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73. Fourier Series. XVI. The Gibbs Phenomenon of Partial
Sums and Cesdro Means of Fourier Series. 2

By Shin-ichi Izumi and Masako SATO
Department of Mathematics, Hokkaid6 University, Sapporo, Japan
(Comm. by Z. SUETUNA, M.J.A., June 12, 1957)

5. Proof of Theorem 7. Let
n=2" (k=L2,---).
Then  2V/'n, m/n,=2m/V n,=2m/2% " =2m/n,_,.
Let ¢,(x) be an even concave function which is zero for x=>m/2n,
and such that its curve touches y-axis at y=1 and touches z-axis
at x=m/2n,. Further suppose?

for all 0<t<m/2n,.

Let
Fi@)=p(+25—1/2)m/n,) in ((25—1)7/ny, 257/n,),
=0 otherwise,
(1=V'mflog m,, (V'm,flog m)+1,--+,V'n,),
and
@) = ).
Then

8, (m/n,, f)=s, (m/n, fi)+o(1).
If we set ¥ (t)=p.(t+m/2n,), then

u(mim, f)="1 [ ft+mim, S0 g1 4 o)

1 lw 7/ sin n,t
=1 = f Po(t) —2 Pt 4o(1)
m j= \/nk /log ny, 0 t +2J W/nk

Vg

>1 / T sinmtdt ST fo(l)
W 0

J= Vg, /logny, 2J7T

= A log log n,-n, f Wnk«!f,c(t) sin n,t dt+0(1)
’ 37/ 4ny
= Alog log n,-m; f Y (t) dE+o(1)
T/ 4ng
> A log log n,/V log log n,.
Hence s, (m/n;, f)—> as k—>c. Thus partial sums of Fourier series
of f(x) present the Gibbs phenomenon at x=0.

1) The base of logarithm is 2, — —
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On the other hand, we can easily prove that
t
[ Fa+F(=w)du=o(t)
0

and

f (Flo+uw)— fm—u)) du=o(t)

uniformly for all #, and then by Theorem 5 Cesaro means do not
present the Gibbs phenomenon. Thus Theorem 7 is proved.

By a slight modification of above example we can see that the
condition (1) in Theorem 3 is best possible; that is, for any function
w(n) tending to infinity, however slowly may be, there is a function
f(x) such that

f h(f(ac—l—u)—f(x—u)) du:o(hw(l/h)/ log%>, uniformly in z,

and partial sums of Fourier series of f(t) present the Gibbs phenome-
non at a certain point.

In Theorem 4 we can also say that the condition (1) is best
possible. To see this we have to use ¢,(x) modified such that its
height tends to zero as k— oo,

6. Proof of Theorem 9. Let 0<r<1 and let (m,) and (n,) be
increasing sequences of integers, which will be determined later.

For a moment set m,=m, n,=n, a=1+r/2 and N=n+(1+7r)/2
Let B be an even integer determined later and we define the function
Jfi(t) such that
(6) fi@)=—@t—Bm/N)*"|((a+B+1)m/N+25m|N)"*"
in the interval

((a+B)m/N+2jm/N, (a+B+1)m/N+2jm/N)
where 7=0,1,2,---, m and otherwise f,(t)=0. Then
(7) —-1=ft)=0.

Using the notation in § 4, we write

a”(Bm/N, fk)=% f "Ft+BmIN)LEO®) dt
+ 1 [TfatemNLE@ A+ [Tfe+em NI @t

= Il + I2+ Is-
We have first

_ 1 &, e B 2w sin (NE—rm/2)
8) L= 1 t+ P sin dt
() L= _ (T >(t-|—2j'rr/N)1” o
_ 13 1
wA; =0 ((a+B+1)m/N+25m/N)*"

T sin(Nt—rr/2)) dt-Fo(1)

am/N
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—,,,,]:,‘ i 1+r£ m 1
T AL <27r> N B (aratnesne T®

1+o0(1) o da
= gt 14 ) Gt @rgrnyye T
_ 1+0(1)
T 2ntr(a+B+1)TA+7r)’
if m is sufficiently large.

Secondly,
1 r m 1 arn/N+7/N dt
== g((a+,8+1)vr/N+2jw/N)1”zm/: B} (t+-25m/N)--"
_r(1+o(1)) & 1
=T A (et B )20 (k25
- 'r(1+o(1)) { f da +o 4 }
- (ch-I—Ol/2)1 "(@+(a+B+1)2)"  al (a+B+1)"
> 4"(1+0(1) { dw 4 2 }2)
(96-1-1)1 "(@+(a+B+1)a) " at(a+B+1)1"
> _rQ1 +o(l)) { 2 }
- a’r(B—l—l)/a a“’(a—l—ﬁ’—l—l)‘”

- 1+0(}),,, —  r(+o(1))
277.2(1_'_'8) ,n_2a,1—r(a_|_ﬁ_|_1)1+r
Finally we get

II |< 81"(1 7‘) 1 fom/Nw:v/N”i 777it7
n? =0 ((a—l—ﬁ-{—1)'n'/N+2j'n'/N)1”m/N (t+25m/N )"
87'(1 —7) 1 1
= Ao 3 1) 520t 2

8
2—r(a+6+1)l+r

< ’“(—L—” (1+o()f

> dx
+0f (@+(a+B+1)/2) " +a/2)* }

r(l—r 8 4
é*(‘*‘*)‘(1’“"(1)){‘J2—f<a+ﬁ’+1)11” s
~12r(l+o0(1)) 1
= a2 at- r(a,_l_B_l__l)Hr

for large B.
Collecting above estimations we get
UZ(BW/N’fk)
> 1 _ 1 _ 13» +o(1).
r2m** " (a+R+1)T'A+7r) 2r(B+1) =&’ "(a+B+1)"
D G e[ g <rgon @ 0<r<
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The right side is greater than a positive constant g,, if we take
B suitably, depending only on 7.

Let us suppose m,_, and %,_, are determined, then we take m,
and n, such that (i) m, is so large that the sum in (8) is sufficiently
near to the infinite sum and (ii) (8+2m,)/n,.<1/ni_;.. By such deter-
mined (m,) and (n,), we define (f,(x)) and

(9) @) = 3}fa).
Then
o, (BTN, f)=07, (BT[N, fi)+0(1) = g,+0(1),
for all k. Thus, by (7), oi(x, f) presents the Gibbs phenomenon at
x=0.
We shall now prove Theorem 9. Let (p,) be an increasing sequence
tending to 1, and (r,) be the sequence
T1=P1 Te=P1» Ts=Ps T4=P1 T5=Ps Te=Ps"**,
Trck+1/241=P1 Thckrtr/242=P2r° * *y ThsDk+2/2=Prs***
In the definition (6) of f,(t), we use r, instead of », and let f(¢)=>" f.(?).
Then this is the required function in Theorem 9.
Finally we have to express our hearty thanks to Prof. B. Kuttner
who read our manuscripts and pointed out many errors, and especially
removed a superfluous condition in Theorem 5.



