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55. On E. Lindelof’s Theorem on the Meromorphic Function
of Bounded Characteristic in the Unit Circle

By Chuji TANAKA
Mathematical Institute, Waseda University, Tokyo
(Comm. by Zyoiti SUETUNA, M.J.A., April 13, 1964)

1. Introduction. E. Lindel6f’s theorem on asymptotic values
is not always true for the meromorphic function of bounded charac-
teristic. Indeed, putting f(2)=(1—=2) exp {(1+2)/(1—2)}, f(?) is regular
and of bounded characteristic in |2|<1, because f(z) is the quotient
of two bounded regular functions (1—z) and exp{—(1+42)/(1—=2)}.
Then we have easily
lim f(e”)=0 and lifnof(r)=oo,

020
which shows that E. Lindelof’s theorem is not true for f(z).

The object of this note is to give the decisive answer to the
question in what form E. Lindelof’s theorem should be modified in the
case of the meromorphic function with bounded characteristic in |2|<1.

2. Theorem 1. Let f(z) be the meromorphic function of bounded
characteristic in the unit disk D, P a point on the unit cirele C, and
A a Jordan arce contained in D—C and terminating at P. We denote
by D(A,, A,, ¢) the domain bounded by the periphery of U(P, &)* and
two Jordan arcs A,, A, having no common point except for P.

Our main theorem is

Theorem 1. Let f(2) be meromorphic and of bounded charac-
teristic in D. If f(z) tends to a, as z—P along A, (i=1, 2), then
following alternatives are possible:

(1) a,=a, and f(z) tends uniformly to a,=a, as z2—>P in

D(A4,, A, ¢),
or
(2) Picard’s exceptional value in D(A, A, ¢) distinct from a,
(=1, 2) s at most one.

Remark 1. Applying the theorem of Iversen-Gross ([3] p. 24) to
D(A,, A, ¢), we can conclude that following alternatives are possible:

(1) a,=a, and the cluster set at P reduces to this single point,
or

(2) every value distinet from a; (¢=1, 2), except for at most two

values, is taken infinitely often by f(z) in D(A4,, 4, ¢).
Hence, Theorem 1 means that the boundedness of characteristic yields
the reduction of number of exceptional values in D(A4,, 4,,¢).

* U(P, ¢) is the e-neighborhood of P.
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Remark 2. f(2)=(1—=2)exp{(1+2)/(1—=2)} shows that (2) of
Theorem 1 is best possible. Indeed, w=f(?) is the regular function
of bounded characteristic in D, whose Picard’s exceptional values in
D contain evidently w=0 and . On the other hand, lin% f(e®)=0

6—+
and lim f(r)=o. Putting A,=FE(@€”’:0>0) and A,=F(e”’:6<0),

r—1—0

Picard’s exceptional value in D(4,, A4,, ¢) distinct from w=0 is exactly
one value, i.e. w= oo, because if w=a (0, ) is omitted in D(A4,, A, ¢),
then f(2) omits three distinet values w=0, o, a in D(4,, 4,, ¢) and
by the theorem of Lindelof-Iversen-Gross ([8] p. 5) f(z) tends uni-

formly to 0 as z—1 in E(Al, A, ¢), which is contrary to lim f(r)=co.

r—r1—0

3. Theorems 2 and 3. These theorems yield examples having
no Picard’s exceptional value of Theorem 1, (2).

Theorem 2. There exists a meromorphic function f(z) of bounded
characteristic in D represented by the quotient of two infinite Blaschke
products such that, for fixzed 9 (0<I<x/2),

(1) lim f(2)=0 and lim f(2)=oo.

2], arg (1—2)=-9 2—1, arg (1—-2)=-+9
(2) f(2) takes every value, without any exception, infinitely
many times, in the sector: |arg (1—z2)|<9.
Theorem 3. There exists f(z) regular and of bounded charac-
teristic in D such that, for any positive constant e (<z/2),

2—1, |arg (1—2)|=¢

(2) f(z) takes every finite value, without any exception, infinite-
ly many times in the sector: |arg (1—z)|<e, i.e. arg (z)=0
18 Julia-line.

Remark 3. In the preceding paper ([5], p. 472), the author con-

structed the quotient f(2) of two infinite Blaschke products such that

(1) f(2) has infinite number of zeros and poles on arg (1—2)=
—9 and arg (1—2)=+49 respectively (0<9<z/2).

(2) lim  f()=0, and lim f(@)=oo.

2=, arg (1—R)=~49 2=, arg (1—2)=+4¢
We can prove that f(z) has the properties desired in Theorem 2.

Remark 4. Setting f(2)=B(2)exp {(1+2)/(1—2)}, where B(z)=
+ oo
El(an—z) /(1—a,2) (a,=1—1/n?), f(2) is the regular function of

bounded characteristic in D, because f(2) is the quotient of two bounded
regular functions B(z) and exp {—(1+2)/(1—2)}. It can be shown that
f(2) has the properties desired in Theorem 3.

4. Outline of proofs. Theorems 1 and 2 are proved by the
systematic use of the harmonic majorant, which was effectively used
by C. Tanaka [4] and F. W. Gehring [2] in the case of the regular
function with bounded characteristic in D.
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Theorem 8 can be proved by the detailed study of B(z):ﬁl(an—z)/

(1—a,?) (a,=1—1/n?% due to F. Bagemihl and W. Seidel ([1], pp. 7-9).
We shall give their full proofs in another journal in the near future.
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