10 [Vol. 39,

3. On the Existence and the Propagation of Regularity
of the Solutions for Partial Differential Equations. I

By Hitoshi KUMANO-GO
Department of Mathematics, Osaka University
(Comm. by Kinjird KuNUGI, M.J.A., Jan. 12, 1963)

1. Introduction. The object of this note is to derive a priori
inequality based on our recent note [4], which is applicable to the
existence theorem and the propagation of regularity of the solutions
for partial differential equations.

Recently L. Hormander [2] has already derived a similar inequality
under some conditions for the principal part of given operators.

We shall consider differential operator L in a neighborhood of
the origin in (v+1)-space: (¢, x)=(t, %,,- - -, 2,). Let (m, m)=(m,my,---,
m,)(m;=m; j=1,---,v) be an appropriate real vector whose elements
are positive integers. The operator considered in this note is of the
form

oi+lal
1.1 L=L «t, ) —o
( ) 0+¢+mla:%;$m—l bt' ( x) atiax“
with
o ai+|a] _
(1'2) L0—6+mla:2m[=m at,a(t7 w) at_iaﬂ;; (am,o(tr .’17)—- 1)
(a/:(a'v. . e, a,”)’ BE=ge . 2, ‘a|=a1+ ceoeta,,

|a:m|=ay/my+ -« - +a,/m,)
where b; . are in L* and a,. in C3.."
Setting for (1.2) and real vectors £=(&,---,£,)

(1.8) Lo, %, 2,8)= > a4 2)2%"
i+mla:M|=m

which we call the characteristic polynomial of L, we derive a priori
inequality (3.3) under some conditions for the characteristic roots
A=2A(€) of the equation L, x, 2, y—1&)=0 for £=:0.
The author would like to express his gratitude to Prof. M. Nagumo,
Messrs. M. Yamamoto and A. Tsutsumi for their helpful discussions.
2. Definitions and lemmas. Let us define r=r(¢) for real
vector & as a positive root of the equation

@1) Flr, §)= 335 ¥m=1 (£%0)

Then, r is in CZ., and satisfies inequalities

1) Strictly speaking it is sufficient to assume that a:;« are in C{‘,,,,) for
kzm+(v+1)%;zgm/mj.
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v—l/ﬁK(é)m é ,r(s) é vm/2K(§)m’
=< Cﬁ)K(g)mu—]a:m[)

(2.2)

where K(¢&) is defined by K(¢&)= {i gﬁ"v}m
J=1
The proof is not so difficult; see [4].
Definition 1. We call H a singular integral operator of class
Cp with the symbol o(H) (&)= S a,(@)h, (&) (a.(2)eC, h(8)eCiun;
r=1
r=1,2,--.) if the following conditions are satisfied:
la]
\8 a (ac)lSAl 7" for every I and a,
2.3)

asah (E)\<B riaK(g)"™=™ for every a.
Then, Hu is defined by
Hu=-2_ (e =¢(H)(x, &)i(e)de.”
V2r
Definition 2. We define a convolution operator 4 by

Tu(@)=A@yace) where 2(5)(ec<5#0>) satisfies

Remark. i) If zo(w, 77) (eC(,, » =0, -+, 7,)30)) is homogeneous
of order zero in %, then by [1] 4, is expanded such as 2z, 7)

—Za (ao)h0 A7) where a,(x) and ho A7) satisfy (2.3) for (m,m)
—(1, 1,---,1) and K(»)= {Z%} 2. Hence, if we define a matrix R by

rvm
(2.4) R=| . .
0 r¥ms

and set iAL,(S) =7\Lo,r(§R"), we can write 2,(x, RV = f}a,(x)ﬁ,(&). This
r=1
shows that A,(x, ER!) is the symbol of an operator of class Cq. ii)
Setting A=r"™ or A =K(&)* we can define an operator A.
Lemama 1. Let P,(t) and Q,t) (¢=1,-.-,k) be in Ci with real
valued symbols defined in (x)-space with t as a parameter.

