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131. The Kernel Representation of the Fractional Power
of the Elliptic Operator

By Norio SHIMAKURA

Department of Mathematics, Kyoto University
(Comm. by Kinjird KUuNUGI, M.J.A., Oct. 12, 1963)

§1. Introduction. Let A be a strongly elliptic operator defined
in a domain D of R" and let us consider the Dirichlet problem for
the operator A-+1l, 2 be a complex number. Then we can define the
fractional power A~ under a suitable condition on the spectrum of A.
In the case where A is formally self-adjoint, T. Kotake and M. S.
Narasimhan [2] have recently proved that A “(Re «>0) has a kernel
representation and moreover this kernel is very regular. In this
article, we want to obtain the same result for not always self-adjoint
operator. We consider the Dirichlet problem in the space L*( D). We
express the weak solution ue L*(D) of the equation Au—+ iu=f¢e L*D)
by means of parametrix according to H. G. Garnir [1], and we also
express the Green kernel of A-+4I using the Green operator G,.
Finally, we show that the kernel K of A~® is very regular. To
show this, we used some properties of parametrix which are due to S.
Mizohata [3]. The detailed proof will be given in a forthcoming paper.

I thank here Prof. Mizohata, who encouraged me in this subject.

§2. Expression of solutions. Let us consider the strongly elliptic
partial differential operator of order 2m defined in a domain D
(bounded or unbounded) of R"

0 IR
2.1 = y — | = v T~ ’
(2.1) A A<x P ) lv%;ma (x) < P ) where

<i>=<ﬁ_><_@_>< 9 >””
o oz, \oa, ox,/
The coefficients a,(x) belong to £B(5), where D is an open set such
that D=D. The condition of ellipticity
(2.2) ReI 12 a,(x)(2y)’ =r|y|®™, for all yeR" 7: const.>0,
v|=2m
is to be fulfilled uniformly in D. We denote by A’=A’<x, —5—) the

%
transposed operator of A. Because we only need the local expressions

(expressions in a fixed compact set contained in D) of weak solutions
and of Green kernels, without loss of generality we can suppose that
the coefficients a,(x) are defined in B™ and the uniform ellipticity (2.2)
holds in R" as well.

At first, we assume the existence of the parametrix K of A (resp.
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E’ of A’) having the following properties:
i) E (resp. E’) satisfies the equation

3 _
2.3) Afs, 3;) Bz, §)=0,.— L(, &)

(resp. A’(x, g >E' (@, &) =0,-.—L'(x, 5))

x
where L(x, &)(resp. L'(x, £)) is a sufficiently smooth function of z in
R", depending on the parameter & which runs through R™.
ii) E(x, &)(resp. E'(x, £)) is semi-regular in « and ¢ at the same time
and is infinitely differentiable in (z, &) outside of the diagonal 4,
moreover, E(x, £)e B, (o) for any open set w(w-4=¢).

Let D, be any bounded open set such that D,=D, and
@4) D, ,={weD;dis. (z, D)<} where 0<4 (fixed)< -Ldis. @D, D,).
Define 2
(2.5) a()=a;(|x|)eD,=1 for |z|<i/2,=0 for |z|>d.
(2.6) B(x)=Bp,(x)e D(D),=1 on a neighbourhood of D, ,.

@7 0w O=A(n L) {1—a(@—) B &)

@1 0w =4, L) ale— ) Bz, &)
{3

By virtue of the hypothesis ii), @;(x, &)(resp. @i(x, £))e B, (R"X R").
From now on, we denote the integral over R" or D by the dual
form:

(F@), g()y,= f F(@)g(@)da.

LEMMA. If u(x)e L¥D) be a weak solution of the equation Au(x)
=f(x)e L*(D), the equality
2.8)  w(@)=<a;(z—8&)E"(, &), f(2)),+{Pa)D; (x, &)+ L' (=, &)}, u(x)),
holds as a distribution in D,. In the same way, the equality
2.8)  v(@)=(ai(x—&)E(w, &), 9(x)) .+ {B@)Ps(, &)+ L(z, &)}, v(x)).
holds in D, for a weak solution v(x)e L% D) of the transposed equation
A'v(x)=g(x)e L D) (c.f. [1], p. 66).

Next, the set of the complex numbers 1 such that A+l has its
Green operator G, attached to the Dirichlet problem is an open set.
If A satisfies the condition (2.2), there exists a real constant y; such
that, if Re 1>7,, G, exists and its restriction on L* D) has the follow-
ing estimate of the operator norm
(2.9) |Gl 2czacmy, 2o =const./(Re 2—7y).

Moreover we impose the condition

(C) there exists no spectrum on the half-line 1=0.

