200 [Vol. 39,

47. Some Properties of Completely Normal and
Collectionwise Normal Spaces

By Jingoro SUZUKI
Nara Gakugei University
(Comm. by Kinjir6 KUNUGI, M.J.A., April 12, 1963)

1. In our previous note[4] we have proved the following theorem.

Theorem 1. If for any locally finite family {X,|acQ} of closed
subsets of a topological space R there exists a locally finite covering
{H,|ae R} of closed subsets of R satisfying one of the following equi-
valent conditions (A), (B), and (C), then R is completely normal and
collectionwise normal:

(A) H,~H~(X,~X)=X,~X,, (a, Be )
(B) H,~H=X,~X, (a, BeQ)
(©) H.A(RX)=X, (ae).

In this paper, in connection with the above theorem we shall
establish necessary and sufficient conditions for topological spaces to be
completely normal and collectionwise normal (see Theorems 3 and 4).

2. We shall first prove the following theorem.

Theorem 2. Let R be a completely normal space. If {X,|ac}
18 a family of closed subsets of R and {U,|acQ} is a locally finite
family of open subsets of R such that X,C U, for each acf, then
there exists a locally finite closed covering {H,|acf} of R satisfying
one of the equivalent condittons (A), (B), and (C) of Theorem 1.

Proof. If Q is a finite set, this theorem has already been estab-
lished (see [4], Theorem 1), so we assume that Q is infinite. Now,
we shall construct a family {H,|acQ} of closed subsets of R satisfy-
ing the condition (C) of Theorem 1 by transfinite induction.

Let % be a limit ordinal number such that Q={a|a<7%} and let
us put U=,7,U,, U/=5.U,, X=,7,X., X,=.5.X.. Let v be an ordinal
number such that v<7. We assume that to every u<v there exist
two closed subsets F,, F', of U satisfying the following conditions:
(1) UDF, (=wp; UDF]

(2) GaF)>F.=U,

(8) F,~X=X, r=m),

(4) F~X=X.

Then we shall construct two closed subsets F,, F! of U satisfying
the condition (P,).

We shall first show that the relation ,5.5.U.=,zU, holds. It
is evident that ,35.5.U.D,5.U, So conversely, let x(eU) be any

(Py)
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point not contained in ,5,U,. Since {U.|ac@?} is locally finite there
exists the greatest index x(<v) such that U, contains 2. Hence
is not contained in ,3.U,. Consequently, # is not contained in ;3 .2 U..
Put F/=,0F},. It is also shown similarly that F7” ~X=,3,X,.

Next, we shall construct {F,|#=<v} and F,. Then by ,5U.=,5.U,
we have F7/C,5,U,. By the assumption of (P,), (4) we can see that
X, and X/ are contained in F”/. Since {(U,—U/)~"(X,—X/)} ~F/ and
{(UI-U,)~(X]—X,)} ~F” are separated subsets of completely normal
space F”, there exist two disjoint open subsets W, W’ of F” such
that WO {(U,—-U)>(X,—XD}~F! and W/ D{(U,—-U,)~(X!—X,)}
~F". 1If we put F,=(F”—W")~'X, and F,=(F)—W)~ X/, then F,
and F'] are closed subsets of U.

We shall prove that {F,|¢=<y} and F'/ satisfy the conditions of
(P,). Since F/CU,~ U., we have

F!—-W'cCF]—{(U,-U,)" (X=X, )} ~F/
CF/—(U-U,)
cUu,.
By the assumption of the theorem we have X,CU,. Hence, U,
DWF!—-WNHN~X,=F, is concluded. Similarly, U/DF] is obtained.
Thus, (P,), (1) is satisfied. We have (P,), (2) by relations (.5, F,)~"F"
=U and F,~F/,=F". Since
F, A X={(F/—W)~ X}~ (X,~X)
CHF— (X=X}~ X1V X,
={F) ~ X—(X]-X,) ~ X}~ X,
={5X,— (X=X} X,
=X,
and F, - XDOX,, we have F, ~ X=X, that is, (P,), (8). Finally, we
have (P,), (4) using the following relations
Fi~AXC{(F! =W)X} (X; ~X)
ClF/~X—(X,— X)) ~ X} X!
— {5 X, — (X, — XD}~ X!
=X’
and F! - XDX].

Since | 2| =N, and {U,|ac 2} is locally finite, {F| €} is a covering
of U. As X is a closed subset of the normal space R, there exists
an open set G such that XCGCGC U. If we put H,=(F, ~G)~(R—G)
and H,=F,~G(1<a<7), then {H,|acQ} is a locally finite closed
covering of R satisfying the condition (C) of Theorem 1, g.e.d.

3. We shall now prove our main theorem.

Theorem 3. In order that a topological space R be completely
normal and collectionwise normal, it s mecessary and sufficient
that for any locally finite and order finite family {X,|acQ} of closed
subsets of R there exists a locally finite closed covering {H,|acQ} of
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R satisfing ome of the equivalent conditions (A), (B), and (C) of
Theorem 1.

Theorem 4. Let R be a topological space having the following
property: For any locally finite collection {X,|acQ} of closed subsets
of R there exists a locally finite open covering {W,|acQ} of .vuX,
such that X,C W, for each ac. In order that R be a completely
normal and collectionwise normal space it is necessary and sufficient
that there exists a locally finite closed covering {H,|acQ} of R satis-
Sying one of the equivalent conditions (A), (B), and (C) of Theorem 1.

These theroems are easily proved by the above Theorems 1,2,
and the following lemmas:

Lemma (Katétov [5]). For a mormal space R each of the follow-
wng properties is equivalent to collectionwise normality:

(a) If {X.} is a closed locally finite family in R such that for
some positive integer m the intersection of any n+1 members of {X.}
is empty, then there exists an open locally finite family {U,} such
that X, CU,.

(b) For any closed subset X of R, if {X.} [respectively, {W,}]
18 a closed [respectively, open] locally finite family for the relative
topology of X such that X,CW,, then there exists an open locally
finite family {U,} in R such that X,CU,~XCW,.

By a result of Katétov [5] and Theorem 2 we have the following:

Theorem 5. Let R be countably paracompact, completely normal
and collectionwise normal. Then for any locally finite family
{X.|ac@Q} of closed subsets of R there ewists a locally finite closed
covering {H,|acQ} of R satisfying one of the equivalent conditions
(A), (B), and (C) of Theorem 1.

Remark 1. If R is perfectly normal and collectionwise normal,
then the above theorem is also true by a result of Dowker [2].

Remark 2. In case R is a fully normal and completely normal
space, the above theorem is easily deduced from the construction in
the proof of Theorem 3 [3].
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