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7. Correction to the Paper “On the Behaviour of
Analytic Functions”

By Zenjiro KURAMOCHI
Mathematical Institute, Hokkaido University
(Comm. by Kinjird KUNUGI, M.J.A., Jan. 12, 1963)

On Dec. 9, 1962, C. Constantinescu wrote to me that Theorem 4,
b)? is false. The purpose of the present paper is to show the root
of my mistake and to prove the theorem under a little changed
conditions.

Let R be a Riemann surface of positive boundary over a basic

surface R. Suppose a metric defined on R=R+B, where B is the
ideal boundary of E. Put Ean[wel_B: dist (w, B) < _;H Let C(r, p)

be a circle=E[weR: dist (w, p)<r], pcR. Suppose that R is a Rie-

mann surface with positive boundary. Put 2,_,=E[we E: w(dC(r,, ), w)

>1—¢]. If limw(Q,..NC(r, p)NB, w)*=0 for r, <7, we call the
=0

topology is H.S. (harmonically separative), where w(oC(r,, ) B, w)
is H.M. (harmonic measure) of aC(r,, p)(N\B. Let {R,}(n=0,1,2,---)
be an exhaustion of B with compact relative boundary oF,. Suppose
C.P. (capacitary potential) of C(r,, p)NB «(C(ry, »)( B, w)>0, where
o(C(r,, p)N B, 2)=lim 0,(?) and 0,(z) is a harmonic function in R— R,

—(C(ry, p)(NB,) such that v,(2)=0 on R, ,(2)=1 on C(r;, p) B, and
®,(2) has M.D.I. (minimal Dirichlet integral). If there exists a in-
creasing sequence of domains {V,} such that o(C(r,, p))CV,NB, w)®
J 0(w(C(7ry, ) V., w)>0) as n—>oo and that there exists at least one
continuous function U,(w) in C(r, p)—(C(ry, p)(1V,) such that U,(w)
=1 on (V,NC(ry, p)), U, (w)=0 on aC(r,, p) and D(U,(w))< L, < for
every n, we call such a topology is D.S. (Dirichlet separative). We
proved that K and N-Martin’s topologies, Green’s and Stoilow’s
topologies are H.S.* and N-Martin’s, Green’s, and Stoilow’s topologies

1) Z. Kuramochi: On the behaviour of analytic functions on the ideal boundary.
IV, Proc. Japan Acad., 38, 200-203 (1962).

2) w(@i—.NC(r, p)NB, w)=lim w(21-« N B, NC(r, p), w), where w(AN By, w) is the
least positive superharmonic function in R such that w(ANBy,2)=1 on ANB, and
A=21-.NC(r, p).

3) w(GNB, w)=lim w(GN Bn, w), where @w(GNBy, w) is harmonic function in R

n
—Ry—(GNBy) such that (GNB,, w)=1 on GNB,, =0 on 0R, and has M.D.I. and
G=C(r, p)NCVx.

4) 7. Kuramochi: On the behaviour of analytic functions on the ideal boundary.

II and III, Proc. Japan Acad., 38, 188-198 (1962).



28 Z. KURAMOCHI [Vol. 39,

are D.S.* Clearly Martin’s topologies and Stoilow’s topology are com-
pact. If R satisfies the following conditions, we said that R is almost
finitely sheeted. 1) If we take sufficiently large compact set R’, n(w)
<M< in R—R’', where n(w) is the number of times when w is
covered by R. 2) For any point p of R, there exists a compact
circle C(r, p)CR such that C(r, p) is mapped onto a compact domain
D, in the {-plane by a local parameter at » and that the area of any
connected piece over C(r, p) has finite area.

Let w=f(2) be an analytic function from R into E. Suppose

a-Martin’s topology is defined on R+B. Put M*(p)=NAG,):G,>p

(G contains p a-approximately)® and put 6M*(p)=dia M*(p) relative
to the topology defined on E, where a=N or K. Then

Theorem 4.b).* Let R be a covering surface with positive
boundary and with N-Martin's topology over a basic surface R with
D.S. topology (R has null or positive boundary). Suppose R is a cover-
ing surface of almost finitely sheeted. Then M™(p):peBY is defined
except an F', set of capacity zero and S"=E[peBY:.6M(p)>0] is a
G;, set of inner capacity zero.