In other words, there exists G, on the positive real axis. Such an
assumption may be artificial, but it is essential for our definition of
the fractional power in §3.
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Using (2.8) and (2.8)', we obtain the following

ProPOSITION 1. If the operator A has the Green operator G, G
has a kernel representation

(GN©)= [ K a)f (0)do

where
(2.10) K(& x)=ay(z—8&)E'(z, &)+ <a;(n—x)E(n, x),Bn){@5(n, &)+ L' (1, &)},
+<:§v[ﬁ(O{@‘(C’ x)+L(&, x)}1, Bn){@i(n, &)+ L'(n, &)},
w (& x)e D, X D, (this is an extension of the formula obtained in [1],
p. 118).
Finally, let us apply the formula (2.10) to the operator A--2il
(of course, we assume the properties of parametrix):

Let us denote G,={A(w, L) +21) ", Gf)e)= [K(& |0 @)z,
then we have* { ( 396> } l
(211) K(& z|D)=a(x—&)E'(x, £|2)

+<as(p—a)E(y, | 2), B){@(n, €| )+ L'(n, £ D},

+ <c§7]x LBOD:(E, x| )+ L&, 2| Y], B){@5(n, &1 2)+L'(n, §| DD,

§3. Fractional powers of A. Under the condition (C) on the
spectrum of A, we define the fractional power A™* by the integral

(3.1) A"‘_—_—l—,f(—-x)"“(A+,ZI)'1d,2, for Re a>0
2n7 -

where the path I of integration consists of three parts: the positive
real axis (from o to p(0<p<1)), the circle |1]=p (from A=p to
2=p in the negative sense) and the positive real axis (from p to ).
(—2)"* equals to its principal value on the negative real axis. By
the estimate (2.9), the integral (3.1) converges and defines a continuous
linear operator: L*D)—L*D).

PROPOSITION 2. For any given monm-negative integers p and q,
we can construct a family of parametrixz E(x, &|2) (continuously de-
pending on (£, )eR"XI") of the operator A+ I having the following
properties:

1°) 2¢L(z, £]2) remains bounded in B (R"XR") when 2 tends
to -+ co.

(2°) 2'E(x, £|2) remains bounded (with respect to 2eI') in B, ()
where w ts an arbitrary open set such that o & R"X R"—4.

(3°) 2E(z, £|2) belongs to Dyfy/* ="t and remain bounded in
QD lp-t+am=tma gith, respect to (€, )eR"XI.

* We denote L(x, £|2), O@s(x, £|2), L'(x, £|2) and @ s(x, £|2) as follows:
{A(a:, %>+A}E(w, £1)=baee—L(z, £| ),

Osle, £ )= {A(ac, —a%)-i-l}[{l—wa(x—é)}E(x, 2127, ete.
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(4°) Let k be any mon-negative integer. Then the linear map-
ping: QPHATImGDOF defined by (&)1 E(x, £|2), ¢(§). and the
mapping: PgHeAririne=b_OF defined by Y(x)—>1(E(, £]2), ¥(x)). are
equi-continuous in A. And these mappings continuously depend on A.

We construct E(z, &|2) as follows (c.f. S. Mizohata [3]):

62 P(eln-2)= 5 a2 ) +1+2

ox 1v1=2m

(8.3) Q(ﬂc, —a—a;; &) = luém{a,(é)—a»(w%)}(%)”— I”IZ}Qma»(w%)(—(,f—x—)v%-l,

ei® v

Cplag AN, 1
34 fiel=P(eln2) "0, o) T W

35) £EI0=P(¢14 L) Qs 25 €)fi 61, i=1,2,-, and

(8.6)  E(x, &( )=t [fo(&| D)+ -+ S e D]
where 7, is the translation operator by & r[¢](x)=¢(x—¢&). It is
easy to show that (2°),(8°) and (4°) are satisfied by this E(x, £|2)
whatever 7 may be, and that (1°) is satisfied if j=2[n/2]+2mq
+p+1*%

THEOREM. The operator A~*(Re a>0) has a kernel representation

8.7) (A~ ) &)= f K¢, x)f(x)dx, for f(x)eLXD)
where the kernel 2
(3.8) K (0= [(—2 K, 2| )i

is very regular (c.f. L. Schwartz [4]): more precisely

i) K“(, x) is infinitely differentiable in (& x)e DX D—4.

ii) This kernel maps continuously 9D, (D) into E(D) and ELD)
into DUD) and moreover, if f(x)eEiD), (K (¢, x), f(x)), s infinitely
differentiable in & where f(x) is infinitely differentiable.

Remark: The mapping: DEH1+(D)—>E¥ D) defined by

(3.9) Y(@)><K (¢, x), ¥()) .
and the mapping: D"+ D)—»EX D) defined by
(3.10) P(&)~><K (¢, x), p(€)):

are continuous.

COROLLARY. For any complex number a (not necessarily Rea>0),
the integral (8.8) converges and it is an entire function of « out-
gide of the diagonal 4, moreover this kernel is very regular.

In the case where Re <0, the mappings (3.9) and (3.10) define
continuous linear mappings: Qi+ir/2+2+md (D)5 OF( D) and PrHHr21+2+md([))
—EXD) respectively, where ¢'=—[Re a]+1.

** We can similarly construct a family of parametrix E'(z, ¢|4) satisfying this pro-
position.
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