Suppose each pair P(t) and Q,(t) (i=1,.--, k) satisfies the condi-
tion of M. Matsumura [5], that is for some H,(t)eCr

2) We shall denote by C positive constants, not necessarily the same even in the
same formula.

3) For u€L® we define the Fourier transform F[u] by FLul(¢)=u(¢)

1 Vimeg e d . )
=7 f o w(@) dz (w £= S0ty
4) In what follows we shall use a notation A, in the case /f:K(é).
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S P+ {5 AP 6D~ 0@ (PO D)
J
ottty (=)

and for Hy(t)=P,t)+/—1Q,t) (i=1,---,k) there exists a constant o
such that |o(H,—H)|256>0 (i%j).
Then, for the operators J,=djot-+H,(t)A (i=1,---,k) we have

@5 = (nh‘z)"“"’fgp‘z” g H2dt§0fgo"2"|]Jl..... |2 dt

ij=TEh-1
ueCy(&,)
Sfor sufficiently small b and every m (=1), where o=(1+1t/2h) and
&,={(t, x); —h<t<h}.
Proof has been given in [4].
Now set D, .={r;|x—2°|<e} and p=ev "*° for latice points »°
in R”. Then there exists a partition of the unity such that

(26) 6,@)<Cr (D), 63w =1, 2 6,0)|<C...

Lemma 2 (S. Mizohata). Let A, be an operator defined by A/,;L(E)
= A(€)a(e) where A,(6)(cCS) satisfies the conditions:

A.8)=0 on {5 |e|=<1}, |2 K(g)-mlemi

Then, for the partition of the unity (2.6) we have
;||(A,@,,—@”A,)u[[“’gC(rillu||2+0<§<k|l(x“/1,)u||2) ueCy(R”)
where C is a constant depending on v, e, t, k, and M(=Jl;_fax mim,)

1= jsv
and k is an integer =r+(v+1)M.
Proof is essentially the same as that of S. Mizohata [6] if we
remark that |&|<CK(&)*(|¢]=1) and m|a:m|=]al.
Lemma 3. Let H(t) (§=1,---, k) be operators of C defined in
(x)-space with t as a parameter.

Setting A= ZH/F aa

j=0

@1 SIo(H )t 94 (=10 f{ 2P K@) (6>0,]¢12D).
Then, for every eo(>0) we have

25 9

@8)  A—a)(| |+l Au i)l AwpC, 5 |2 s
ot i+j=r-1ll| Ot

ueCy(5,)

Jor sufficiently small h depending on g,.
Proof. Consider the partition of the unity of (2.6) and let H;"(t)
be an operator of class Cit with o(H;(t))=0a(H,)(t,7,£) for each fixed

5) For a function u=u(t, ), |||« |||* means flu(t, x) |2 dt de.
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7. If we define 4, (j=1,--, k) by Au(e)=AE)a@(E) with a(8)eC
(=0 for |£|=1, =1 for |£|=2), we can write

Il Au[[[F=22 |0, Au|*=2 ()~ H) 4 2

ot

+6, S H (/1) -2

o u+2 (6, H(6)4,— HiP(D)A, @,,)

7 7 9“- . 3
3 HPO—HPO)4,6, -2t (LS H 0, )@,,u

Hz

> Lo|| 20— ) S B ll=Ce? ST LI <e1>0>.
Then, we have for I, by (2. 7) and Lemma 2
2
Sl Ballrz—e)e (| S| [+l gulld—Ce 3
i+jSk—1
for I, and I, ,
S o I+ e 1D =009, 33, |
7 i+jsk
and for I,, and I;, by Lemma 2

ati
S L IF+HI B 9=C. 5 ||l

i+jSk—1
att ( H ot 2>, we get (2.8) if we fix

€,(>0) such that (1—2¢,)°=(1—¢,) for given ¢, and take sufficiently
small ¢ and % depending on ¢. Q.E.D.
(See References of the following article.)

ai
ot

Mu

’

5

I

& A
0"

Adu

Since >

i+j=k




