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163. On Interpolations of Analytic Functions. 11
(Fundamental Results)

By Tetsujiro KAKEHASHI
(Comm. by K. KUNUGI, M.J.A., Dec. 13, 1956)

2. In this Note we consider a generalization of the result
mentioned in the introduction of this paper.

Let D be a bounded closed points set whose complement K with
respect to the extended plane is connected and regular in the sense
that K possesses a Green’s function with pole at infinity. Let
w=¢(z) map K onto the region |w|>1 so that the points at infinity
correspond to each other. Let I', be the level curve determined by
|w|=p>1.

Let the sequence of points (P) which lie on D satisfy the con-
dition that the sequence of functions

W (2) _ (—2)(z—2")- - - (2—2")

4w [4e(2)]"
converges to a function A(w), single valued, analytic and non-
vanishing for w exterior to the unit circle |[w|=1, and uniformly on
any bounded closed points set exterior to the unit circle, that is
(17 lim,,e V"8 —)w)0  for  |w|>1,

[dw]"

where 4 is the capacity of D.

Let f(2) be a function single valued and analytic throughout
the interior of the level curve I',: |w|=|$(2)|=p>1 but not analytic
regular on [',. Then the sequence of polynomials P,(z; f) of re-
spective degrees 7 which interpolate to f(2) in all the zeros of
W,..(2) is given by
(18) P.(z; )= 1 f Woi@®)— W,i(z) F(Q@) dt: (1<R<p)

271 b W.,..(2) t—z
and we have, for z which satisfies |¢(2)|=|w|<R,

(19) R.(z; N)=r@)—P.(z; )= zjm. [ W@ JO gy (1< R<p),

Wn+1(t) t—2
In this case we have the following theorem.

Theorem 1. Let D be a closed limited points set whose comple-
ment K with respect to the extended plane 1is conmected and regular
wn the sense that K possesses a Green'’s function with pole at infinity.
Let W=¢(2) map K onto the region |w|>1 so that the points at in-
finity correspond to each other.

Let the function f(z) be single valued and analytic throughout
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the interior of the level curve I',:|w|=|¢p()|=p>1 but not analytic
regular on I',, and (P) be a sequence of points sets which satisfies
the condition (17).

Then the sequence of polynomials P,(2; f) of respective degrees
n found by interpolation to f(z) in all the zeros of W,.,(z) converges
to f(2) at every point interior to I',, uniformly on any closed set
interior to I',, and diverges at every point exterior to I',. Moreover,
we have

20) ﬁa,.wwz;f)l%:% for 1<|w|=|$@)|<p,

and

@)  Im,. P A=l for 1<iw|=|¢@)|>p.
P

The first part of the theorem follows easily from the equations
(20) and (21).

If we put f()=F(w), the function F(w) is single valued and
analytic throughout the interior of the region between two circles
C,:|w|=p>1 and C,:|w|=r<1, but not analytic regular on C, by
conditions of f(2). Hence the function F(w) can be expanded into
Laurent’s series

F@=37 oA Y =S5 wad( )

where a, and 1, satisfy (4), (5) and (6).
At first we prove the equation (20). From the equation (19),
we have
P | W,u(2) F©E) di . »_
R.(2; f) 2”’il<fm=R<PWn+1(t> o i (o0, 1<IwI<E,
where ¢'(t) is non-vanishing on K. If we put for any point z lying
on K and interior to the level curve I,

ey (e W@ (CN 1
mO=e =) e
O W) 1 e
S, @) oy g PO 0=
A(w) 1

the sequence of functions ¢,(¢) converges uniformly to > -

AQ) t—2)¢'())
single valued, analytic and non-vanishing on a closed domain
1<|w|<R'Z|C|=R, (R"<p<R').

By Lemma 3, we can verify that
n+1
() "R 1)
w

P —n-1gF .
£ [ P OFQCY-"dL | 1< |w|<R<p
R

mn»m—l_
2

n

=lim, "~
A
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=lim,... P [o7]  for 1<|w|=|¢(@)|<p

n

is bounded and positive, where i are defined by
&
P OF Q=53 mr(5)"
P
Accordingly we can verify the equation
lim,o | Rz NF=1%L for p>[w|=|¢()|>1.
P

Thus the sequence of polynomials P,(z; f) converges to f(2) on K
interior to I",, consequently at every point interior to I',, and con-
verges uniformly on any closed set interior to I",. Thus the con-
vergence of P,(z;f) has been proved.

Next we shall prove the relation (21). From the equation (18),
we have

. —u_]_'_» Wn+1(t>_Wn+1(z) F(C) - d¢ - = —
P D= g Wty bz gy O W)

<[t =R<p
For any point 2z exterior to the level curve I',, the sequence of
functions

o (e Ward®) =W, (T 1
rO=oGa= e () v

(L) (W) Wan()] 1

Woi® L(dw)™t (dw) ) (t—2)¢'(2)

—A(w)
AQ)E—2)¢'(8)
non-vanishing on a closed domain 1<R"<|{|<R'<|w|, (R"<p<R).
By Lemma 8 we can verify that

(ﬁ-)mPn(z; f )1

L] e OF@L

1tI=R

converges uniformly to single valued, analytic and

n

=lim,, £
n

=1frﬁn*w—2’i|q§,”’ for z exterior to I,

is bounded and positive. Thus the relation
lim,, .| P,(2; f) |%=IJ—UJ— for z exterior to I',(|¢(2)|>p)
P

follows at once. Accordingly, the sequence of polynomials P,(z; f)
of respective degrees n diverges at every point exterior to the level
curve I',. Thus the theorem has been established.

