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124. Omn Singular Perturbation of Linear Partial Differential
Equations with Constant Coefficients. I1

By Hitoshi KUMANO-GO
(Comm. by K. KUNUGI, M.J.A., Nov. 12, 1959)

§0. Introduction. Professor M. Nagumo proved in his recent note”
the following theorem on the stability of linear partial differential
equations of the form
(0) L.(u)=3~ P, e)du=£, x).”

Definition. We say that the equation (0) is H,-stable for &}0 in
0<t<T with respect to a particular solution u=u,(t) of (0) for ¢=0,
if u,(t)—>uy(t) in H, , uniformly for 0=<t<T, whenever f,(t, )~ f(t, )
in H, , uniformly for 0<t<T, and u.(t)=u(t, x, ¢) is a generalized H,-
solution of (0) such that 8/7u.(0)—~> ! 'u,(0) in H,, (5=1,---,1).

Theorem A. Let degree of {P,(¢,¢)—P,(& 0}k (#=0,---,1) and
let u=wu,(t) be an l-times continuously H,,, ,-differentiable solution of
(0) for e=0 in 0<t<T. In order that (0) be H,-stable for &|0 with
respect to u=uy(t) in 0=t<T, it is necessary and sufficient that there
exist constants ¢,>0 and C such that:

Sup Y,(¢,&,6)=<C for 0=t=T, 0<e=s,
semm

and
v
Sup | | P& e) 'Y (t, & ¢)|dt<=C for 0<e<e,

EEEM

where Y=Y (1, &, ¢) are matricial solutions of
im0 P (1€, €)(d/dt)'y=0
with the initial conditions 8;7'Y (0, ¢, e)=d;1 (k=1,---,1).
In this note we are concerned with the H, -stability of the equation
comta-0u+Q0,)u=r.(t x)
where a is a complex constant and Q(i€) is a polynomial in ¢eE™, and

making use of Theorem A we decide the structure of Q(¢¢) in order
that this equation be H,-stable.”

I want to take this opportunity to thank Professor M. Nagumo and
Mr. K. Ise for their constant assistance.

§1. Main theorems. In this section we shall exhibit three theo-
rems on H -stability of the equation
1.1 g-0u~+a-0,u+Q(a, ) u=rJt, x).

The fundamental solutions of the equation

e(d*/dt®)y +a(d/dt)y +Q(1€)y =0

are represented by

1) M. Nagumo: On singular perturbation of linear partial differential equations
with constant coefficients. I, Proc. Japan Acad., 35, 449 (1959).

2) We use the same notations and terminology with Nagumo 1).

3) In this note we say Hp-stable for simplicity.
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(1.2) Yi(, & &)=Y\t 4y, 2] =1/(2,— 2,){2; exp (2,t) — 2, exp (A1)},
(1.3) Y., ¢, o)=Y, [¢t, 4y, 2:]1=1/(2;—2,){exp (2:t)—exp (4;1)},
where A=A(&, &)=1/2¢{ —a—+a*—4eQ(if)}*
and A=Ay, £)=1/2¢{ —a-+a*—4eQ(1€)}.

Applying Theorem A to the equation (1.1) we obtain the next

Theorem A’. The equation (1.1) is H,-stable, if and only if

(I) Sup|Yy(t, & e)|=C for 0=t<T, 0<ec=e,
teE™

(IT) Sup|Y,(t, & ¢)|=C for 0<t<T, 0<e=eg,
(1.4) EEE‘m "
(ITT)  Sup f [_:_-Yz(t,e, s)\dtgc for 0<s=<e,
0

temm

Making use of these results we shall obtain the following theorems.
Theorem 1. If the equation (1.1) is H,-stable, then the constant
a does not vanish and Rea® is non-negative.

Theorem 2. Let Rea>0. Then, in order that the equation (1.1)
be H,-stable, it is mecessary and sufficient that there exist constants C
and R such that

(L5) { (I) Q&+C=>0 for all EcEm™
(II) QIEO=R(@Q4)+C) for all ccE™
where Q,(§)=Re Q(1€) and Q,(&)=Im Q(:§).
Theorem 3. Let Rea=0 and Ima=0. Then, in order that the

equation (1.1) be H,-stable, it is mecessary and sufficient that there
exist constants C and K such that

(1.6) { (1) &®=K; for all seE™
(II) Q(&)=C; Sfor all e E™.

