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91. Notes on Knots and Periodic Transformations

By Shin’ichi KINOSHITA
Department of Mathematics, Osaka University
(Comm. by K. KunNUGI, M.J.A., July 12, 1957)

Introduction. Let T be a sense preserving periodic transforma-
tion of the 3-sphere S?® onto itself. Furthermore let 7' be different
from the identity and have at least one fixed point. Then it has
been shown by Smith® that the set F' of all fixed points of T is a
simple closed curve. Recently Montgomery, Zippin and Samelson®®
have studied about the position of F in S? which also be concerned
in this note. Hereafter we always assume that 7T is semilinear, and
then F is polygonal. Let p be the period of T. Identifying the points

@, T(x),- -+, T?"'()

in S3, we have an orientable 3-manifold M. Then it will be proved
in §4 that M is simply connected, i.e. the fundamental group of M
consists of only one element. In &5, under the assumption that the
well-known Poincaré conjecture on 3-manifolds is true, we shall prove
that almost all knots of the Alexander-Briggs’s table? are not equiv-
alent to F, if T is of period 2. This will be done by the use of
Alexander polynomials.®? To prove these we shall study knots in 3-
manifolds in §§1-38. In this note everything will be considered from
the semilinear point of view.

§1. Let M Dbe a compact 3-manifold (without boundary) and %
an oriented simple closed curve in M. The fundamental group of
M—Fk will be denoted by F(M—Fk) or sometimes by F'(k, M). Here-
after we always assume that k is homologous to 0 in M. Let V be
a sufficiently small tubular neighbourhood of % in M. Then the
boundary V of V is a torus. A meridian of V is a simple closed
curve on V which bounds a 2-cell in V but not on V. Let « be an
oriented meridian of V. Since % is homologous to 0 in M, the linking
number Link (k,x2) of k¥ and x can be defined and is equal to =1.
We may always suppose that x is oriented such that

Link (k, ) = 1.
For each integer p(s=0) «* is not homotopic to 1.

Now let {z, X, X;,---, X,} be the set of generators of F(M—k).
Put

Link (k, X))=v(1) (¢=1,2,---,7n)
and
z,=2"%X,. (¢=1,2,---,7m)
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Then {x, %, -+, x,} forms again the set of generators of F(M—k)
and for each ¢

(1) Link (k, z,) = 0.

Let R,=1 (s=1,2,- .-, m) be defining relations of F'(M—k) with respect
to {x,z;}. Then the symbol

(2) {®, 24y ++, 2, : Ryy- -+, R}

will be called a presentation® of F(M—k). A presentation of F(M)
is given by

(3) {x’xv"';wn:xley’"yRm}'
8§2. Let weF(k, M). Then w is written as a word which consists
of at most «, %;,- -+, x,. Let f(w) be an integer which is equal to the

exponent sum of w, summed over the element x. By (1) it is easy
to see that f is a homomorphism of F(k, M) onto the set of all
integers. Now put

Fyk, M)={weF(k, M)| f(w)=0 (mod g)},
where g>0. Then F,(k, M) is a normal subgroup of F(k, M). There-
fore there exists uniquely the g-fold cyclic covering space M,,(Ic) ” of
M—FE, whose fundamental group is isomorphic to F,(k, M). Since x

is a meridian of V, we can also define the g-fold cyclic covering

space M (k) of M, branched along k. For each g M, (k) is a closed 3-
manifold.

F(ii(k)) and F (M,(k)) are calculated from F'(k, M) as follows:
Let (2) be a presentation of F'(k, M). Put
1=1,2,---,m )
j:O, 1’. .o, g—-l
Since f(R,)=0 for every s (s=1,2,.-.-.,m), ®’Ra~’ is expressible by
a word which consists of at most x,; and 2. We denote it by notations

X, = alrad, <

~

2Raxi =R,
Then
(4) {29, ,;: R}
is a presentation of F(]l?,,(k)) and
(5) {2, @, af, R}

is one of F(M/(k)).

There is a homomorphism of F(M,(k)) onto F(M). To prove
this: let (3) and (5) be presentations of F'(M) and F'(M,(k)), respectively.
Put W(zx;;)=w, for each x,;. It is easy to see that h can be extended
to a homomorphism of F'(M,(k)) onto F'(M).

