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5. Some Properties of Completely Normal Spaces

By Jingoro Suzuki
(Comm. by K. KuNuGi, M.J.A., Jan. 12, 1957)

1. Recently, T. Inokuma [1] has given an answer to a problem
proposed by A. D. Wallace [2] by proving that a topological space
satisfies the condition of Wallace if and only if it is completely normal.
Moreover, he has proved the following theorem:

If a topological space H is completely normal and fully normal,
then for any locally finite family of subsets X, X,,--- of H, there
exists a family of closed sets H;, H,,--- satisfying the condition (V*):

H=H,~H,~---
V¥ HA~HA~X~X)=X~X,
X,CH  i=1,2,---

In this paper we shall prove that in the above theorem the
assumption of “full normality” is superfluous, and moreover, we
shall establish some other related properties of completely normal
spaces.

2. We shall first remark that the third relation of (V*) is
derived from the second one; this is seen by putting i=j in the
second relation of (V*).

Secondly, without loss of generality we may assume that every
X, in the above theorem is a closed subset of H; so each X, is
assumed to be a closed subset of H in the following.

We can easily prove the following lemma by a simple calculation
of sets.

Lemma 1. Let H be a set, and let {X,|ac®} and {H,|acf} be
two families of subsets of the set H; then the following three conditions
(A), (B) and (C) are equivalent:

{ (A1) H= - H,

(A2) Har\f[,;/-\(deXg):Xa/\Xﬁy (a, BeR2)
(B) {$n=mn

(A)

(B2) HamXBZXa/\XB, ((X, BG.Q)
(©) {wnzmn
(02) Ha"\( \/QXT):XOU ((XGQ).

Since the condition (V*) is, of course, identical with the condition
(A) of Lemma 1, we obtain the following theorem by T. Inokuma [1,
Theorems 1, 2].

Theorem 1. In order that a topological space H be a completely
normal space, it is necessary and sufficient that for any finite family
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(X, X5y o+, X} of closed subsets of H there exist a family {H,, H,,
«««, H.} of closed subsets of H satisfying one of the equivalent com-
ditions (A), (B) and (C) of Lemma 1.

3. Now, we shall prove our main theorem.

Theorem 2. If H s a completely normal space, then for any
locally finite family {X,|acf} of closed subsets of H there ewists a
Jamily {H,|aeR} of closed subsets with the property (A).

Proof. In case the cardinal number of £ is finite, this theorem
has already been established (Theorem 1); so we can assume that
the cardinal number of £ is infinite.

By Lemma 1 it is sufficient for the proof of this theorem to
construct a family {H,|aef2} of closed subsets of H satisfying the
condition (C) of Lemma 1. We assume that the set £ of indices
consists of all transfinite ordinals « less than . Let us put X/=
X~ X0~ for any u<sn and X,;= - X,. Since the family

aeQ
{X,} is a locally finite family, for any u<#% each X/ is a closed

subset of H.

Let » be an ordinal such that v<7. We shall assume that for
every u<y there exist H,, H/ of closed subsets of H satisfying the
condition:

(~“ H)-H/=H
(P,) { =

H;LAX:‘:X},_, Hl;/\X,;:XJ.
Then we shall construct two closed subsets H,, H/ of H satisfying
the condition (P,).
Put
(1) H/'= ~ H/.
w<lv
Since H,’ is a closed subset of H containing two subsets X, and X/,
and H is a completely normal space, for X, and X/ there exist two
closed subsets H, and H, of H; (and hence of H) such that

(2) H-\¢//=vam,
and
(3) H (X, -XH)=X, H ~(X,~X)=X].

Then we shall show that the two closed sets H, and H; satisfy the
condition (P,).

By (1) we get H—H/'=H— ~ H/=“-(H—H/)C ' H,. Hence,
wly ply <y

by (2) we get ( : H)-H;=H. Next, we obtain H,~X,=H,~H’ ~
=y
plv n<v nlv
=X,. Similary, we get H/~X,=H/~H/~X,=X/. Consequently,
all the conditions of (P,) are satisfied. Hence we know from the

second condition of (P,) that the family of closed sets {H,|ac®Q} of
H satisfies the condition (C2) of Lemma 1.
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Now, let us put D= ~ H/. We distinguish two cases to con-
aEQ

struct a family satisfying the condition (Cl) of Lemma 1.

Case 1) D=0. In this case we can easily see that the family
{H,|acQ} satisfies the condition (Cl) of Lemma 1.