Proof of Theorem 1. i) First we assume a=0. We put ¥ —Q(4&,)
=a+pt, a=0, with a fixed £,¢ E™. Then, for any fixed ¢>0, if a>0,
wry ¥t o [=(U12= )| fexp (ut)—exp ()|

=(ye/2]a+pBi|)exp ((a/ye)t)—exp (—(a/ye)t)} > as &0,
and, if «a=0, 80, or if a=p=0, we have the next, respectively,

(1.8) f T'%'Yz(t, e, s)‘dt:l—ﬂllT? f )
(L9) f T'% Yt &, e)‘dt: f T—:—dt—mo as }0.

Applying (1.7), (1.8) or (1.9) to Theorem A’, we see that for a=0
the equation (1.1) can not be H,-stable.

ii) Now we assume Rea<0. Since for a fixed &,
41(Eo, €)=(1/2e){—a—+a*—4eQ(i&,)} =0(e)/e,
18y &) =(1/29)(—a-+ "~ 4R} = (1/e) —a+ o),

sin—éi—’dt—»oo as €0,
Ve

4) For a complex number b, Vb denotes a square-root of b whose real part is
non-negative.

5) For a complex number b, Re b denotes real part of b, and Imb denotes
imaginary part,
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and |2;—2,|=(1/¢)|a+o0(¢) |, using the assumption Re a <0, we get for
sufficiently small ¢>0,

Re 2,6y, )= —(1/4¢) Re a, Re x(&,, 6)=—(1/2¢) Rea,
and | 22— 2 [=(2/¢) |a].
Hence for any fixed t>0,

| Y(t, &, e)|>ﬁ{e p(————Re(at)) exp(—fe—Re(at))}-»oo as €0,

and consequently from Theorem A’ (1.1) can not be H,-stable.
82, Lemmas for the proofs of Theorems 2 and 3.
Lemma 1. Let Z be a complex number. Then,

{Re(-Z )= —;—{Re Z+Re ZFF(m Z) }

_1 (Im Z)?
T2 (—ReZ)+VRe Zy+(ImZ)*
Bspecially we have the following equalities which will be used

several times. Let a and @ be complex numbers. Then,
2.1)
{Re(=va*—4eQ)}r= %{(af —ai—4eQ,)+(ai—ai—4eQ,)*+ (2a,a; —46Q,)?}
and
(2.2)
2a,a,—4eQ,)*
Re(=Ja*—4eQ)P = (2a,0, —4¢Q,
(Re( OF= (4€Q1+a2—a1)+x/(a1 —ai—4eQ,)*+ (20,0, —4eQ, )
where a,=Reaqa, a;=Ima, @, =Re@, and Q,=Im@Q.
Proof is omitted.
Lemma 2. We put A(Q,s)=(1/28){—a=++va’—4eQ} with a, >0.
Then, for any R>0 and ¢,>0 there exists a constant C such that
Rei(@,e)<C for |Q|=VQ+QI<R, 0<ec=<s,
where notations are the same with Lemma 1.

Proof. Using |Q|=<R and 0<e=g,, it follows from (2.1) that with
large positive constants C,, C,, and C;,

{Re (v’ —4eQ)P=(1/2){(ai—ai—4eQ,)+(ai+ai)+ C,- e} <ai+Cy-¢
As a,>0, we get then
Re A(Q, 6)=(1/26){—a,+Re (=va’—4eQ)} <(1/2)- C,.
Lemma 3. As another representation of (1.2), we have
@3)  Yilt, i 2] = [ {exp (W)= (1) exp (46— 2))t)d.
0
Proof. Put F(2)=Z exp (4,t)— 2, exp(Zt). Then,

Yi[t, 4, 2] = f 1(%1”’) 49 = [{exp(nt)—(it)exp (Z8)} o

Z=2;+0(ig— 29 2=21+60(2g—21)
1 f 2= 41

Lemma 4. Put Z-—?—{ —a Vo’ —4eQ}.