From the above fact we have immediately the following

Theorem 1. Let M be a 3-manifold and k a simple closed curve
in M which is homologous to 0 in M. If a g-fold cyclic covering

space M, (k) of M, branched along k, is simply connected, then M 4s
also simply comnected.
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§3. Let (2) be a presentation of F'(k, M). Put
1=1,2,---,m
j=0,=+1,+2... >
and replace the multiplication by the addition. Furthermore suppose
that the addition is commutative. Then for each relation R,=1

oy i =tulx, <

(s=1,2,---,m) we have a relation R,=0, which is a linear equation
of z,, If m<n, then we add n—m trivial equations 0=0 to the
system of equations and then we may assume that m=n. From these
linear equations we can make the Alexander matrix, whose (s, 7)-th term

is the coefficient of x, in R,=0.

If two oriented knots &k, and k, in M are equivalent each other,
then F'(k,, M) and F'(k,, M) are directly isomorphic.”’ It was proved
by Alexander® that if two indexed groups are directly isomorphic
each other, then the elementary factors different from unity of the
Alexander matrices and also their produets 4(z, k, M) are the same
each other. Of course they are determined up to factors =ar. It
should be remarked that 4(x, k, M,(k)) is also defined from (4) replacing
2’ by .

It can be proved that

(6) A, by M) =112 A0V T w,, k, M),
where w,=cos371'i+'£ sin2"J.  This is known for the case M=S>*
g g

But the proof of the latter depends essentially only on the following
equation of determinants:
Ay Qy-ee @
XA, Q- Q

g
=T A W),

XAy TAg- -+ Ay

ooooo

where f(y)=a;+ay+---+a,y°"'. Therefore the proof of our case
is the same as the case M=S® and is omitted. As a special case
of (6) we have
AQ, ky M (k) =112 Aw,, k, M).

41, k, M(k)) 3= 0 if and only if the 1-dimensional Betti number p,(M,(k))
=0. If p,(M,(k))=0, then |4(1,k, M,(k))| is equal to the product of
torsion numbers (in this case if | 4(1, k, M, (k))|=1, then M, (k) has no
torsion number).

84, Now let T be a sense preserving (of course semilinear)
periodic transformation of S? onto itself. Furthermore let T be dif-
ferent from the identity and have at least one fixed point. Then the
set F' of all fixed points of T is a simple closed curve.” Suppose
that p is the minimal number of the set of all positive periods of T.
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It is easy to see that T is primitive.!® Identifying the points

x, T(x), -, T (%)
in S®% we have an orientable 3-manifold M. Hereafter we always use
M only im this meaning. Since F is homologous to 0 in S3 F is
homologous to 0 in M. T acts locally as a rotation about F.* From
this it follows that S2 is the p-fold cyclic covering space of M, branched
along k. Then by Theorem 1 we have the following

Theorem 2. Suppose that T and M have the above meaning.
Then M is simply conmnected.

§ 5. Now we assume that the Poincaré conjecture is true. Then
by Theorem 2 M is a 3-sphere, and the coefficients of A(x, F, M) are
symmetric.®'® We consider in §5 only the case p=2.

Suppose first that the degree of 4(z, F', S®) is 2. Then by (6) the
degree of A(x, F', M) is also 2. Put

Az, F, M)=qax*+bxr+a,
where ¢ =0 and we may assume that 2a+b=1. Then by (6)
Az, F, S®)=a’x*+ (20> —b*)x+a’.
Furthermore 4a?—b*==+1, which means that 2a—b==-1. From this
it follows that 2a=1 or 2a=0. Since a0 and a is an integer, this
is a contradiction. Thus we have proved that if the degree of d(x,k, S®)
18 2, then k is mot equivalent to F.

By the same way it can be seen easily that if the degrees of
A(z, F', S®) are 4, 6 and 8, then 4(x, F, S®) are confined to the follow-
ing forms, respectively:

a*x*+2a(1 —2a)x®+ (1 —4a+6a®)x*+ - - -,

a*x®— (2a° 4 b*)a® — (a® 4 2b— 4b%)x*
+(4a*—14-4b—6b%)x>— - - -,

a*x8 4 (2ac— b+ (2a—dac—4a?+c* +2b%)x®
+(2¢—2ac—4c*+b*)x° + (1 —4a—4c+8ac
+6a*+6cF—4b?)xt + - - -

From this we have the following

Theorem 3. Let T be the same as that of Theorem 2. Further-
more suppose that the period of T is 2. Then, under the assumption
that the Poincaré conjecture is true, all knots of the Alexander-Briggs’s
table,¥® except for the cases 8, and 8,, are not equivalent to F

Remark. If we do not assume that the Poincaré conjecture is
true, then we have the following exceptional case:

A=, F, S®)=a**—(2a*+1)x+a?,
even if the degree of A(x, F, S®) is 2. The exceptional cases of higher
degrees will be more complicated.
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