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2. Main theorems. In this part we shall prove that the main
theorems relating to singular integral operators in the sense of A.
P. Calder6n and A. Zygmund lJ holds for ours defined in the part I
by using the lemmas proved there.

Theorem 1. He S(2, Ts) defined in Definition 4 in the part I
is a bounded operator in L and

(2.1) [[gull<={’l(W--)} A llull, ueL,

where A- sup h(x, )1" sup a(r])I.
Rnx*((i), r)

Proof. In the representation (1.16) we have for ueL
a)H[)u <= sup

R .)((i), )

Hence by (1.14) we have a)H[)u]]g(/’)A)}U]], and therefore

i=l i=l

Theorem 2. Le$ HeS(,T) and FeT(p),
for any aoO we have the representation

FH--HF-- (-- 1)"
.,- a

H’(xF)+Ko
(2.2)

(xF)’Ho+

Q.E.D.

Then,

Proof. By (1.16) and (1.17) we have FH--HF=
k, (Fa--aF)H[ and by Lemma 3

Fa--aF ] (-- 1)"- a
.D;a? (x"F) +K(). I)+K().

It is easy to see
k

I[ ] (-- 1)

Corollary. If HeS(2, Ts) and r O, then HfHO.

for every l>Max[{(4k+n)r+p}/p, OJ with k-_ao/(2p)+lJ, where
H.eS(, T) defined by a(H,)(x, )--Da(H)(x, ) and K (i--1, 2) are

f order ao such that

N sup [Dgh(x, 5) l’supia(V)]
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If we estimate the operator norm II As’--,0h’cl)A" II <-- , ]] A’ Kc),o,A II by

(1.19), we get the first part of (2.2). The second part is obtained
from that of (1.18).

Now for HS(, T) we define H eS(2, T) by a(H)(x,)--a(H)(x,)
and for HI, H. e S(R, Ts) define H H. e S(R, Ts) by a(H H2) (x, 7)--
a(H1)(x, )" a(H)(x, ).

Theorem 3. i) He S(2, Ts)=>H* =-- H, ii) H, H. e S(2, T)
/-/ o/-/ =--HH2"--H.H, where H* means the adjoint operator of H.

Proof. i) Using (1.16) we can write H*--H[) where

are defined by H>($)--A>(($))($). 0n the other hnd

>H>. As PH>-H>C 6 T(N) for T(p), we hve by
=i

Lemma 3

(F())).-)([)F)
can write

C,. ,Dh’)(($)) ,()
where ,() satisfy (1.6) by (1.9), so that

F,,-,,eT(p-p[aI)T(p-p) for [a]#0.
Hence we have by (1.19)
(2.3) FH*--HF= C,HaF,,+K
where H S(, T) defined by a(H)(x, )--DDa(H)(x, ) and
F,,T(p--p). Considering F(H*--H*)--(FH*--H*F)+(H*F--FH),
we get from Theorem 2 and (2.3)

(2.4) F(H*--H) Hf+K
where H S(2, T) and F T(p-- p).

Let Fo T(0) such that Fo-- o* where o($) e C(E) such that
o()-1 for ]$]2, --0 for ]$gl. If K* is of order a0, K is of
order a. Hence we have by Lemma 2 and Corollary of Theorem 2

H’F--FoH*F+(1-- Fo)H*F FoH*F.
Applying (2.4) to Fo(H*--H*) we have Fo(H*--Ht)F-- H,F K’fro

j--1

where HeS(2, T), FeT(p--p) and K are of order a0. This com-
pletes the proof of i).

ii) Let H-- ,,"cc") and H-- ,,,,-c,)c,. Then, HoH--
i=i I’=i

l,i w2,i 1,i zz2,t

--k 1,i --l,iZ)l,i 2,i --l,i[kZl,i ]2,"
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and F(HzH--HoH)--(FHH.--HzoH,.F)+(HoHF--FHoH,.). This
shows that ii) is proved by the similar way as the proof of i).

