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(Comm. by Z. SUETUNA, M.J.A., July 12, 1.957)

1. Let f(t) be an integrable function with period 2r and its
Fourier series be

1 ao+ (a cos n+b sin nx) A().
=1 #,=0

Then the derived series is

(bn cos nx-a, sin nx)- Bn(x).

L. Fejr 1] (cf. [6, p. 62) proved that, if 1--f(x+O)--f(x--O)
exists and is finite, then the sequence {riBs(x)} converges (C,
to 1/r. Later many writers treated the Cesro convergence of the

Recently B. Singh 2 has proved the followingsequence {riBs(x)}.
theorem.*

Theorem. If
(u)du--o(t), (t)-- f(x+t)-- f(x--t)--l,

and lim f @(t/)--@(t) dt O,
,o t

where is a fixed positive number, then the sequence [nB(x)} con-
verges (C, 1) to the value 1/rr.

We shall prove the following theorems.
Theorem 1. Let Oal. If

and f+ +(->> a-o(,/(og)-)
uniformly in , then a(x)--l/--o((log n)) where a(x) is the nth
(C, 1) mean of {nB,(x)}.

Theorem 2. Let 0al. If
1

1
t//

ifofml i , the ()--l/-o((log log )).
Concerning the earlier references, see [2-4].
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and

Theorem 3. Let 0al and 0<r<l. If

)
uniformly in $, Shen (x)--l/-- o((log n)), where a(x) is the nth
(C, r) mean of the sequence {riBs(x)}.

Theorem 4. Let 0al and 0<v<l. If

)
f(e($+u)--ee u)) du=o.-(t-(lg log))a

uniformly in $, then a(x)-l/-o((log log n)0.
The method of proof is similar to that in our paper [5]. We

shall prove Theorems I and 3. Proof of the others is similar to above

2

1 ,B(x)
T=i -
Proof of Theorem 1. It is sufficient to prove that

1 f{f(x+t)--f(x--t)--l}g(n, ) dt+o(i)

=+/-f%(,)(, ) dt+o(1)-o((log n)O,

where g(n,t) 1 vsinvt 1 d (12+ cos t
n: n dt

1 d (sin(n+l/2)t)_ _n+1/2 cos (n+l/2)t cos t/2 sin (n+l/2)t
n dt 2sint/2 n 2sint/2

q
4n(sint/2)

We put n+l/2-m, then

f f { }.(t)g(n, t) dt- (t) m cos mt cos t/2 sin mt dt---- 2 sin t/2 - 4n (sin t/2)

_-(f+f)()(co t,e in t

__
cos mt )dt+o(1) I+J+o(1).

nt n t

fo, { t/2sinmt__cosmt}Now I= @(t) cos m dt
nt n t

nl f/%(t) cos t/2 sin mt--t mt cos mt dt,

and then by integration by parts we get

I-- --1 [(t) cos t/2 sin rot--mr cos mt 1/, t

g-1 f,-(t d(cs/2sinmt-mtcsm’),
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1 F,,,(t)-s-t-/-2 sin rot--rot cos mt l/
n L . I

2 /’p() cos t/2 sin m--m cosm d

/(t)--m cos mt cos t/2+ sin /2 sin mr--m cos mr--mt sin mt dt
t

=++.
By the condition (1) we get

T/2 /

I cos t/ sin t-mt cos mt gt-O

o o m (log m))=o((log )).
On he oher hand

sin mt m
t

dt--- (t) dt-J-J,
n

/ /
where

:/ (t+klm)/2 sin mt dt+o(1)
n : (t+klm)

(t+/m)

--(t+(2k+1)/m)cos (t+(+1)/m)/ sin mtgt+o(1)
(t+(2k+l)/m)

k=l

cos(t+2k/m)/2 sin mt dt
(t+2k/m)

(t+2k/m)
eos(t+(+l)/m)/ }(t+(2k+l)/m)--- sin mtgt+o(1)=++o(1),- -1)* /m) cos mt gt+o(1)and J- (t+

"0

t+k/m

--%(t+(+l/)t+(g/ +o(1

cos mt dt
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-F/ 1 1
+krr/m t+(k+l)r/m

cos nt dt +o(1)

--J.+J+o(1).
Each of J (i, ]=1, 2) is of order o((log n)), as may be seen from [5.
Thus the theorem is proved.

3. Proof of Theorem 5. Let us estimate the order of

A._, sin ,t dt+ o(1)- = %(t) -1 A._uB(a) 1 1
A = r

1 (t)(K(t)) t+o(),

1where Kg(t) A_, cos ut

A,+ cos t/2 A.+,-cos ((n+ 1/2)t rr/2) r-

Ai(2 sin t/2) Ai2 sin t/2 A
cos $

(2 sin t12)
1___ 1 :]+ A;- cos (t-- n-- 1)t.
A (2 sin t/2) -Then

(K(t))’-- (n+ 1/2) sin ((n+ 1/2)t--rr/2) --r cos ((n+ 1/2)t--rr/2) cos t/2
A (2 sin t/2) A (2 sin t/2)/

A+ sin t
_
AE cos t cos t/2+Ati +A;i cot t__

_
r-

2A 8A 2 A, (2 sin t/2) At (2 sin t/2)
cos t/2 ,/ A"- 1)t+ A (2 sin t/2) =

cos (--n--

+ 1 , A-(t--n 1) sin (--n-- 1)t-- Ls(t).
A (2 sin t/2) =+ s-

We have, setting m=n+l/2,

f e (t) sin (mt-/) gt
t

_f %(t+(-/-%(t+/i(t-/ et
= (t+(e-)/)

+- (t+2k/m)
(t+(2_l)/m)

1 )(t+2/m)
sin (mt-e/) gt+o(1)=I+J+o(1).

hen

+ %<t+ +
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where

and

Thus we get (t)L(t) dt--o((log n)).
/m

1 f (t) (mr rrr/2) dtSecondly, n--; t cos
/m

I (/ (t+(2k--1)/m)--@(t+2k/m) cos (mt--r/2)dtnr oJ : (t+ (2k 1)/m)r+

-fr k=l 1)/m)
1 ) cos (mt--r/2) dt,

(t+2k/m)+

which is o((log n)/#-)+o((log n))--o((log n)). Thus

f%(t)L#) dt--o((log n)).

Thirdly 1 f (t) dt- 1 }t) +2 f (t)_dt
t i t

lm lm

=o((log n)*)+o(f= (log l/t) dt)--o((log n)*),
t

and hence f=+(t)L,(t)dt--o((log n)).
/m

On the other hand

=o(n (log n)*)+o (f=(o tslit) t- tt (logt 1/t)* ) dr)
/m

--o(n (log n))+o(n (log n)+/n (log n)),
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hence we get (t)L(t) dt

-’--O(q(b2-r (log ’b)a -.’/1 tl ) (nl_r (log n)n/‘ ,r ):r + 1 --o((logn)).

Furthermore

%(t)L(t)dt---. f (t)
=i-,

A,
=i-,

(2 sin tl2) (=+A;-("--n-- 1) sin

where

--A-+(n+ 1) sin (n+ 1)t.

f f (t) sin(n+l)tdtHence @(t)Ls(t) dt- .A..-+ (n-- 1) (2 sin t/2)
/ A /

which is o((log n)) by the estimation similar to J. The remaining
integral is also o((log n)).

It remains to estimate

f/ 1A:,J %(t) cos ,t dt@(t)(K(t)) dt
A :0

A:_ o (log) -o((log n)).
A

Thus the theorem is proved.
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