T* < f((E")) x p U T* x p x f((E"Y)
USE™) xpx T px f(E"Y) x T — [T x qJq x T?].
Since E**x E® is a 4n-cell with center (z, 7,7, z) and the intersec-
tion of (B x E*") and E®™ x E*— [E™ x (E") x S*~1 ) B x S* ' x (B}
U@E") XSt x B () S x (B x BE*] is E™x T2 () T2 x B it
is clear that E® x T=-2()T™~2x F* is g deformation retract of £
x Fen— [z, 7, z, z)JE™x (B x 8™t (JE™x S*~1x (E™ ) (B™) x St
X B () 8" x (E") x E**. Therefore, by Lemma 2.2, T?"xq|J g x T
is a deformation retract of T2"x7T™—[(g,q) T x f(E")")xp | T
X P Xf((E”‘)’“) Uf((En)z) X p X T Up Xf((E'n)z) x Ten, pens Ten__ Pen D
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xp may be deformed onto T?%" x T2*— T%" x f((E™)") x p and the similar
deformations may be used for the another parts of the above set.
Therefore, T%"xq|JgxT* is a deformation retract of 7'*"x7T?*"
—[@ @ UT*"xpxpUT"xpxpJp xpxT*"UpxpxT™].
Theorem 3.2. In the product space T%" xT* x 1%, the subset
(T x T x q) J (T xgxT*) (g xT* xT*) is a deformation retract
of TxT"xT*™—[(q,q, Q) UT*"xT"xpxpJT"xT"xpxpJT™
XPXPXT YT xpxDxT™ DX pxT?"x T™(JpxpxT?™x T,
Since the proof is similar to that of Theorem 8.1, it will be omitted.
Lemma 3.3. Let (&, A) be a pair with dim F<4n—1 for any
closed FC X—A. Given a continuous map f: (X, A)—~(Y, B) into a
pair (Y, B) and given an open 2n-simplex ¢, where 7% Xol)oxT™
lies on Y and its closure T%* x5 Ja x T'* does not meet B, there is a
map ¢g: (X, A)—~>(Y,B) such that f~g rel f(Y—T"xoJoxT?)
and g(X)CY—-T*"XoJoxT*.
Proof. Let s=5—¢ be the point set boundary of o.
Let M=f YT*"xsJoxT™ and N=f"YT*"xs|)éxT*). Then N
is a closed subset of M, and dim M<<4n—1. The map f|N, which
maps N into T xe¢|)exT?, as an extension f': M->T*xsl)é
x T?", because we consider the first coordinate for f(IN)() [oxT*"]
and the second coordinate for f(M) N [T**x ] and use the methods
shown by Dowker [3]. Define
g: (X, A)—~(, B)
by
_ff(@) if xeM,
9@)= {J“';(x) if zeX—M.
Then g is continuous and g(X)CY—T"xo)exT?. Moreover, f’
and f|M are two maps of (M, N) into (T*"xsJaxT*, T*"xsU s
x T*) which agree on N and hence are homotopic relative to N.
Let
F: MXI, NxI)>T*"xaUexT*, T"xoJoxT™)
be a homotopy between f’ and f|M relative to N. Define
G: (XxI, AxI)~>(Y,B)
by
_ [F(x,?) if xel,
6w, t={ f@)  if weX—M.
Then G is a homotopy rel f~Y(Y—T""xo)oxT?) between f and g.
Lemma 3.4. Let (X, A) be a pair with dim F'<6rn—1 for any
closed FCX—A. Given a continuous map f: (X, A)—(Y, B) into a
pair (Y, B) and given an open 2n-simplex o, where T**xT*"x o T™"
XaeXT?JoxT?xT?™ lies on Y and its closure T*"xT* xsJ T
xaxT™|J)sxT?x T does not meet B, there is a map g: (X, A)~>
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(Y, B) such that f~g rel f"(Y—-T"xT*" x| T"xoxT*"{JoxT*
xT?™ and gX)CY—-T*"xT*"xaUT"XaXT?"JoxT"xT™
Since the proof is similar to that of Lemma 8.8, it will be omitted.
Theorem 3.5. Let (X, A) be a pair with dim F'<4n for any
closed FCX—A. If f: (X, A)—>(T*"xT*,qxq), there exists a nor-
malization g of f such that f=~g rel f~¥(T% v T1T%).
Proof. Consider (T x T?%" (q,q)) as a simplicial pair subdivided
in such a way that (q,¢q) is a vertex and (g,q) U T**xpxpUT* xXp
xpUpxpxT™pxpxT?™ is interior to T%"Xxel)oxT* whose
closure T x o |J o x T?" does not meet 7** v T*". By Lemma 3.8, there
is a map &: (X, A)—~>(T*"xT?*; (g, q)) such that A(X)T* xT*—T*"
XelUexT" T xT"—[(q, ) UT"xpxpUT*"xpxp)DXpx T
UpxpxT? and f=h rel f~{(T*"xT"-T*"xs|)oxT?). By Theo-
rem 8.1, T®\T* is a deformation retract of 7% x T — [(g,q) UT*
xpXpUT"xpxpUpxpx T JpxDxT?™, so there is a retracting
deformation F' of it onto 7T?"y7T*. Then Fh is a normalizing
homotopy for % and if ¢ is the resulting normalization of 4, g=~h rel
ATy Ty =f " T*"NT%). Therefore, g=~f rel f~(T*VvT™).
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