Case 2) D=0. In this case we shall first prove that for any B¢,
the intersection of X, and D is an empty set. Contrary to this asser-
tion, suppose that for some B¢® the intersection of X; and D is not
empty and contains a point £ of H. Then, since the family {X,} is
locally finite, it is, of course, a point-finite family; let v be the greatest
index such that X, contains the point . Then for any u>» the set
X, does not contain the point x. But we get zeX,~DC X;~H/
CH/~X,=X/. This contradicts the relation = ¢ X,.

We put H;=H,~D; then we shall prove that the family $=
{H’, H,,---, H,---} satisfies the condition (C) of Lemma 1.

We can easily see that the family $ satisfies the relation (C2) of
Lemma 1, since HY ~X,=(H,~D)~X,=H,~X)~(D~X)=H,~X}
=X;. (Cl) of Lemma 1 will be proved for the family £ by the follow-
ing relations: Hy“H,~-..--“~H,)~...=(~ H)~D=(~ H)~( ~ H))

[7=3e) aEQ pEQ
= ~({(“~ H)~H)D ~ (-~ H,)~H))= ~ H=H.
HEQ dEQ HEQ  asw rnEQ

We have thus constructed the family satisfying the condition (C)
of Lemma 1 in both cases D=0 and D=0, q.e.d.

4. We shall show some more properties of completely normal
spaces in the following

Theorem 3. Let {X,, X,,- -} be any locally finite’ countable family
of closed subsets of a topological space H. In order that the space H
be a completely normal space it is mecessary and sufficient that there
exist a countable family of closed sets {K, H;, H,---} satisfying the
Jollowing conditions:

1) (CH)~K=H

2) Hi/\(sz)':Xi for i=1,2,---
j=1

3) H~H,=X,~X, fori%j

4) E~(—X)= ;(;(mej)).

Proof. Since the sufficiency is evident, we prove only the neces-
sity. Put X/=X,,,~X,.,~ -+, ©=0,1,2,--- . We assume that for
1—1 there exist two closed subsets H,_,, H/ , satisfying the relations:

Hi-1vIL,~1=H'i/—2
Q,_1) -Hi—lf\(js\: (H}AI‘.’]:/)\/)Q’_2)=Xi_l

-2
Hlon(  (HAH)=XL)= = (H~H)-XL,

J.



22 J. Suzuki [Vol. 33,

(Qi-12) H~H,~-.-~H,_~H_=H
(Qi—13> Hj/\XO,ZXj j—_<—’i—1

(Qi-14) H~H=X,~X, j¥k Jk=i—1
(Qi-15) H  ~X{=X[,~ :1(; (X;~ X))}

Then we shall construct two closed subsets H,, H; satisfying the
conditions (Q,1)-(Q;5).

Since subsets X, and ' (H;~H/)~X/ are closed subsets of the
jsi-1

completely normal space H/, there exist two closed subsets H, and
H/ of H/_,, hence of H such that

H,~H/=
(Q,1) H,—\( (H AH’)VXL' =X,

H"m(.‘,’ (H;~H)= X)) = ~ (H;~H)~X].
J=si—1 Jsi-1

Hence the condition (Q,2) is evidently satisfied. Also we obtain the

relation (Q,3) from the following: Hi/\XO’ =H,~H ,~X/=H,~[X],

—{ (V(X]/'\ N} ICHATX]_,~{ ~ (H;~Hj)}]=X,. On the other
<i—-1

j<¢— ke
hand, the validity of the condition H,;K\Xo, DX, is evident. Hence
H,~X/=X, From this and the assumption of induction we obtain:
(Q.:3) H X=X, for j=<u.

Next, to prove the relation (Q4) we shall proceed as follows.
Since
X=HA{ = (HAH)-XL)=[HAL Y HAH)) HAXL),

we have
X, DH,~{ (HAH;) = v (HAH HY) _—jvi (H,~H)).
is <i-1

J=

Hence, for ygz—l the set X, contams H,~ H,;. Therefore we obtain
HJ/-\I{@=Hj/\le\XzZHjAXJ/\H,r\XZ’—‘XJ/\ ,/‘\XzZX]/-\X,

for j<<i—1.
From this and the assumption of induction we obtain:
(Q4) H,~H=X~X, ik 7, k<.

