No. 8] 119

27. On the Number of Distinct Values of a Polynomial
with Coefficients in a Finite Field

By Leonard CARLITZ
Department of Mathematics, Duke University, U.S.A.
(Comm. by Z. SUETUNA, M.J.A., March 12, 1955)

1. Let GF'(q) denote the finite field of order ¢g=p" and put
(1.1) f@)=a"+a, 2"+ +ax (a; € GF(g)),
where 1<n<p. Let V=T(f) denote the number of distinct values
f(x), x e GF(q). TUchiyama [2] has proved the following theorem:
Suppose that
(1.2) F*(u, v)= S w)—f )

U—
is absolutely irreducible (that is, irreducible in every finite exten-
sion of GF'(q)); then V>q/2 for all n=4. It is pointed out this
conclusion cannot be asserted without the hypothesis concerning
J*(u, v); moreover the proof of the theorem makes use of a deep
theorem of A. Weil on the number of solutions of equations in two
unknowns in a finite field.

In this note we wish to point out that it is easy to prove that
V>q/2 on the average. More precisely we shall prove the following

Theorem. The sum

¢ ¢
(.3) STz =
where the summation is over the coefficient of the first degree term
m f(x).

We remark that this theorem is independent of any hypothesis
on f*(u, v) and that the proof is quite elementary.

2. For z ¢ GF(q), we define

V-1

(2_1) e(@:ezms(m)/p’ S(x)=w+w”+ coodgg?
Then e(x+y)=e(x)e(y) and
pely 40

Following the notation of [2] we let M, denote the number of
y € GF(q) such that the equation f(x)==y has precisely r distinct
roots in GF'(g); then we have
(2.8) V="M, a=1rM,.

r=1 r=1

Also if N;=N,(f) is the number of solutions (z, ) of f(x)—f(¥)=0,
then

@.4) N,=31rM..
r=1
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In the Cauchy inequality

(2.5) S ab) = Xlal) (2305)
take a;=r*M,, b= M,, so,that S rM,)? < (S r*M,) (S M,). Using (2.8)
and (2.4) this becomes

(2.6) V(A IN(H) = .
A second application of (2.5) yields

SVAONN" = VNS NN,
and using (2.61) we get ' '
2.7) (% V() (%J N(f) ="
Now on the other hand it is clear from (2.2) that
eN(f)=3] 2 e{t(f @)~ W)
=¢+ 3 2 e{t@ —y")+ - - ey}
Summing over a, and again using (2.2) we get

qZNI(f)=q3+q§0‘ S11=2¢"—-¢,
ay %0

so that
(2.8) ZNl(f) 2¢*—q.
Substituting from (2. 8) 1n (2.7) we have at once
-~ ¢ _ ¢ ¢
Z‘V(f)_zz o1 2"

which completes the proof of (1 3).

3. It may be of interest to remark that the method used in
proving (2.8) leads easily to the following result. Let f(z,, ..., ,)
denote a polynomial < GF'[q, =, ...,%,.], where r is an arbitrary
integer =1 and put

M(f)= = e(f(wl,...,wr))-

.....

Then we have

@.1) E IM(f)Iz** "

.....

where f(x,..., %,)=a,% + +aywr+ terms of higher degree; in other
words M(f) is on the average of order ¢/*. This result may be
compared with [1, formula (8.4)].
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