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150. A Note on Riemann’s Period Relation

By Kunihiko MATSUI
(Comm. by Kinjir6 KuNUGI, M.J.A., Nov. 12, 1964)

1. Let W Dbe a Riemann surface of infinite genus and 3 the
ideal boundary of W. First we consider the following classes of
dividing cycles on W,

DEFINITION 1. A dividing cycle C on W belongs to the class D,
of diml%ing cycles of order at most h when, for h>1, C can be written

as C=3 o, with some K<h where o, is a closed curve, and for any
k=1

1<K 0,0,_1, Gi41* 0 are homologously independent mod J. For
h=1 D, is the class of connected dividing curves.

DEFINITION 2. A dividing cycle on W belongs to the class T
(CD,) of dividing cycles of order h, when it is written as K=h in
Def. 1, i.e. 0;=9,—D,_,.

DEFINITION 8. Amn exhaustion of W by regular regions (F,) be-
longs to the class £, of semi canonical exhaustions of at most order
h, when it satisfies the following conditions:

(A) (i) It is an exhaustion in Noshiro’s semse, (cf. [6], p. 50).%
(ii) Denoting canonical partition Q of the set of the contours of F,

m(n; K(n,%)
(cf. [8]) by Q@F,)= 12)11 i ([ied,, I'i= kZ‘ oin, and ol is a closed
=1 =1

contour) there exist at least one Iy such that I';eD;.
(iii) ['ﬁ,fv; Ié., (i, T4,,6D,) being inner and outer boundary of a
component Fi of F,,,—F,, there is only one component of F,,,—F, .,
which is adjoined to F: along each I'%,,.
2. By using Lemma 5 in [2], slit method in [7], and Noshiro’s
graph in [6], we can prove easily the following
LemMmA 1. For h=>1, E,%x¢.
Let Di; be an annulus which satisfies the conditions:
(B) (i) Di includes of, and Di; is a closed annulus contained in
Fn+1'—'Fn—1'
(ii) DiNDgy=¢ if nxm or ixa or k8.
K(n,) m(n) ) )
We put Di= > Di, D,=>'D;, aD,=8,—a,. Let My, M., and
k=1 i=1
M, be the moduli of D, Di, and D, respectively. We consider a
harmonie function %, in D, which vanishes on «, and is equal to M,

on B, and the conjugate v, of w, satisfies f dv,=2r. Putting u-+iv
Pn

*  [p] means the p-th paper in References which are shown at the end of this paper.
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=u,+1v, +§M in each D,, we can map D= ZD by U+ onto a
strip domam O<u<R Z  0<V<2r (cf [4]) For jZM <’r<2 M,
we denote the level curve u=r by I',= ZF‘ (I'ied,) and put

L=( [ lol+lod), Lo)=2 1),

where wy, w,e ", (W). Then we can obtain the following lemma by
the same way as Lemma 1 in [4] was established.

LEMMA 2. If Z mm mln MY is divergent, there exists a sequence
=1

{ra} of level curves = r tendmg to 3 such that hm L(r,)=0.
REMARK. If we choose a suitable subsequence of {r.} we can
assume that (Fnj0F,;=7,,) belongs to &,.
DEFINITION 4. Such an exhaustion as mentioned above is called
an exhaustion associated with (F,) and w,, w,.
m(”)3. We suppose (F,)e&, and put F,, ,—F,= ZE‘ and F,,,—F,
=>1F; Next we are going to construct some famlly of curves on
eaci;.1 component E;} and F¢. Hereafter we put Ei=FE, Fi=F and

Q’@F):;i [ima, =3¢l (a,I"eD,, K,<h). 3.1)

v=1

We fix a point P/ on ¢/ and connect P/ and P7,, by two analytic
curves C/, C/¥, j=1, -+ N, v=1, ---K,—1, which satisfy the following
conditions (cf. condition (B)):

(C) (i) CF is in F—( E DINF), and C/¥ is in E—F— )
v, vl By, v41

DiN(E—F).

(ii) CP+C!%=C{ is a closed analytic curve with the orientation from

P? to P, in F.

(iii) C/NCi;=¢, for axJ or Bxv.

We cut E along C/ (for fixed j and v), and denote by G the cut
surface and by C/ the new boundary that corresponds to the left side
of C’ with respect to its orientation, and by C/’ the other side. Let
%) be a harmonic function on G jwhich vanishes on €7, is equal to 1
ouy __

then we
on

on C/, and normal derivativ
can get (cf. [3])

LEMMA 3. f duri= f dur?=21,(C, G = 1,(C?),
ol

u,=p

where duX is a congugate harmonic differential of dui, (C?, C") a
Family of curves that divide C/ from €7 on G, (C)) a family of
curves that are homologous to C? in E, and 1,(C?, C/%) is the extremal
length of the family (C?, C/%) on G.
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With these preparations we consider the integral of |w,|, |
along the curve Ci(p)|ui=p, where w, w,cI',(W). Since ui+iu} is
considered as a uniformizer on G, we can put w,=a,dul+b,dur’.