This theorem is false. C. Constantinescu showed the following
example: Let R be a closed Riemann surface of genus =8. Let R
be the universal covering surface of E and let w=f(2): 2e R, weR.
Then f(z) is almost finitely sheeted in my sense, but Theorem 4, b)
does not hold. I find the error which is the part (from 2nd column
from bottom of p. 201 to 1st column from top of p. 202) in which I
asserted by o(F'>.G;, 2)>0 that there exists at least one G; such
that «(F'NG;, 2)>0, where F is a closed set in B (boundary of R).
This is false. The mistake is a wrong application of P.C.5:

(NG, 2 G)ZwFN 36, 2,6): G.CE, (1)
k2 Z

S(FNG, 2 G)Zo(FN 26, 5 6): G,CE, (2)
2

where w(FNG,, 2, G)o(FNG, 2,G")) is harmonic measure (capacity)
of FNG, relative to G’ and G, and G’ may consist of an infinite
number of components. We proved the above inequalities for finite
number k® but we applied them for infinite k. This is my mistake.
Hence we must change the definition of finitely sheeted and assume
another condition for the validity of Theorem 4, b). If R satisfies
the following two conditions 1’) (this is the same as 1) and 2)). For
any point of R, there exists a compact circle C(r, p)C R such that
the sum of area of all connected pieces over C(r, p) is finite. Then
we say that R is almost finitely sheeted.

5) See 4).
6) See 1).
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Theorem 4.b"). Let R be a covering surface with positive
boundary and with N-Martin’s topology over R with D.S. topology
and suppose R+ B is compact with respect to the H.D. topology (this
18 the newly added condition). Suppose R is a covering surface of
almost finitely sheeted in new sense. Then M¥(p) is defined except
an F, set of capacity zero and S=E[peBY:sM(p)>0] is a G,, set
of inmer capacity zero.

It is sufficient to correct the part of mistake but we shall prove
for convenience. We cover R+ B by a system of a finite number of

circles C,, with radius 1 so that any circle with radius El— is con-
n n

tained in a certain C,,. Put T,=E[peBy: p”¢ any component of
fHC,.)]. Assume T, has a closed subset F' of B of positive capacity.
Then w(F,2)>0 (we write o(F, 2) simply for o(F, 2z, R—R,), where R,
is a fixed compact disc in R.

Case 1. 0<w(FNB, 2) =lim lim o(F, (B, 2): F, = E[zef‘e : dist
(F,9)s L] Bi=f(B,) and B,=E[weR: dist(w, =~ | Let (&)}
m

be an exhaustion of B with compact relative boundary oR,. Since
R, is compact, there exist numbers 7, and m, such that f(R,) (B—R&,,)
=0 and n(w)<M in R—R,DOB,,. Since R+B is compact, we can
find a finite number of cireles {C(r, p,)} and {C(+’, p;)} such that B,,,
13 14
C30(r, PICII(, p)CBas 7<1'< 2. By o(FNE,)S30(FN
S Y C(r, p))N B, 2), there exists a circle C(r, p) such that «(FNB'N
S HC(r, p)), 2)>0, where o(FN\B'Nf C(r, p),z)=lim o(FNB,.Nf(C
(r, p)), 2). Next since the topology is D.S., there exists a sequence
V.4 such that o(CV,NC(r,p)B,w)y0 as n—>co and D(w(C(r, p)
NV, w, C(r', p))<L,< . Now since R, is compact we have o(CV,
NC(r, )N B, w, R—R,) | 0 by o(CV,NC(r, p)N B, w)(=w(CV,NC(r, p)
NB,w,R—R,)) |0 as n—>c. On the other hand, n(w)<M in C(+’, p)
CB,,C(R—R,). Put U,,.(2)=eCV,NCr )N B, w,E—R,) in
f(R—R,) and U, ,(2)=0 in R—f(R—R,)DR—R, Then U,,(?)
=1 on (GNS YCV,)NBL)DFNGNSYCV,)NB,,) and by the Dirichlet
principle
D(o(FNGNSfHCV)N B, 2)) =D(U, .(2)
éMD(w(CVnn C(’i", p) ﬂ Bwn w, ‘_R—_Eno))'
Let m—>oo. Then
D(o(F NS C(r, p))NCV,NB, 2))

<M D(o(CV,NC(r, ) B, w, R—R,)} 0 as n—>oco. (3)
Consider w(C(r, p)\ V.., w, C(r’, p)) in R. Then by n(w)<M in C(r’, p)
we see that there exists a harmonic function V(2) in G'—(f"*(V,)NG)
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such that V(2)=1 on f~}(V,)NG, =0 on 6G’ and D(V(2)) <M D(w(C(r, p)
OV w, C(r', p)) SML,< 0, where G=f"YC(r, p)) and G'=f"Y(C(r’, p))
and G and G’ may consist of infinite number of components. Hence
by the Dirichlet principle
D(o(FNGNSHV,), 2 G)=D(V(2)) < ML,

