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3. Note on Finite Simple c.lndecomposable Semigroups

By Takayuki TAMURA
Gakugei Faculty, Tokushima University, Japan
(Comm. by K. SHOD_, M.J.A., Jan. 12, 1959)

In this note we shall report the result of study of finite simple
c-indecomposable semigroups except groups without proof, which we
shall discuss precisely in another paper. A semigroup is said to be
c-indecomposable if it has no commutative homomorphic image except
one-element semigroup.

1. Finite simple semigroups. A simple semigroup is defined as
a semigroup which has no proper ideal.

Referring Theorem 8 in 1, we have
Lemma 1. A finite simple semigroup without zero belongs to

one of the following three categories.
(1) Finite simple c-indecomposable semigroups without zero

except groups.
( 2 Finite groups.
( 3 Finite simple non-commutative non-unipotent semigroups

whose greatest c-homomorphic images are non-trivial groups.
Lemma 2. A finite simple semigroup with zero belongs to one

of the following three categories.
(1) Finite simple c-indecomposable semigroups with zero.
(2) A z-semigroup of order 2.
3 S---=[0}S’ where 0 is a zero of S, and S’ is a finite simple

semigroup without zero. We permit S’ to be a one-element semigroup.
As a special case, we get
Lemma 3. S is a finite commutative simple semigroup without

zero if and only if S is a finite commutative group. S is a finite
commutative simple semigroup with zero if and oily if S is either
a z-semigroup of order 2 or a finite commutative group with zero
adjoined.

2. Finite simple c-indecomposable semigroups with zero. Accord-
ing to Rees 3, a finite simple semigroup S is completely simple, and
hence it is faithfully represented as a regular matrix semigroup over
a group. The defining matrix P--(p) of S is said to contain a zero
if there is an element p-0 at least.

Without the condition of finiteness, we have

1) By a proper ideal T of a semigroup S we mean a proper subset T of S such
that T=(0}, ST_T-S, and TS_T-S.

2) Numbers in brackets [ ] refer to the references at the end of the paper.
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Theorem 1. A completely simple semigroup is c-indecomposable

if its defining matrix P contains a zero.
By Lemma 2 and Theorem 1, we obtain
Theorem 2. A finite simple semigroup with zero is c-indecom-

posable if and only if it contains a zero-divisor.
3. Finite simple c-indecomposable semigroups without zero. A

matrix P--(px) is ealled to be normalized if px-p--e, e being a
unit of G, for all ,/. Without loss of generality, we assume that
the defining matrix is normalized. H denotes the (unique) minimal
normal subgroup of G containing all non-zero elements px of P.

Utilizing Lemma 1 and Stolrs theorem 2, we have the follow-
ing

Theorem 3. A finite simple semigroup without zero is c-indecom-
posable if and only if the factor group G/H is c-indecomposable.8)

Corollary 1. Let S be a finite simple semigroup without zero,
with a commutative ground group G. S is c-indecomposable if and
only if G-H.

Corollary 2. A finite simple semigroup without zero is c-indecom-
posable if the ground group is c-indecomposable.

Thus we have seen that the deeper study of structure of a finite
simple c-indecomposable semigroup without zero is reduced to that of
a finite c-indecomposable group.

4. Examples. We have obtained all the types of simple c-indecom-,

posable semigroups of order n, 2n10, which we shall arrange them
all in another paper. Here we show only the number of the types for
each n in the following table.

Number of isomorphically Number of isomorphically
distinct types and anti-isomorphically

Order distinct types

Without
zero With zero Without

zero With zero

2

3

4

5
6

7
8

9

10

0
8
0

16

16

0

0

0

2

0

4

0

9

13

3) G/H is possible to be one-element semigroup, i.e. G=H.
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