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1o The Euler method of summation associates with a given
sequence {Sn} the means

a,.r--a,-- (.)r (1--r)’-’s,, n--0, 1, 2,..
---0

where r is a constant which satisfies 0<r<_l. The case r-1 cor-
responds to the ordinary convergence. The Lebesgue constants for

this method are given by L. Lorch 1 for the case r--, i.e.

L n; =log2n+A+o(1) as n,

where

(1) A---C-C q- 2 sin u du- 2 -lsin u -U--7 U

and C is the Euler-Mascheroni constant. For 0< r< 1 these constants
are given by A.E. Livingston [2, i.e.

2nr. -i-A+ o(1)L(n; r) =2lOg.l_r
L(nr/(1--r); -),

where A is defined by (1).
Next the ({, r) method of summation associates with a given

sequence {s,} the means

a,.,* a*, 2, (;)rn+(1--r)’-"s,, n=0, 1, 2,. .,
where r is a constant which satisfies 0<r<_l [3. Since the case
r=l corresponds to the ordinary convergence, we may suppose 0<r
<1. The object of the present note is to investigate the Lebesgue
constants for (r, r) method of Fourier series. We prove the following
theorem.

Theorem. The Lebesgue constants for (, r) method are given by
2 2n +A+o(1)L*(n; r) -z-log.1 --r

L( nl-r -) +o(1) as n-->oo,

where A is defined by (1).
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2. Proof. For the proof we are much indebted
Livingston 2. We can easily see 4

L*(n;
= 2 sin

2

Here we put

Then we get [4]

(2)

1 e2iu ?,e2iu
p(u, r)e

to A.E.

1--cos 2u+r cos 2u--1 cos q(u, r)

sin 2u--r sin 2u--1sin q(u, r)
r)

1 r" q- 2(1 --r)(1 --cos 2u)3
r)

4 O<_rp(u, r)gl
where rp(u, r)--I if and only if u-0. Thus

Tn+lei(2n+l) }(1--gTe7)n+, --rn+*pn+*(U, r) sin[(nq-1)q(u, r)+(2nq-1)u}

and

L*(n; r) 2 ;’/" du
--7 rn+ lpn+ I(U ?.) sin {(n q- 1)q(u, r) q- (2n q- 1)u} sin-----"

Since

y/" { 1 1}dur+*p"+(u, r) sin {(n+ 1)q(u, r)+(2n+ 1)u}i
sin u u

=o(1) as n-+oo from the Lebesgue principle of bounded con-
vergence, we get

L*(n; r)
(5) 2 /’/" r=+*p (u, r) sin {(n+ 1)q(u, r)q- (2n+ 1)u}] du +o(1).

7 U

The following two lemmas are important for estimating L*(n; r).
Lemma 1. For small u_>0 we get

q(u, r) 2su+O(ua),
where s-(1--r)/r.

Proof. From (2)

tanq(u,r)= (1--r) sin2u (1--r) sin2u ssin2u
1--(1--r) cos 2u r+ (1-- r)(1--cos 2u) 1+2s sin u

On the other hand for small u
sin u u+Au
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Next

sin 2u=2u+Au, A <- 2, and

l--=l+Bx, IBi<_I, for x_>0. Hence
l+x

s sin 2u s(2u+Au){1+2Bs sin u}
1 +2s sin u

=2su+O(u).

tan-x=x+Cx, IC]<_4, for small x and

q(u, r)-- tan- (1-- r) sin 2u 2su+O(u)
1--(1--r) cos 2u

for 0<r<l and small u, so the lemma is proved.
The next lemma is a corollary of Livingston’s lemma [2J.
Lemma 2. If l<m<e, then

_8(1--r)_
rp(u, r) <m

for sufficiently small u>_ 0.
Proof. For 0<y<l

_Y1 <1 Ym -, so that
l+y 2

1 1Cf(u, r)--

_
l+4(1--r-------) sinu l+-4(.1--r)(2u)

4(l--r) (2u)2

for small u.
Next we see easily

L*(n; r)- 2 ]r/p(u, r) sin{(n+l)q(u, r)+(2n+l)} d+o(1)

= + } +o(1)-- 2 +o(1)

s , Crom he ebesgue principle o bounded convergence, where
we my choose s seh h Cot , O<<s, emms 1 gnd re hold
simultaneously. ex we

z=f ! sin (+1)(,

}]I 2 r" p" (u, r) sin (n+ 1)q(u, r) + (2n+ 1)u-- 2nu 2--r u
T

uCn+l)g0(1) (n+ 1)m- u au.
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Since the integrand of the right member is bounded for any n
and u, we get

lim + 1)-,, u au

lim{(n+l)um- }du-O

from the Lebesgue principle. Hence

L*(n; )-- 2 +p+(u, r) sin 2nu. 2--r u +o(1)

and further

L*(; )- r**(, ) sin 2. d+o(1)

from the same rindle. Next

++(, ) sin 2.. d

f(1- f 1<<1+ where

(-r)

Here from Lemma 2

( 1 sin2nU- du

[-- 1+ 4(1r_____) sin u u_
(1-(+) d

2(l--r)

m (-4lo o(1)

Hence

as

L*(n; r)-- 2-2-f%-
-F1

1 + 4(1 r) sin r u

2 1 - sin
1+ 4(1--r) sin ru

r 2(1 --r)
On the other hand

log
1 _,4(1--r) sin r

r 2(1--r)

=lg rP ( TM )2(l--r)’
r

+ o(1).
1--r, u

4(1 r) sin ru+O(u)
4r 2(1--r)
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Hence

and

Here

u 1+O(uO- (-u+o(u))
(l--r) 1--r
1 [log cos u+O(n-")-j for 0 u n-".

1--r

r/p/I ru r)-- (cos u)-+lexp
2(1--r)

+1

(cos u) (1 +O(n-’))

L*(n;r) 2f’-" +[(cos) sin d
1--r u

+0(-) (cos )i- sin
__._ d j+K,
1--r u

say.

(cos u)1---; sin nu du
1--r u

(cos u)2 sin nu du+o(1)
1-r u

from the mean value theorem. On the other hand from the Lorch
theorem

(cos u)r= sin nu
1--r

2n +--2log A+o(1)
1--r

d--u-u- L (n____; 1)+o(1)u 1--r 2

as n-.

Finally K--O(#-" log n)-- o(1)
Thus the theorem is proved.

as n-.
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