On the other hand, by o(FNGNB NfYV,,2)+e(F@mNGNB’
NFUCV), 2 =Zo(FNGNB,2)>0 we have by (8) o(FNGN B’
NS (V,),2)>0 for a number n. Whence clearly for any number
m’ 0<D(o(FNGNBLNSf(Vy),2)<ML,. Next also by the Dirichlet
principle (by R—E,DG’)

0<D(wFNGNBwNSf (V) 2))

SD(FNGNBw Nf (Vi) 2, G)S ML, < 0.

Put ¢g=GNBNf*(Vw). Then w(FNg, 2 G)>0. Let {g}} be
components of G’. Then clearly w(FNg,? G)=w(FNg,z29) in g..
By ZQ(@(F Ng, ? G))>0, there exists at least one component g’ of
G’ sucg}; that

o(FNg, 2 9)>0. (4)

Case 2. w(FNB,2)=0. In this case w(FNCB,,2)>0 for a

number »,, Let n’ be a number such that R,DCB,. Since R, is

% %
compact, we can cover R, by > C(r, p;), where SC(»’, p;) is compact
1
and r<r'< —31— Hence as case 1) there exists at least one compact
n

circle C(r, p) such that o(FNG, 2)>0: G=f(C(r, p)).

We suppose C(r/, p) is mapped onto a circle " on the {-plane by
a local parameter at p. Let I' be a circle in I/ such that /" Dimage
of C(r,p). Let U({) be a continuous function in 7" such that U({)

=1 on I', =0 on oI"" and is harmonic in I"'—I". Then PU(C)ISM
16U(C)]<M M< o and L=¢+iy. Put UR)=UQ) in G'=FfYC(, p)),
=0 in R—G'. Then D(U(z))<M*xarea of G'. Put V(z)=min (U(z),
o(F,, 2)): szE’[zeE: dist (z, F)g%} Then V(z) is continuous in

R—R, =0 on dG'+4R, and =1 on F,,NG: G=f"YC(r,p)) and D(V(2))

<D(U@))+D(w(F,NG,2))<oo. Next by the Dirichlet principle

D(V(2)zD(o(F,NG, 2, @) 2D(o(F NG, 2)) 2D(0(FNG, 2))>0.  Let

m—>o. Then w(FNG, 2 G)>0. Hence there exists at least one com-
ponent ¢’ of G’ such that

o(FNG,z 9)>0. (5)

By (5) and (4) there exists at least one point pe(FBY) such

T7) Z. Kuramochi: On the behaviour of analytic function on the ideal boundary. I,
Proc. Japan Acad., 38, 150-155 (1962).
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N
that peg’ by Lemma 2.” But ¢’ is a component of G’ and 4/ (g)
g—?:l— and f(g') is contained in a certain C,,. This contradicts the
n

definition of 7,. Hence T, has not a closed set of positive eapacity
and by Lemma 57 S=UT, is a G;, of inner capacity zero.

We applied the inequality (1) for infinite number k. Hence also
we must add another condition for Theorem 4, a).

Theorem 4.a). Let w=f(2) be an analytic function from R into
R, where R is a Riemann surface with K-Martin’s topology and R
18 a surface with positive boundary with H.S. topology. Suppose
R+-B is compact (this is the condition mnewly added) with respect
to the topology. Then M*(p) is defined except an F, set of harmonic
easure zero and S=E[peB}:oM(p)>0] is a G,, set of harmonic
measure zero.

We cover R+B by {C,,} and put T,=E[peB}: p¢* any compo-
nent of f(C,,)]. Assume T, has a closed set F of positive harmonic
measure. Then w(F',2)>0. Now since R+ B is compact, as theorem
4,b) two case occur.