Q.E.D.
Theorem 4. Let HeS(,T) and FeT(p), O<p<=p. Suppose

a(H)(x,)]>O in for an open set 9E. Then, for any

0<o<1 and compact set , there exists a constant C,o. such
that
(2.5)
for every u such as {($); Sesupp($)}.

Proof. Let {O(x)} be the partition of the unity such that
(2.6) O(x) C(,,.), (x)- 1,

g

where g--e/4 gO for lattice points g0 in (see [3). We define

H e S(2, T) by a(H)()-a(H)(g, ) which are the functions independent
of x. Take (v)eC(9) such that ()-1 on 8 and define a convolution

operator by Cu($)=(V($))(). Then u--u, if [($); S esupp ()}
Using (1.16) we have

] Hu]- E EE
g =1

a (g))H Fu]] Z o(x)(a?)(x)- )

(2.7) + {(O(x)a?(g))(H[)F)--(H[)F)(0(x)a)(g))}u

+gPOull [] I,+5,+gPull
g

g g g

In general, we have for a sequence {a} of complex numbers.
]a ]-] {(,+ 1) -... (,+ 1)-}{(,

(2.8)

D,a, and FOu-- Fu,As O(x)(a(x)--aU(g)) C Max]
we have by (1.14)

, D,a, . H[Fu]I ]]C’s (,+1) (,+1) Max
(2.9) .
Applying (2.8) and Lemma 4, we have
(2.1o) [[,l[c.,. i[u]l .

g

As supp Fu($) supp () 9, we have by assumption

HPu- (g)(())Fu()
{(--)]]Fu]l--: {()--(F)}u }.

Applying Lemma 4 again, we have by (2.6)
(2.11) E]]HFu(1-)llFu-e,:[[u].

g

If we fix such as (1--) (1-- o/2) and take such as 27Cn
o/2, we get (2.5). Q.E.D.
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Example. Let (m,m)=(m, m,...mn) be a real vector whose
elements are positive integers.

Setting a: tll l-a[ml-{-... -t"trn/mn, we consider a differential
operator of the form

L(t, x, D, D)= , a.(t, x)DD (a.(t, x)= 1)
/n+ la ml =1

where a,(t, x)e for fixed t [0, T], T>0, and are sufficiently dif-
ferentiable with respect to t in the topology of .

Min m/mSet2($)- Then, 2($) satisfies (1.4)for

and r=Maxm/m. The transformation T(s=n) is defined by

T’%($)--$2()-/, j-l,..., n. Then T satisfies (1.9), and for some
positive constants CC, we have
=the closure of {()=(($),..., ($)); SeE} {; C] ]C}.

If we define H()(t)S(2, T) (i=O,..., m) with t as a parameter by
a(H()(t))(x, )-- a,(t, x)(1 )ao() where a0() C:(E) such

i/m+a:m =1

that ao(V)=l on , we have formally for functions u(t, x)

L(t, x, Dt, D)u-- i e ’ L(t, , De, -- 1 )(t, ) d$

--,H,(t)A-,D’-
$=0

Furthermore we assume that L(t,,,/--1 ) is resolve into

L(t, x, , /-- 1 )- I- (+2(t, x, ))
j=l

where 2(t,x, ) are analytic in some complex neighborhood 9* of E.
Then we can take (/), ) _q)*(/*), ’) (i- 1,..., k) such that

k k

U -q)(/*, *), [.J -q)*(]"), *’) tg*, and a,(]) e C0((]*), ,)) such that
=1 {=i

()-- I on
=1

Now we consider H(t) e S(, T) defined by a(H(t)) (x, ])--
k, 2(t,x,i)a(]) and set Lo-l-I (Dt+H(t)4). Then we can prove
=1 j=l

II(L-Lo)ull<=C IlDA*ui], p0-Min [p, 1]
O<+a_m-o

by Theorems 1 and 2, if we consider A eT(1) instead of // where
is an operator of T(0) defined in the proof of Theorem 4 (see 4).

The example of T where s>n will be published later.
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