
405

Finite.to.one Closed Mappings and Dimension. III

By Kei5 NAGAMI
Ehime University, Matsuyama, Japan

(Comm. by K. KUNUGI, M.J.A., July 12, 1960)

The method of proof employed in the previous note 5, Theorem 4
can be applied to new characterizations of dimension of metric spaces
by means of a sequence of coverings, which generalize the results due
to J. Nagata 7, Theorem 3 and C. H. Dowker and W. Hurewicz 2,
as follows.

Theorem 1. In order that a topological space R be a metrizable
space with dim R2_n it is necessary and sucient that there exists
a sequence of locally finite coverings i-{H; e Ai}, i-- 1, 2,..., of R
which satisfies the following conditions.

1 i+ 1-- [H,; A+I} refines (C) for every i.
2 lim inf order (x, (C)))_< n 3-1 for every xe R.

(3) For any point xeR and any neighborhood U of x there exists
i with Star (x, (C)) U.

C. H. Dowker and W. Hurewicz’s characterization 2 is a direct
consequence of this theorem. As a corollary of this theorem we get
the following.

Theorem 2. In order that a topological space R be a metrizable
space with dim R_n it is necessary and suticient that there exists
a sequence of open coverings lI, i--1, 2,..., of R which satisfies the
following conditions.
(1) lt*+) refines lt for every i.
2 lira inf order (x, 1;) _< n+ 1 for every x R.

(3) For any point xR and any neighborhood U of x there exists
i with Star (x, 1I) U.

J. Nagata’s characterization [7, Theorem 3 is a direct consequence
of this theorem.

We call a covering U of a space a multiplicative) one if for
k

every non-empty intersection 1 U of elements U, i--l,..., k, of lI
i--1

is also an element of lt. The maximal number n such that there

1) The detail of the content of the present note will be published in another place.
2) dim R denotes the covering dimension of R.
3) order(x, g3) denotes the number of elements of g3i which contain x.
4) Star (x,
5) lI*+l={Star(U,l+l); Uel+l}, where Star(U,+)= LJ[V; UI3 V= (=the

empty set), V
6) Cf. [1
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exists a sequence U_ U....-U= of elements of a multiplicative
covering lI is called the length of [.

Theorem :. In order that a topological space R be a metrizable
space with dim R_n it is necessary and sucient that there exists
a sequence of locally finite multiplicative coverings ,, i--1,2,-..,
of R which satisfies the following conditions.

(1) i/1 refines (C) for every i.
(2) The length of (C)_n-l for every i.
(3) For any point xeR and any neighborhood U of x there exists
i with Star (x, 22) U.

This theorem is to be compared with [7, Theorem 4.
We execute to construct a dimension-preserving completion of

a metric space with the aid of our characterization theorems) as
follows.

Theorem 4. Let R be a metrizable space with dimR_n. Let
l[, i--l, 2,..., be a sequence of open coverings of R which satisfies
the following conditions.8)

(1) 1I+1 refines lIi for every i.
(2) Each element of lt/ intersects at most n+l elements of
for every i.
(3) For any point x e R and any neighborhood U of x there exists
i with Star (x, lI) U.
Then a completion S of R with respect to 1I, i-l, 2,..., has dimen-
sion <_ n.

As an application of this theorem we get the following theorem,
where J. Nagata’s metric is a metric p with the following property:")

When R is a metrizable space with dim REn, one can define a metric
p(x, y) agreeing with the topology of R such that for every >0
and for any point x e R, p(S/(x), y) < s (i- 1,..., n+2) imply p(y, y)<
for some i, 3" with i j, where S/(x)- {y; .p(x, y) < s/2}.

Theorem o0) Let R be a metrizable space with dim R

_
n. Then

a completion S of R with respect to J. Nagata’s metric on R has
dimension <_ n.

7) The existence of a dimension-preserving completion has already been proved by
M. Kattov [3, Theorem 3.10] and by K. Morita [4, Theorem 5.6] independently.

8) The existence of a sequence with these conditions is guaranteed by [7, Theo-
rem 2].

9) Cf. J. Nagata [7, Theorem 5].
10) This theorem can be proved with no use of Theorem 4 as follows: Let p be

Nagata’s metric on R and a metric on S generated by . Then it can be verified
that is also Nagata’s metric on S. Hence get dim S<_n. This remark is given by
Prof. Morita.
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11) Let me take this opportunity of correcting my previous paper [6]: For
sup dim R’ in [6, Theorem 3] read lim inf dim R ’.


