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96. Fourier Series. XVIII. On a Sequence of
Fourier Coefficients

By Masako SATO
Department of Mathematics, Hokkaidd University, Sapporo, Japan
(Comm. by Z. SUETUNA, M.J.A., July 12, 1957)

1. Let f(t) be an integrable function with period 27 and its
Fourier series be

%ao-l— i (@, cos nx+b, sin nx)= f} A, (x).
n=1 n=0
Then the derived series is
i (b, cos nx—a, sin nx) = i B, (x).
n=1 n=1

L. Fejér [1] (cf. [6, p. 62]) proved that, if I=f(x+0)— f(x—0)
exists and is finite, then the sequence {nB,(x)} converges (C,r) (r>1)
to I/m. Later many writers treated the Cesaro convergence of the

sequence {nB,(x)}. Recently B. Singh [2] has proved the following
theorem.*’

Theorem. If
f Vo du=o(t), V.(t)=f(@+t)—f@—t)—L,

and lim f ° l«h(t+st)—%(t) | dt=o,

ey 0

where 8 is a fixed positive number, then the sequence {nB,(x)} con-
verges (C, 1) to the value l/m.

We shall prove the following theorems.

Theorem 1. Let 0<a=<1l. If

()= f . (u) du:o(t(log %))

nd [+ —ve—w) du=o(t/(log 1))

uniformly in §, then o,(x)—1/m=0((log »)*) where o,(x) is the nth
(C, 1) mean of {nB,(x)}.
Theorem 2. Let 0<a<l. If

2. (t)=0(t(log log%f)
and [ e+~ E—w)du=o(t (loglog 1) /log 1)

uniformly in &, then o,(x)—1/m=o0((log log n)*).

%) Concerning the earlier references, see [2-4].
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Theorem 3. Let 0<ax<l and 0<r<l. If

r.0=(t(os 1))
and / W Eu) =P (E—w) du=°(t2"<1°g %))

unsformly in &, then oy(x)—I/m=o0((log n)*), where oy(x) is the nth
(C, r) mean of the sequence {nB,(x)}.

Theorem 4. Let 0<a=<1l and 0<r<l. If

?,(t)=o0 ( t (log log %>a>
and f t(¢x(§+u) — V¥ (E—u))du=o0 (t2—7( log log %_)a)

uniformly in &, then on(x)—1U/m=0((log log n)*).
The method of proof is similar to that in our paper [5]. We

shall prove Theorems 1 and 8. Proof of the others is similar to above
two.

2. Proof of Theorem 1. It is sufficient to prove that
L SB@-Lt=2 f {F(@+t)— Fla—1) =T} g(m, 1) dt+o(1)

=1 f ¥.(£)g(n, ) dt+0(1) =0((log n)?),

1 d
where g(n, t)———szm yt_—_ﬂ( +2005ut>
__1d (sm(n+ 1/2)t >= __n+1/2 cos (n+1/2)t | cos t/2 sin (n+1/2)t
n dt 2 gin t/2 n 2 sin ¢/2 4n (sint/2)

We put n+1/2=m, then

” I _m cosmt _ cost/2sin mt
f altotn, 2 dt_f W’(t){ n 2sint/2+ 4n (sin t/2)? }dt

( f /m f ) . (t)<cost/2smmt — costmt)dt+o(1) I+J40().

Now I= f V. ( t){cos t/2t§1n mi 'rZ costmt } dt

w/m
V. (0) ﬂ?&ﬁl@_%__ —micosmt 4y
0
and then by integration by parts we get
I— 1 [%(t) cos t/2 sin mt—mit cos mt T/’"
n t* 0
_1 [y ® _¢_;l_< cos ¢/2 sin mt—mt cos m¢ )dt
S dt ¢

0
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x/m
_ %[?Fx( £)C cos t/2 sin n;i mt cos mt :l

2 j‘"/’” 0 cos t/2 sin mt mt cos mi di

+% f (1)~ m cos mt cos t/2 +%sint/2 ::n mt—m cos mt—m?t sin mit dt
0

= Il + I2 + Is.

By the condition (1) we get

1= (L1701 o [ 1) ") ot w1
L=o(Z [ "12.0) | dt) =o (2 f t (log 3 )@t ) =o((log n)"),

w/m /m
I= % () cos t/2 sin mt—mt cos mt di— ( f |2.(t)| dt)

ts

=o<_’§ Of "y (1og ) dt) (__ ™ (log m)“):o((log‘ ny?).
On the other hand

f V. (t) cos t/2 sm mi dr—m f v (8) S8t cos mt dt=J,—J,,

av:/m 7 /m

___l (S o) COS (E-HFem/m)/2 sin mi
- 21( )f W, (t+Fom/m) TR SR it o)

_ 1t cos (t+2km/m)/2 sin mt
n _of l: o(t+2lom/m) - (t+2km/m)?

B o) 208 (¢-+ (ke +1)m/m)/2 sin mt
[cm 13721 YA EEEDm (t+@k+1)m/m) ]dt+ o(1)
1 tnt

=173 [ of " (-2l ) — (4 (24 1))

. cos(t+2km/m)/2
(t+2km/m)?

sin mt dt

o o [ €08 (¢4 2lem/m)/2
+ Of Valt+(@k-+ 1y 2+ 2
__ cos (t+(2k+1)m/m)/2 | . 3

(b @+ L)/m)* }s“‘mtdt+°<1>—Ju+Jm+o(1),

and J2=ﬁ ’”ﬁ; (—1)+ f V(b4 Tormfm) 5™ G 4 o(1)

t+km/m
_m R "/’" cos mt
“n IE Of [\P (8+2km /m)t—}-ZIc w/m
_ - cos mt
W, (t+(2k+1) /m)t-———-—+(2k+1)ﬂ_/m]dt+o(1)

_m tcm—nm cos mt
2 [ etz Qe mim) 2
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w/m 1 1
—I-! Vo (¢+(2k+1)m/m) <t+2k'n'/m —t+(2k+1)vr/m>cos mt dt]-l—o(l)

=y +J3+0(1).

