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112. Strongly p-Parabolic Systems

By Yo6jiro HASEGAWA
Kyoto University
(Comm. by K. KUNUGI, M.J.A., Oct. 12, 1961)

1. Introduction. As we know, I. G. Petrowsky [1] defined the
p-parabolic single equation (p=2, integer) as follows:
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and 3} mean the summations of the terms; pk,+k,+----+k,=pm,
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and the terms; pk,+k,+---+k,<pm, respectively.
2) The roots 2,(¢) of the characteristic equation
Am 4 ST go® gko(4£)e =)
()]

satisfy
(1.2) real part 2,(§)<—d]|&|? for some positive constant g,

where £=(¢,, &+, &), (19)F=(i6)"- (&), and |¢|=(T ) »

Petrowsky [1] proved that this forward Cauchy problem for this
equation is well posed. On the other hand, he showed that, if there
exist £°3-0 (real) and 2,(§) such that
(1.8) real part A,(¢°>0,
then the forward Cauchy problem for (1.1) is never well posed.?

Is the condition (1.2) necessary? This is not true. However,
we want to show that the condition (1.2) is necessary, when we
restrict ourselves to the strongly well posed equations (whose de-
finition is given by definition 1.1).

Definition 1.1. We say that (1.1) is strongly well posed (as a
p-evolution equation), vf (1.1) is well posed for amny choice of the
lower part: what we call the lower part is

l(_.a_, __.@_,. ..y i)uzz b(ko.b)(i)h( 0 >k1 L. ‘< ad >knu.
ot  ox, ox, @& ot ox, oz,

Our purpose is to prove the following.
Theorem 1.1. In order that the p-evolution equation (1.1) (p=2,

1) It is clear that such a positive integer p satisfying the condition (1.2) must
be even.

2) He proved this fact in the case where the coefficients depend only on ¢ for the
p-evolution systems.
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integer) be strongly well posed for the future, it 18 mecessary and
sufficient that we have (1.2) for some positive constant o.

The sufficiency was proved by Petrowsky [1], therefore we need
only to show its necessity. Before proving our theorem (1.1), we
remark the following fact: A necessary and sufficient condition in
order that the forward Cauchy problem for the p-evolution equation
(1.1) be well posed is the following: Denote the roots of the equation

xm_f_((zk)])a(ko.k)zkg(ie)k_l_% b(k.,k)zb.(,i&-)k:o
by 4¥(¢), then the real parts of the 2¥(¢), 1=1, 2,- - -, m, are bounded
from above (see L. Garding [2]).

2. Proof of Theorem 1.1. Consider the p-evolution equation
consisting only of the principal part of (1.1),

_a_ a 0 ) _[<_a_>m (Ic.,k)(_a_>k°< 0 >k‘< 0 >k”:l
p<at’ o )\ TR \w) s, o, ) 1"

then the characteristic equation corresponding to the above equation is
p(; i8) ="+ 3 a®P (i)t =0.
[(¢5)]
Our aim is to prove the following fact. Assume one of 2,(¢), say
2,(¢), become pure imaginary for some £°=7"|¢|, |7°|=1, then we

can choose a suitable polynomial b(7£) of degree <mp-—1, in such a
way that the equation
(2.1) P(%; 3¢)=p(2; 16)+b(i€) =0
has at least one root, say A¥(¢), such that
(2.2) real part A¥(7°|&|)> + oo, when |¢|—> + .
Put 2=p|¢|?, &/|€|=7, then, (2.1) is equivalent to
P(p; in)=p(p5in) +b(2n) | £ | =0,
where s=degree of b(i£).
We take now,
(23) b(ig) =c(i,)’
where ! is an index such that 7{3-0, s is an integer such that
(m—y)p<s<mp,
(where v, is the multiplicity of the root 1,(&°) of p(1;£°=0), and ¢
is a suitable constant (complex in general). Or it is equivalent to
(2.3) b(te)=c(in)' | £ |".
In fact, put
() =p(t; 1°) = (pt— )"+« - - (11— p2)**
where pi=p,0°), 7=1,2,---,k, are roots of p(#)=0, and g} is the
root corresponding to the A,(7°|¢|).
Then
P | € )=p(p)+c(ind)* | § "™ = (1~ p2)"* Q(r2) +c(im)* | "2,
where Q(y)=(p—p3)" - - (1—#3)"*, and Q(#3)=-0.
This implies that P(g;|£]|)=0 has the roots of the form;
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y0)s \ /vy s—mp s—mp
(2.9) p*=p2+(—%<—’(%) HEERGER]

Now, we can choose ¢ in such a way that one of the quantity
(—c(@n)* Q)"+ is real positive.®
Hence,
(2.5) real part pf(y")=real part [(—c(in?)'/Q(1))""

$—mp §—mp

XI5 o651z €505,
where §'>0, and z¥(7°) is a root of P(g;ir’ | £])=0, or
(2.5') real part A¥(n°| &) > + co. q.ed.
This means that if a p-evolution (1.1) is strongly well posed,
then the condition (1.2) is necessary.
3. The case of a system of p-evolution equations. Now we con-
sider a system of p-evolution equations:

S ST I
(at W= JZ=1 1% =(§j—ko)lia“1 at o, ox, s

D g o (222 ),

771 (%] <(mj—kodP at/ \ ox, \ 0T,
+f{(tvxlv"',xn) (i=112"'°’N):
where |k|=31k, 0<k,<m, k=(ky ks --, k), and al+®, bE» are
constants. =
Definition 3.1. We say that the system (8.1) is strongly well
posed (as a p-evolution), if (8.1) is well posed for any choice of the
lower part, where the lower part means those ones

o \*/ o \& 0 \*»
b(bo.k)(_) < > coe (._—> .
lk]<(§j-ko)? Y at axl axn uj

Denote by p,,(4; i€) the polynomial corresponding to the differential
operators of the principal part, which has the form:
Pis(A; 18) =0,A"— ST adeBrre(ig ). - - (ig, )

|&|=(mj—Ekedp
Then the characteristic equation of the system (8.1) is
(3.2) det (p:4(%; 6))=0.

Theorem 3.1. In order that the system of p-evolution equations
(8.1) (p=2, integer) be strongly well posed for the future, it is neces-
sary and sufficient that we have the following condition.

For all the roots A,(¢) of (8.2), there exists a positive constant
d, such that
(83.3) real part 2,(6)<—d|&? for all £ (0) real.

4. Proof of Theorem 38.1. As well as the proof of the case of
the single equation, put A=p|&|?, &,=7,|&|, then (3.2) is equivalent to

3) We give attention to the choice of ¢: in the case v,>3, ¢ is arbitrarily chosen
except zero, this implies that we can choose ¢ as real. However, in the case where
v1=1, or =2, we cannot always take ¢ as real. For example, p(%, —3%)=_%’ p=2.
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(4.1) det (p;;(¢; i1)) =0.
¥
We have N, ( =jE_1 m,.) roots p;(y) of the above equation.
Now we assume that one of p,(y), say (), become pure imagi-
nary for »=12° |7°|=1.
Then
det (pi;(¢5 1) =(— (1)) - - (2— :(1"))"%,
k
where v, (=1) is the multiplicity of the root z,(°), and > v,=N,.
i=1
Put
(4.2) Q) =Q(#; in°) = (e — (1))« - - (1— .(0"))"%,
this never vanishes near 7°, (i.e. Q(#)30 at p=/p,°%).
On the other hand we denote by p¥(x;i7°) the cofactor of

pi,(# 97°), and put p¥(s in°);

(4.3) (e ) = (— (")) 308 (1; in°),
where v,,=0, and then g¥(y; 7°)30 at p=p(7°).
Put
(4.4) v=miny,;.

4

Now we see that v<<y,—1. In fact, the matrix (p,;(¢; i7")) is similar
to the matrix

31(#) 0
0 ex(e) |,
where e¢,(#); i=1,2,---, N, are the elementary divisors of the matrix

(p:(155 17°)).
Here we see that the elementary divisor ey(y) is

det (pi;(e57°)  _ Q1) (), ) (r0))r1—>
GO, (o o) 0y P
where ¢*(g; 17°)30 at p=p,(n"). If v,—v=0, then ey(¢) will no longer
have the factor (#—pg (7)), therefore, no e,(z) has the cofactor
(#—m(7°)). Hence

det (p;;(¢ i°)) =e()es() - - - ex(t)

has no factor (z—g(7°)), which is a contradiction. From the above
discussion, there exists p¥(y; i7°), say »fi(#; i9°), such that

ex()=

(44) o %) =(p— (")) dh(es in°).
Then we add a lower term to p.(#;47°) as follows;
(4.5) Do 19, | € ) =pu(es; i) +e(in) | €12,

where ¢ is a constant (a complex constant in general), ! is an index
such that 7{==0, and
(4.6) {my(v;—v)}p <8 <m,;p.*

Consider the matrix

4) Cf. foot note 3).
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Pu(in |&)
* pij(#; i77)
obtained by replacing only the p,,(#; iy) of the matrix (p,;(#; 1)) with

Pyy(e; in, | €]).
Now we consider the system of p-evolution equations;

PR o\
2 (———>
N\t om " om, ) " S A
(3 a . 2 ) aRF
* ép”<3t’ axl, ,ax” Uy fr ,

s a 0 o @ P a\
where P. (_,_,...,— = <——, S > G( >,
"\t om, axn) Pul3t o, ar ) T\,

its characteristic equation is equivalent to
Pu(win |§)
4.7 det| - e =0.
* - Dy 97)
Put y=7°, and denote Q(z;i7°), g¥(s; in°) by Q(»), gfi(1) respectively.
Then (4.7) becomes
(2= (")) [(— 12 (0°))" > Q) +- @i (i)* | € |*~™#]=0.
This implies that the characteristic equation (4.7) has the roots of
the form;
* Me(irt): \—,  s=mp 3—mp
(48) = pm()+ (- TN 2 ¢ (5274 o1 55),
Qe (7))
Then, by choosing the argument of the constant ¢ in a suitable way,
we see that there exists one root, say p¥(7°), satisfying
(49) real part pH()=d'| &[>
where ¢’ is a positive constant. Then, this implies that
real part A¥(n°|&[)—> + oo, when |&|—> 4 oco.

q.e.d.
At the end, the author wishes to thank Prof. Mizohata and Prof.
Yamaguti, who have stimulated their interests in this subject.
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