Finally, we shall treat the condition (Q,5);
H{AXO/:HZ/'\.H{_I/'\XO

=HIALXL2{ = (< (XA~ X))]
—FAQ;W:H)EﬂerJ (XX
—g;wmmwmam. < (S AX)

=[ = (HA~H)A[X/~ «4&~k» 12

=[{ (EAENAMJVE < (H,~H))
AL (XXX
=01~ HAHD AXLI- 2 (2 (X~ X)] =X,

./Si -1
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Now the first term of the last expression is transformed as following:
j=i—1 :'__ J=i-1

(X ~H! ,\X{_l)_ ~ (XKL,

J <i—1

Hence,
HAX’*[ ~ (X AXZ—I)]V[ (V(XA )1~ X/

—X’V[Y_(V,(Xm k))]
J<t  k¥j
Thus (Q,5) is satisfied.
Put K= ;Iﬂ, then the family {K, H,, H,,---} will be proved to

satisfy the conditions of the theorem. The conditions 2) and 3) are
obvious, so we prove the conditions 1) and 4).

K~ Hyw Hy= - =( S H) =~ H)= A Hy) = H)

CA((VH)VH’)— AH—H

=1 J=i

Hence the condition 1) is proved. By the definition of K,
E~X{=(~H)~X{= ~(H/~X))
=1 =1

=;mv{;<;j<xm M-

Since
X/ V(V(X/\ )} J DX~ (V(X"\ N}y

g kg F

we get the condltlon 4):
K~X/= v(\'/(X/‘\X))

i=1 j%i

This completes the proof of Theorem 3.

Theorem 4. Let X, X, be any closed subsets of a T;-space H, and
K, K, be any open subsets with K, DX, K, DX,. Then in order that
the space H be a completely normal space it is necessary and sufficient
that there exist two closed subsets H, and H, such that

(F1) H,-H,=K,“-K,
(F) (F2) H,CK, i=1,2
(F3) H,~X,=X,~X, =1, 2.

We shall first prove the following lemma.

Lemma 2. Let H be a completely normal space (we shall not
assume here that H is a Ti-space). Then there exist two closed subsets
H, and H, satisfying the condition (F) of Theorem 4 under the same
assumption as in Theorem 4.

Proof. Put F,=K,—K, and F,=K,—K,; then F, and F, are
closed sets. If the intersection of K, ~K, is empty, the sets K,=H,

and K,=H, satisfy the condition of the theorem. Next we shall
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assume that the intersection of K, and K, is not empty. Since
K,~K,~X, and K,~K,~X, are closed in K,~K,, there exist two
closed subsets E, and E, of K,~K,, hence of H, such that E,“—E,
=K,~K, and E,~K ~K,~X,=K,~K,~X,~X, (i,5=1,2). Then if
we put H,=F,“FE, (1=1,2), we can easily prove that the sets H,
and H, satisfy the condition (F).

Proof of Theorem 4. The necessity is obvious from the above
lemma. We shall show the sufficiency: for any closed subsets X;, X,
there exist two closed subsets H, and H, such that H,~H,=H and
HA~X,=X,~X,. If a family {X|, X,} covers the space H, H,=X,
(1=1, 2) satisfy the above conditions. So we assume that the family
{X;, X;} does not cover H and X, differs from X,. Without loss of
generality we can assume that there is a point p» such that X,sp
and X,3p. Next we take ¢¢ X,~X,., Then H—{p} and H— {q}
are open. Put K,=H-—{q}, K,=H— {p}; then K, and K, satisty the
condition (F) of Theorem 4. Hence there exist two closed subsets H,
and H, such that H,— H,=K,~ K,=H and H,~X,=X,~X, (i,5=1, 2).
This completes the proof of Theorem 4.

Theorem 5. If for any locally finite family {X,|a € 2} of closed
subsets of a topological space H there exists a locally finite family
{H,|ac 2} of closed subsets of the space H with the property (B) of
Lemma 1, then the space H is completely mormal and collectionwise
normal.

Proof. It is sufficient to prove only the collectionwise normality.
Let {X,|aec®} be a locally finite family of closed subsets of the
space, whose elements are mutually disjoint. Let {H,|a e 2} be a
family satisfying the condition of this theorem. If we put G,=

H— - H,, then G, contains H, and is open in H, and moreover, for
Ba

azxd we get G,~G,=(H— > H)~(H— > H)y=H—((~ Hy)~ (>~ Hy))
Ba Bara/ Bra Ba’
=H— (-~ H,)=0.
[7=fe)
This completes the proof of Theorem 5.
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