Each of J,; (3, 5=1,2) is of order o((log n)*), as may be seen from [5].
Thus the theorem is proved.

3. Proof of Theorem 5. Let us estimate the order of

_va(x)———-——— [ v, (t)<A gA’:vusm ut>dt+o(1)

_1 f Y, ()(KXE)) dt+o(1),

where Kt)y=— 2 A7 cos ot
_cos((n+1/2)t—rm/2) _Ax]cos t/2 A5 cost
Ar(2 sin t/2)" Ar2sint/2 AL (2sint/2)*
1 1

S E— A —n—1)t.
A’ (2 sin £/2)* u§r3 cos (u—n—1)
Then
Kit) =— 1/2) Sin (m+1/2)t—rm/2)  cos((n+1/2)t—rm/2) cos t/2
(KO = =) == o sin 2y 4 A5(2 sin ¢/2)7
Ay ALY 2_ Arr sint A'+2 cos t cos t/2
toa T a2 4, @emy2r T 4L @sinf2)y
cos t/2 AL —n—1)t
A7 (2 sin t/2)? uznls cos (p—n—1)
1 oo
+ Ar (2 sin ¢/2)% »2 u+
We have, setting m=n-+1/2,
it fﬂ\h (t)sin (mt:—'rvr/2) dt
§ w/m t
—pter [ B A (4 (2 —1)m/m) — Y, (E+2km/m) t—rar/2) dt
=n f k21 1+ @ho— 1) /m)’ sin (mt—rar/2)

Ler w/m [n/2] 1
o Of o Va2 /m)<(t+(2k—1)vr/m)'
1

— m) sin (mt—rm(2) dt+o(1)=I,+J,+o(1).

A (u—n—1) sin (u—n— 1)t-—sz(t)

Then
L=n(l+0(1)) 3] - f (¥, (t+ @l — 1)) —r (t-+ 2k m)} dt

_o<fn}'_|: ;y (l;% 7}) ) o((log m)*),

Ti= = [ 4 2l f) — b (4 (2o 2y )
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S 1 1 o
'fzk((t+(2j 1)W/m)"_(t+2jw/m)r)sm (mt—rm/2) dt

1-7 1
+n f Vet 2mim 3 (s

—m> sin (mt —rm/2) dt=J;;+J 1,

where J11=o<'n"* ﬁ} é ——7"3:7 (ILJ&K) ( 7t Z‘, (log n)“)

E=1 =k J n

=0((log n)*)

and J12—o<'n,1 4 Zn‘, 7& - 1 (log n)“) o((log m)*).
Thus we get f V() Ly(t) dt=o((log n)?).

w/m
Secondly, ;r iﬁ(t) cos (mt—rm/2) dt

w/m

_1 fﬂ/m S V(b @ — Ly m) = (-2 /m) oo o
(t+ (2 — 1)m/m)

1 w/m  [n/2] 1
T =Y (t+2k”/m)((t+(2k-—1)w/m)l+r

1
—W> cos (mt—rm/(2) dt,
which is o((log n)*/n'-*)+o((log n)*)=0((log n)*). Thus

[ ¥ OL(t) dt=o((og ny).
. /m f

=o((log n)*)+o0 <Z f _(ligz%_/t_)_ dt) =o((log n)*),
w/m

a/m

Thirdly 1 f ) g L[ EOT

and hence f "W (8)L(t) dt=o0((log 1)*).
w/m

On the other hand
[ Ve (t) cos (u—n—1)t dt

x/m

I: (t) cos (u—n— l)t:l +f¢(t)<?’c°s(”—n_1)t

x/m

_ (u—n—1)sin (,u—n—l)t>
ts

—o(n (log n)*)+0 (f ((log 1/t)* n u(log 1/t)* >dt>
7/m

t® t?
=o(n*® (log 1)*)+o(n? (log n)*+ un (log 1)),
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hence we get f “‘l’x(t)lw(t) dt
m/m
o e S 1 . S 1\ o

=o<n2 (log n) F%fl M:,_T)—l—o(nl (log n) u§,1 g )_o((log n)*).
Furthermore

" 1 Yt SN ATl AN i (e
Jm A, (8) Lo(t)dt = f G 5 (“§+3A,L (u—n—1) sin (u—n 1)t> dt
where

S At (u—n—1) sin (u—n—1)t
w=n+3

— d r—38 — ) _4__ & =38 H(u=n-12¢
_%<M§A cos (u—n 1)t>_ g <£R“§3Au e )
,_._‘_i__ —-(n+ 1t r—3 _ -n+10t Ar—2
=2 <£R<e _z+ A7 ))_ 4 (R ar)
=—A;3(n+1) sin (n—{- 1)t.
Hence f W, (t) Lg(t) dt =242 ”*“’ 2 (n+1) f (211' (t/)2)2 sin (n+-1)¢ dt
w/m

which is o((log n)*) by the estlmatlon similar to J;. The remaining
integral is also o((log n)%).
It remains to estimate

f o (KDY dt:ALL z;) ALy f " (£) cos vt dt

0

AT g At o( Y (log m)“) —o((log m)?).

Thus the theorem is proved.
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