Case 1. w(FNB',2)=limwF B, 2)>0. Also B is compact, we

can find circles C(r, p)C(r', p) such that 'r'<fr’<—élﬁ and w(FNB’

NG, 2)>0: G=f*(C(r, p)), G'=AC(r', p)) and G and G’ may consist of
infinite number of components. Let w(FNGNB’,2) be the least
positive superharmonic function in R such that w(FNGNB,?)
=w(FNGNB',2) on CG'. Then clearly (w(FNGNB,2)=¢wEFNG
NB’,2) in any component g’ of G’. If ¢’ is compact ,cw(FNGNB, 2)
=w(FNGNB,2) in ¢ and if ¢ is non compact w(FNGNB,z)
—www(FNGNB, 2)=w(FNGN B, 29).® Since w(dC(r', p), w) can be
considered in R and since ,w(FNGNB’, 2)<w(C(r', p), w)=1 on &,
we have f(GNQRE.)CC(r, p) N QL% where Q¥ ,=E[z ;,cw(FNGNB, 2)
>1—¢] and Q7% =E[w: w@C(r', p), w)>1—e]. Now the topology on
R is H.S. and R has a positive boundary and (w(GNB'NQ%E.,2)

1—ey

=w(C(r,p)NQENB,w) 4 0 as e>0. On the other hand, by w(Q,_ -
NGNFNB — 2 .NGNFNB,2) +w@.NGNFNEB, 2= W(Ql—.‘z.ﬂG
NFNB’,2)>0 and w(Ql_eTﬂGﬂFﬂ B',2)=w(GNFNB’,2)® is obtained
by P.H. 3 by w(GﬂCQl_;;_ﬂFﬂE, 2)=0, where .Ql_:TzE[z: w(GNF
NB/, z)>1———;—:l. Now w(GNB'NQ¥.,2) {0 as e>0. Fix a point z,

at present. Choose ¢ such that w(GNQE.NFNB,z)=<w(GNRr.

8) Z. Kuramochi: Potentials on Riemann surface, Journ. Sci. Hokkaido Univ.,
14 (1962).
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NB’, 2)< —;—w(GﬂFﬂ B,z). Then w(@-+NGNFNB—2:.NGNF

NB',2)> —;—w(GﬂFﬂﬁ, 2)>0. Hence (2, —0{.)NG is non void
and in which w(GNFNB/,2)—ceuw(GNFNB’, z)>—;— >0. Hence there

exists at least one component g’ of G’ such that w(GNFNB, 2 9)
>0.

Case 2. w(F'NB’,2)=0. In this case we can find a number %,
such that w(FNf (R,,), 2)>0 and compact circles C(r, p) and C(+’, p)

such that r<7'< -.‘;’%'r-z, and o(FNG, 2)>0, where G=5"*(C(r, p)). Since

R is of positive boundary and C(+/, p) is compact, w(C(r, p), w)<M
in R—C(r', p): M=max w(C(r, p), w) on dC(r',p) and M<1. Since
w(C(r, p), w) can be considered on R, we have ,,w(FNG,z)<w(FNG,z)
=w(G, »)=wC(r, p), w<M in R—G and w(GNOF,2)<M in G
=fC(r', p)) by wGNF,2)<w(C(r, p), w)<M on oG'Cf *(9C(r", p)).
Thus ¢ew(GNF,2)<M in RE. On the other hand, w(GNF,z)>0
implies sup w(GNF,2)=1 and w(GNF,2)—w(GNF,2)>0. Hence
as in case 1 there exists at least one component g’ of G’ such that
w(GNF,z9)>0. Thus as Theorem 4, b) 7T, has not a closed set of
positive harmonic measure. Now Borel sets in B® is harmonically
measurable by Theorem 3. Hence by Lemma 4 S is a G;, set of
harmonic measure zero.

Remark. Since w-plane is compact with Stoilow’s topology, proofs
of Theorem a’), original Fatou’s and Beurling’s theorems remain valid
without any change.

Correction to the paper “Singular points of Riemann surface.”’'*
In the proofs of Theorem 12, b) and c) of the above paper, we used
the inequalities 1) and 2) for infinite number k. To avoid this
misapplication we use the spherical metric instead of Euclidean
metric. Then the w-plane is compact. Next since w(pN>14;,N D, 2, G)
>0 for b) (e(pN>24:;;,ND, 2G)>0 for ¢)) does not imply that there
exists at least one component 4 of {4,;} such that w(pN4ND,=z, G)
>0(w(pN DN 4,2 G)>0), we must read 4,; instead of component of
4;; ie. wipN4;;ND, 2 G)>0(w(pN4;;ND,2z G)>0). Then proofs of
the Theorem b) and c¢) are valid without any other revision.

9) See 4).
10) See 4).

11) Z. Kuramochi: Singular points of Riemann surfaces, Journ. Sci. Hokkaido
Univ., 14 (1962).