3. In this paragraph, we consider some examples of the theorem
fore-mentioned.

Let w(@)=0 be a function defined and measurable in the interval
—a <6 <, for which the integrals
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(22) f " (6)d6 >0, f "log w(6)|d6

exist. With such a function u(f) we can associate a uniquely deter-
mined analytic function D(2; u)=D(2), regular and non-zero for |[z|<1
with D(0)>0, which satisfies
(23) lim, ., D(re®)=D(e”),  w6)=|D(e")|

Let {¢,(?)} be the set of ortho-normal polynomials on the unit
circle C:|z|=1 corresponding to the weight function u(g), that is,
b.(2) satisfy

o) $u@8a@ oo ={L =" ,
T 0:nm, where z=c¢".

Then it is known that, in the exterior of the unit circle, the
zn—l + .o
zn
the function {D(z~!)}-! uniformly on any closed set exterior to the
unit circle, that is, we have

sequence of function $n(%) — Fn?"t+Ku s "tk converges to
zﬂ

lim,,, #® —lim, . B thu 2" o By -1 4> 1.
2" >0 P
It is easily verified that the first coefficient k, of ¢,(2) satisfies
lim,, . k,=lim,, . lim,, . 27 "¢,(2)= {D(0)} ~*.
Thus we have

n

lim,,., B0 Pa®) —tim  # T D0y (D)) 2 2] > 1,
2" z

where the function defined by the last term is single valued, analytic
and non-vanishing in the exterior of the unit circle.

Accordingly, we can verify that the sequence of points

2, 2, e, 2 n=1,2,---

defined by all the zeros of ¢,(2) satisfies the condition of Theorem 1.
Now a theorem follows at once as a corollary of Theorem 1.

Theorem 2. Let f(2) be a function single valued and analytic
throughout the interior of the circle C,:|z|=p>1. Let {®,(2)} be the
ortho-normal set of polynomials ¢,(2) of respective degrees m corre-
sponding to a weight function w(@): —m <0< for which the integrals
(22) exist. Then the sequence of polynomials P,(z; f) of respective degrees
n found by interpolation to f(2) in all the zeros of ¢,,,(2) converges
to f(z) at every point interior to C,, uniformly on any closed points
set interior to C,. And {P,(z; f)} diverges at every point exterior to
C, as n tends to infinity.

The first part of this theorem (the convergence of the sequence
P,(z; f)) has been found by Szeg6® in the more generalized form.

1) G. Szegé: Uber orthogonale Polynome, Math. Z., 9, 218-270 (1921).“



No. 10] On Interpolations of Analytic Functions. II 7

Let S,(z; f) be the partial sums of respective degrees n obtained
by Fourier-expansion of f(2) by the ortho-normal set {¢,(2)}. Then
it is known that the sequence of polynomials S,(z; f) converges to
f(z) at every point interior to C, and diverges at every point ex-
terior to C,. Accordingly, we can verify that the exact convergence-
region of the sequences {P,(z; f)} and {S,(z;f)} coincide to each
other.

Theorem 2 can be generalized to such a case that the sequence
of points (P) is determined by the zeros of an ortho-normal set
defined on a more general curve on z-plane. But we shall consider
only the case such that an ortho-normal set is defined on the real
segment [ —1,17.

Let w(x)=0 be a weight function on the interval —1<x<1
such that for u(@)=w(cos6)|sinfd| the integrals (22) exist. If
D(w; w)=D(w) denotes the analytic function corresponding to w(d) in
the sense fore-mentioned, it is known?® that the set of ortho-normal
polynomials p,(x) of respective degrees m, associated with the weight
function w(x), satisfies
k2" +k, 2"+ -+ kK

w"
=@2m) H{DwH}-t for |w|>1,
where 2z is in the complex plane cut along the real segment [ —1, 1]
and z=-%-(w+w“).

lim, e w™"p,(2)=1lim,

The first coefficient &, of p,(2) satisfies
lim, . 27"k, =1im, . lim,, ., (22)""p,(2)
=lim, e lim,,,,w "p,(2)=(2m) " {(D(0)} *,
and the capacity of the real segment [ —1, 1] is known to be equal to
1 Now the equation

lim, .. B 2@ _jim | Z"F  (9y-3D(0) (D)} -
-y 2

follows at once. Accordingly, we can verify that the sequence of
points
xg'w, xg”)’ cen, x;”); n=1,2 .-
defined by all the zeros of p,(2) satisfies the condition of Theorem 1.
In this case, the level curve [',:|w|=p>1 is defined by the
ellipse with foci at =1 and with semi-axes »—1~—(p+p“) and flfz(p— e h.
Thus we have 2 2
Theorem 3. Let f(2) be a function single valued and analytic
throughout the imterior of the ellipse I',:p>1 with foci at =1 and

2) G. Szego: Orthogonal polynomials, Am. Math. Soc. Coll. Publ.,*é:‘& (1939).
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with semi-axes %(p+p'1) and é—(p-— p~ 1) but mot analytic regular on

I',. Let {p, (x)} be the set of ortho-normal polynomials p,(x) of
respective degrees n corresponding to a weight function w(x) on
1 <2< —1 which satisfies the conditions fore-mentioned.

Then the sequence of polynomsials P,(z; f) of respective degrees m
Jound by imterpolation to f(2) in all the zeros of p,(x) converges to
f(z) at every point interior to I, uniformly om any closed set
interior to I',. And the sequence {P,(2;f)} diverges at every point
exterior to I', as n tends to infinity.



