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5. Vector-space Valued Functions on Semi-groups. I

By Kiyoshi ISEKI
(Comm. by K. KUNUGI, M.J.A., Jan. 12, 1955)

S. Bochner and J. v. Neumann (1) extended the theory of almost
periodic functions to functions whose values are elements of vector
spaces. In recent papers, W. Maak (2), (8) discussed almost period-
ic functions defined on semi-groups. W. Maak theory may be
regarded a generalisation of J. v. Neumann theory of almost periodic
functions on groups (4). In these Notes, we shall consider vector
valued functions on semi-groups.

By a semi-group G, we shall mean an algebraic system in which
a multiplication is defined, and the law of composition has the as-
sociative property. A locally convex space E is a topological vector
space over real field in which there is a fundamental system of
neighborhoods (briefly n.b.d.) of O which are convex. A locally con-
vex space E is (F')-space, if it is metrisable and complete. Through-
out what follows, all functions considered are to be mappings of a
semi-group G into a locally convex space E.*’

I. The definition of almost periodic functions

Defination 1. A function f(x) s called almost periodic, if, for
a given n.b.d. U, there are finite family of subsets A, A, ..., 4,
of G such that

(1) G=U 4,
=1
(2) cx'd’, ¢'y'd’ ¢ A, implies

f(exd)—f(cyd) e U for all ¢, deG.

By the decomposition {f(®), U} of G, we shall mean the sets
{4} (=1, 2,..., n) in Definition 1. It is clear that any constant
function on G is almost periodic.

Theorem 1. Let G be a group and f(x) vector valued function.
The function f(x) is almost periodic, if and only if, for any m.b.d.
U, there are subsets A,, A,,..., A, of G such that
(1y G=UA4,

=1
(2) x, Yy € A, tmplies f(cxd)—f(cyd) e U for ¢, d of G.
Proof. TIf f(x) is almost periodie, it is clear that a decomposi-
tion {f(x), U} satisfies the conditions (1) and (2)'.

*>  For details of locally convex spaces, see J. Dieudonné: Recent developments
in the theory of locally convex vector spaces, Bull. Amer. Math. Soc., 59, 495-512 (1953).
1) n.b.d. U means convex n.b.d. U.
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Conversely, suppose that there are subsets A,(1=1, 2,...,n) satisfy-
ing (1), (2. For some ¢, d,, x,y of G and cxd,, cyd, of G, we
have
feeqxd,d)—f(ceyd,d) € U
for all ¢, d. Since G is a group, for ¢, d of G, we have
Slexd)— fleyd) e U.

Therefore {f(x), U} is a decomposition of G.

Theorem 2. Let G be a group, and f(x) vector valued function
on G. f(x) is almost periodic, if for any n.b.d. U, there are subsets
A, (1=1,2,...,n) of G such that

(1) G=U A,
i=
(2)y’ Jor some x,y of G and x, y € A;, we have

Sflex)—f(ey) e U for all ceQ@.
Proof. For any n.b.d. U, we can find subsets 4, of G satis-

fying (1)”, (2)”. Then we define By, ..., ,, as the set k(n)Aiha;l, where
=1

a,€ A, and 4,=1,2,...,n. Let x,yeB,,...,,, and d € 4,, then xa,
ya, € A;,. Hence by
S(ewd)— f(eyd)= (f(cad)— f(caaz)) + (f(cvar) — f(cyaz))
+ (f (eyaz) —f (cyd)),
we have
Jlexd)— f(cyd) € 3U.
This shows that f(x) is almost periodic.
Theorem 3. The set R of all almost periodic functions on G
forms a closed linear space for the uniform topology.
Proof. It is obvious that R is a linear space. To prove that R
is closed, let fu(x)=>f(x) i.e., for any n.b.d. U, there is an index n,
such that
Su@)—f(x) e U
for n>n, and x € G. Let A,(t=1,2,..., n) be a decomposition for G
by f., and U, then for c'zd’, c¢'yd' € A;, we have
Flead)—f(eyd)=(f (cxd)— Fo, (cxd) + (Fa(cad)— Fucyd)
+ (fa(cyd)— f(cyd)) € 8U.
Thus f(x) is almost periodic.
II. Ergodic function and its mean
Definition 2. f(x) is said to be left-ergodic, if, for any n.b.d.

U, there are an element f of E and elements a,, as,. .., @, of G such
that

(8) f~ S fad) e U

Sfor all d of G. Similarly we can define right-ergodic, f(x) is said
to be right-ergodic, if for any n.b.d. U, there are an element g of
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E and elements by, b,,..., b, of G such that
(4) g—— S fehy eV

for all ¢ of G.
If f(x) is left-ergodic and right-ergodie, it is said to be ergodic.
We shall call the ) in (8) U-left mean of f(x), and g in (4) V-right
mean of f(x). Then we have
Theorem 4. Lf f(x) is ergodic, and f, g are U-left mean, V-right
mean of f(x) respectively, then
f—geU+7V.
Especially, if E is a Banach space with norm || f]l, then we have
Theorem 5. If f(x) is ergodic and f., 9- are e-left, e’-right means
of f(x) respectively, then
| fe—gell<e+e’.

Therefore, if f, is %-Ieft mean,

Iy —gell < %+a’.
Hence
1,1 ,
Nf:—=fall<=+=+2¢"
m n n m

This shows that {f L} is Cauchy sequence. Let f be the limit

n

of {fL}, then ||f—g.||<¢’. Similarly, ¢, (=1, 2,...) is conver-

gent, if g is the limit, we have f=g. Thus we have the following

Theorem 6. Let f(x) be a Banach space valued function. If it
is ergodic, then there is an element f such that for any positive num-
ber ¢,

IlF— }»éf(ald)ll <e

n
and

If—L 1 £(eb)l <e
m i=1

Sfor some a, i=1, 2,...,m), b; U=1, 2,..., m).

Such an f is uniquely determined and we shall call f the mean
value of f(x), and denote it by M(f).

Using the semi-norm on a locally convex complete space E, we
have the following

Theorem 7. Let f(x) be an E-valued function. If it is ergodic
then there is an element M(f) of E such that, for any n.b.d. U,

M(f)— —71;2 fladyeU
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and
M(f)— - S1f(eb) e U

Jor some a, (t=1,2,...,mn), b;(y=1,2,...,m).
Such M(f) is called the mean of f(x). Thus
Corollary. Ewery ergodic function has one and only one mean.

References

1) S. Bochner and J. v. Neumann: Almost periodic functions of groups, II, Trans.
Amer. Math. Soc., 37, 21-50 (1935).

2) W. Maak: Integralmittelwerte von Funktionen auf Gruppe und Halbgruppen,
Crelle Journal, 190, 34-48 (1952).

3) W. Maak: Fastperiodische Funktionen auf Halbgruppen, Acta Math., 87, 33-58
(1952).

4) J. v. Neumann: Almost periodic functions on groups, Trans. Amer. Math. Soc.,
36, 445-492 (1934).