If there exist constants ¢,>0, §>>0, and R such that for any ¢(0<ec=s,),
ReA=R and |[Va*—4¢Q|=6>0, then |Y [, 4, 2,]| is bounded.
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Zgill é%{‘]@“:%_?@‘—'_l}’ and | exp (1t)]=exp (Re
-(at)), we can easily prove this lemma.
Lemma 5. Let a0 and ¢,>0. If Rei, (v=1,2) are bounded
above for 0<<¢=<g,, then, (I) in (1.4) implies (II) and (III) in (1.4).
Proof. It is easy to see that

Y[t 4, 23] =%{exp (ut)+exp (i) +-2 - Y[t 4, 2}

Proof. Since

Then, for a =0, l—} Y,[t, 2, 2.]| is bounded, and consequently

T
|Y,[t, 4, 2,]] and f \% Y,[t, A, 2.]|dt are bounded.
0

§3. The proofs of Theorem 2 and Theorem 3. Proof of Theo-
rem 2. Necessity of the conditions (1.5). If (I) of (1.5) did not hold,
then there would exist a sequence {£,} such that Q,(,}->— o as v—>oo.
We can take a sequence {¢,} (¢,>0) such that
8.1) 8,"Qy(¢,)>— and &0 as y—>oco.

Then, it follows from (2.1) and (8.1) that
{Re (=4 —46,Q(iE,))P=(a} —aj—46,Q,(€,)) > as v—>oo.
Then there exists a constant C >0 such that for large v

Re 4(¢,,6.)= 216 {—a,—Reva®—4¢,Q(i¢,)} <0,
62 " I
Re (8., e.)= 5 {—a, +Re«/a2—4s,,Q(7,$,,)}g—s— -C.
And, as |vVa*—4¢,Q(¢,) |=| Reva®*—4¢,Q(i&,) | > for v—>co, we have
1 |_1
(3.3) o 2(0@)—1—1)-

Applying (3.2) and (3.3) to (1.2) we get
|Y,(t, &,,¢6)| > as v—>o for any fixed ¢>0.
Then condition (I) of (1.5) is thus necessary.

Now assume that (I) of (1.5) holds, but that (II) of (1.5) did not
hold, then there would exist a sequence such that

(3.4) QYE)=v.|QuE)] and Qu(&,)=v for any v.
Then, for a fixed ¢, 0<&¢’'<1/4 and large v, from (2.2) and (3.4)

S TATTE C-Qy&.)? 1
Re (==4/a*—4 DE=> 2 ==-Cy,
Re (=la' QU =10 S raEy =2 @
with a constant C >0, hence |vVa*—4¢'Q(if,)|=|Reva*—4e'Q(it,)|
>41/2.Cy. Thus we obtain:
Re ,21({-‘”,s’)=—2187{—a1—ReJa——2—4s’Q(i$,)}§0 for large v,

1
2¢’

(3.5)

Re 4,(¢,, ¢)=—{—a,+Reya’*—4¢'Q(i€,)} > as v—>oo

and
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2 1
ey CORRY
Applying (3.5) and (8.6) to (1.2), it follows that
| Yyt &,€&)|>o as v—>o for fixed t>0.
Thus, the condition (II) of (1.5) is necessary.

Sufficiency of the conditions (1.5). TFirst we shall prove that
Re 2 are bounded above.

Set £,={§ Q.(¢6)<a}, and take C’'=C, then from (1.5),
(8.7) QUEO=ZR-(Q&)+C)<2R-C’ for éc5,,
(3.8) WO=R-(Qu(6)+C)=2R-Q,(§) for éecE™—E&.

Since on &, Qi(&) is bounded by (8.7), we get from Lemma 2 that
Re 2 are bounded above.

