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75. Some Trigonometrical Series. XIV

By Shin-ichi IzuMI
Department of Mathematics, Tokyo Metropolitan University, Tokyo
(Comm. by Z. SUETUNA, M.J.A., June 13, 1955)

1. E. Hille and G. Klein [1] have proved the following theorem:
Theorem 1. If f(t) is integrable and is not constant, then
where
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Their proof depends on the theory of interpolation polynomials.
We shall give here a direct proof of Theorem 1. Further we can
prove its pth power analogue. That is,

Theorem 2. If f(t) belongs to the L’-class and is not constant,
then
(2) my(h) < Aw,(h)/h"~
where

my(h)= max f "| ) P dt,
0<z<2n

w,(h)= max f 2‘qi,f(oc+t)—f(ao) 1 da.
[tl=n A

Proof is similar to that of Theorem 1.”
2. Proof of Theorem 1. Let f(r,x) be the Poisson integral of
f(x), that is,

(3) fo,9=1 [ P, de

where

P.(t)=(1—1%/24,2),

4,(8)=1—2r cos t+r*=(1—r)"—4r sin® ¢/2.
It is well known [2] that P,(¢) is non-negative and its integral in
(—m, m) equals to =. Then (3) gives
(4) ro,n=—" [T fe+tPu at
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1) For a non-constant linear function, the equality in (2) holds, hence 1/A*~! is
the best possible factor.
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where the dashes denote the differentiation with respect to x and ¢,
respectively.
We have

=5, O+ [FO—Sfr, )],
[Tlronar= [“Tre o1ae [TTr0- s, o)1d6=1+.

We can suppose =0 and let r=1—h. Let £ be a Lebesgue point
of f(t), then |f(r, §)| is less than a constant for all r<1. By (4),

Igf”dt}f”f'(r, %) du[+Ak=K+Ah,
0 g

KgAnfhdt[du[ (142(7'))” [f(u+v)—f(w) | dv,

since P/(t)=—1—7r%) sint/r4(t). Hence
[21:/h]+1 (k+1h dv t
K<Ah | dt vav [ flu+v)— flu) | dv
JatE

(h2+,02)2 4
E2ﬂ/nj+1 e+ 92200y
< Aw,(b)h _vav
=0 £ (R*+0%)?
< Aw,(W)h f (h” d”2)2 < Ao (h).

On the other hand
J=1 f a f [£¢+0)—FOIP, ) du

<1 f Py du [ 1f¢+w)~ft) | dt

(2n/RI+1 o Ch+1h

=4y Pawydu 1 fE+u)—F@) | dt

f2m/m)+1

=4y f‘“}’i(u)du(f”:f(t+u)—f(t+kh)ldt

=0

S R COSOIED

= Aoy(h).
Thus Theorem 1 is proved.
We can also prove the theorem using the Cesaro mean o,(x)
(h=1/n) instead of the Poisson mean f(v, ) (v=1—Ah).
3. Proof of Theorem 2. Let f(t) be a function of the L*-
class. Using the notation in §2, we write

([ irorae)”s( [Tremrae)”+( [“Tro-sovra)”

=1+,
Then, taking =0,
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L=(f ”dt] [ r,w du}”)’”’+ AR =T, ,+ AR,
0 ¥

Ig,l_s_Afhdt<f duf Ag( ; lf(u+v)—f(u)ldv)

=4 [ at( f ;’Zj; |t By —f () | du
0 0 4 B
+kf2" z‘f:) Su+v)— f(u+[ :l >]du)

= AW = Aw B0
J=["

=/ "t f " P | fut ) — £8P du

= Awp(h)°
Thus Theorem 2 is proved.

Finally

LA - fO1Pw) du|
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