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103. A Characteristic Property of L,-Spaces (p>1)

By Ko6ji HoNDA and Sadayuki YAMAMURO
Muroran Institute of Technology and Hokkaidd University
(Comm. by K. KUNUGI, M.J.A., Oct. 12, 1959)

In the theory of L,-spaces, p:>1, the fundamental role is played
by Holder’s inequality:

(1 [roewa=( [ 1rra)’( [lowra)”

where f(t)eL,, 9(t)eL, and gq=p/p—1.
This inequality is usually proved by making use of the following
special Young’s inequality:

1 1 1 1 1
2 dt <= Pt — ¢ dt,
(2) _[mwmt_pfﬂm qum@lt
It is well known that, for the function
(3) g@&)=1/@) """ sgn f(t)=Tf(?),

we get the equality sign in (1). Namely, if the equality holds in (2)
for a pair of functions, then for the same pair the equality holds in
(1). The purpose of this paper is to show that this property is charac-
teristic for L,-spaces, p>1.

The transformation T in (8) has the following properties:

(i) x=y=0 implies Tx=Ty=0;

(ii) (T»)[y]=T([ylx) for any projector [y];"

@) T(—x)=—"Tx.

A transformation T from a universally continuous semi-ordered
linear space R into its conjugate space R;” with the above conditions
(i)—(iii) is said to be conjugately similar.

A function ||z|| on a universally continuous semi-ordered linear
space is called a norm if

(i) ll=]|=0; ||=|[=0 implies x=0;

(i) |lez||=|al|l2]];

(i) [z+yll=ll=l+Ilyll;

(iv) x=y=0 implies |/z|/=|ly|/=0.

The conjugate norm is defined by

[|Z||=sup &, «) (reR, TcR).
e

We prove the following
Theorem. Let R be a normed universally continuous semi-ordered

1) [yle=VU_(x~n]|yl|) if =0 and [y]e=[y]a+—[y]z— for any z<R.
2) The conjugate space of a normed semi-ordered linear space is the set of norm-
bounded and universally continuous linear functionals. See [1, §31].
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linear space which has at least two linearly independent elements
and its conjugate norm be strictly convex. If there exists a one-to-one
conjugately similar correspondence T with the following condition

(4) (Te, )= Ta||-l|z]| (0=weR),
then we can find a number p>1 such that
Téx=£Er-1 Ty

for any number £>0 and xeR.

In the proof, we make use of the fact that the existence of such
T enables us to define on R a modular m(x) which satisfies the follow-
ing conditions:

(i) O0<m(x)< 4 oo for every 0 xecR;

(ii) m(éx) is a convex function of £>0;

(iii) m(z+y)=m(x)+m(y) if x and ¥ are mutually orthogonal;

(iv) x=y=0 implies m(x)=m(y);

(v) 0Zzx,fx implies m(x)=§é15> m(x,).

In fact, the modular is defined by
1

m(x)= | (Téx,x)dé
/

when z is non-negative and
m(x)=m(x*)—m(z")
for any x¢R.
Conversely, if m is once defined, T is characterized by the follow-
ing equation:
(T, ) =m(x)+m(®)®
which is a generalization of (3). This is the reason why we assert
that our theorem gives a characterization of L, by means of the
relation between Young’s and Holder’'s inequalities.?
Proof of Theorem. It follows from (4) that
(Téx, x)=|| Téx ||| ||
for any ¢>0. Therefore, strict convexity of the conjugate norm
implies the existence of such a function f,(¢) that
(5) Téx=f.()Tx (£>0, 0=xeR).
Putting

m@)= [ (Tea,2) d,
we get by (5) that '
mloln)= [ (Tr[ple, 2) dy

= [ (T1s, 1910)

8) m(x)= sup {(@, @)~ m(x)}.
4) In this sense, our theorem is closely related to §3 of [2].
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§
= [ £ dn-(T [p]2, ).
0
Hence it follows that

FAOL
6) werain_4 7Y wen

m([pla) flfx(ﬁ) dy - m(x)

for any £>0 and [p] with [p]z==0.

Now, we will prove that, if (6) holds for any element x, we can

find a number p>1 such that
m(ew) =£*m (@) E>0).

To prove this, take a positive element x. Since R is at least two
dimensional, there exists y>0 such that x~y=0. Then, putting
2. =&x+y, we have by (6) that

m(ze) _ m(plelz,) _ m(Enx)
me) | m((@le) | m(Ea) =0

and
m(nze) _ m(lylze) _ mpy)
me) - miylz) | m@) €720
Therefore,
mpr) _ mpx) | m(Ex)
m@)  m)  mx) & >0).

Since m(¢x) is continuous with respect to £>0, we can find p=1 such
that

m(Ex) =E"m() (£>0).
Here, p must be strictly greater than one, because T is one-to-one.

From the definition of m, it follows that
(Tex, x)=¢&7"Y(Tx, x)

and therefore,

Tex=¢£7-'Tx.

REMARK 1. The conclusion of this theorem means that R can be
represented by a subset of L,-space, p>1, on some measure space. If
R is reflexive as a vector lattice, R is represented by an L, -space.

REMARK 2. The case of one-dimensional space is exceptional. Let
® and ¥ be Young’s complementary functions, by which we can
consider the set of all real numbers as an Orlicz space. For the norm
l|#]|,=inf {€-% @(Ex)<1, £=0} and its conjugate norm ||x||«>=i1:f

[14+T(cx)]-£¢7, we always have (T%,x)=|| Tx||y-||2||s, where Tx is
defined by ¢(x), the left-hand derivative of @(x).
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