If ¢ce E™—E&,, using (3.8) we get by (2.1) that, for sufficiently large
C’ and small ¢,>0,

{Re (=4a?—4¢Q 45Q)}2<——{(a1 a;—4eQ,)+(ai+ai+4eQ,)}=a; for 0<e=e,,

(3.6)

hence Re Zz—z?{—al-I—Re(i«/az—48Q)}§%{—a1+al}=0-

Thus, Re A(§, ¢) are bounded above on e E™, 0<e=<g,, Now by Lemma

5 and Theorem A’ we have only to prove the boundedness of |Y,(¢, ¢,
e)|. We put

3.9) H. =g |45Q1(5)+a2—al |>“a1}

If £eH,, then [Ja2—4e-Qnglaf—a§—4sQllg—-2-a1, thus by Lemma
4 |Y,(t, & ¢)| is bounded on H..

If £ E™—H, and a,-=0, we have |4¢Q, Ig%af—l—]a%—ail from (3.9).
Thus from (3.7) and (3.8)
(3.10) | 4¢Q, |<4¢ Max {y2RC’, v2R|Q,]}

<4eMax {{2RC’, y1/2-R-¢"'(1/4-ai+]|ai—ai])}.
Hence, for sufficiently small ¢,>0

]«/02—48Q |= “/I 20,0, —46Q, |£4/] a,0:|>0 (0<e=e),
and consequently by Lemma 4 |Y,(¢, &, ¢)| is bounded.
If @,=0, by (8.10), there exists ¢,>0 such that

3.11) (46Q2)2_§%-a§ for ceE"—H, 0<s<s,

and as |48Q1—a§|§—i~-a2 for éeE™—H,, we get from (2.1) and (3.11)

{Re(£va*—4eQ)) < {— a1+/ cai= al} ;-af, and consequently

1
“Ii‘f?“*}~ B
Hence Re{21+0(22—21)}§——8L-a, for 0<0<1, écE™—H,.

&

_ 1, — 17
Re 1= —(—a:+ Re (=@ —4:Q 48Q)}=_<_2s{
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On the other hand, from (3.9) and (3.11) we have for éc E™—H,
Ikll<——{a1+|«/a 4sQ]}<~{a1+Jl ai—48Q, |+ [4eQ; |}<— -0y
Then by (2.3), we get for t>0

(3.12) [ Y, &, ¢) [S(l +l a1t> exp(——l—alt)

AN € 8¢

hence |Y(¢, &, €)| is bounded. Q.E.Q.

Proof of Theorem 3. Necessity of the conditions (1.6). If (I)
of (1.6) did not hold, then we can take a sequence such that with some
constant C >0

(8.13) |Q:6) | =C&.].
We can take a sequence {g,}, ¢,>0, such that

4&{191(&);+|Q2<ey>n§%a§ and 6,0 as v oo
then by (2.2)

(Re (:Va"—4e.QUE) -2 BE).,

Hence
4 Re 2,(¢,,8) =0,
3.1
14 { Re 2,(6., ¢ )z'gzl(fl)'zglli{

and
(3.15) “z"ll|—-——]x/a—-4eQ(§)|< '/W 2laz

Using (3.14) and (3 15), we get
fT - = T{exp<g—l—$—”'—t>—lldt—>oo as y—> oo
J —2]ay| J 2|a,| J :
Hence from Theorem A’ (1.1) can not be H, -stable.
The proof of the necessity of (II) in (1.6) goes in the same way
as that of (I) of (1.5) in Theorem 2.
Sufficiency of the conditions (1.6). We take &,>0 such that
a;—4¢,|c|=(1/2)a}, then from (1.6),

(3.16) a§+4e~Q1:_>_—12—-a§ for 0<e<s,
Therefore, by (2.2)

(3.17) (Re (=Var—1sq)) < (4@’ (45Q2) 8K &

and consequently “

3.18) Re z=_2_1.;-Re(iJ&TIM)§[2_l}§_|,

and by (3.16)

(8.19) [VaF—4eQ | =] ai+4eQ, | = = Jm | @]

Applying (3.18) and (3.19) to Lemma 4, it follows that |Y,(¢, &, ¢)|
is bounded, so by Lemma 5 and Theorem A’, the equation (1.1) is H,-
stable. Q.E.D.