Then we get from Lemma 3 by the Schwarz’s inequality

2
@e=( [ lol+lod) <225(CH [ (il +ldu’
ol LHO)
Hence if 1;(C))<A for j=1, ---N, v=1, ---K,—1, we get

[ 23 @oyde= [ Mpdp<2aNM(oli+HolD). (32

0 0
We denote A, N, M'(p) with respect to a component E; by A,
N;, and M}i(p). If Ai<A,, Ni<N, for all i, we get

1 m(n) 1
[ X Moo= [ Mi0)dp<24,Nh(losllbns-5,+ 01l lons-2). (33)
0

0

DEFINITION 5. Above mentioned curve Ci(p) is called a p-cycle
wn E, whose orientation 1is coherent to that of CJ. (C?) is called a
C-cycle family in E.

Let (W,) be an exhaustion associated with (Fy,.,) and o, o,
then we have the following statements:
(H) For each g there corresponds an integer n, uniquely such that
each component of dW, is homologous to a corresponding component
of 0Fy,,.;, and when, for simplicity, we put Fy, =F;, F;, ..=Fj,.,,
Foppe=Fg,.; we get F{,CW,CF},,, Fi, ;CFi, (cf. Defs. 3 and 4).
(J) If lim A,N,<constant K, for large x# we get from (3.3)

1 m(8p)

1
> Moo= [ M) <ARR(|01ll 55, Fll ol i, 0o 57

0
where m(8y)=m(3n,). ’
Hence we get

1
lim f M(0)dp=0, (3.4)
p—rc0 A

so there is a subsequence {z,} such that for almost everywhere on
[0,1] (ct. [87) ,
lim M} (0)=0. (8.5)
p—0
We will make a new exhaustion from (W,) which will be called the
special canonical exhaustion associated with (F,.,) and oy, w,eI",(W).
Let (W,) be an exhaustion which satisfies (3.5), then for fixed
we can choose a positive number 6, such that for all values of p
(0<p<3d,) each p-cycle C¥(p) in each component E=E! of Fy,,,—F},
is disjoint with 0E, D g=j or kv, v+1 and Cip) a=j or B=v
(ef. (B), (C)). Therefore for a fixed # and p, (0<p,<3d,), CHp)NF
includes a connected simple curve S/(p,) which satisfies S?(o,) o0

and Sj(p,)N oY >¢, where FF=F, is a component of W,—F}, such



700 K. MATsul [Vol. 40,

K;

that ENFx4, and Q@OF)=3I"'—a, T"'=3" o (cf. (3.1)).

DEFINITION 6. S¥(p,) is called a p,-half cycle in F with respect
to E.

From our construction S¥(o,) has following properties:
(P) S¥(o,) does not intersect each other, v=1,2,..-K,~1, j=1,2,---N.
(Q) Cutting F along Si(p,), v=1,---K,—1, j=1,---N, and denoting
the cut surface by G”, we get Q'(0G")=>" f'—a, where acD, and
B'€®D, is a connected piecewise analytic curve with a finite number
of corners.

(R) Me)=3 3 ( [ o +lod)'<ahdr o)
s3co

Denoting M(p,) with respect to F; by Mj(o,), we get
m(3p)
Mo)= 2 My(o)<4h*M(p,)  (cf. (3.5)).

Therefore by the diagonal method
lim M,(p,)=0. (3.6)
We colleet the results in the following Lemma 4.
LEMMA 4. Let W be an open Riemann surface of infinite genus
and (F,) be an exhaustion which belongs to £,, and for each m we put

X (myn m(n) Ny,
N;<Nn’ where Q(aFn)z 2 [y:l! Q(aFn+l)= 2 2 F:'j“‘l (3 7)
i=1 i=1 j=1 ¢ ‘
I'i~S T'%.,eD, absolutely
If we assume that
(i) > min m}fn M}, is divergent.
[ —_
(ii) The extremal length of C-cycles in each component of F,,,—F,
are less than A,, and lim A,N, is finite.
Then we have the following conclusions:

(1) There exists a sequence of the level curves {r,|u=r,} tending to
& such that lim L(r,)=0, and the exhaustion (W, |0 W,=7.,} is associated

s
with (Fiy,,1)€&, and w,, wy€ [y W).
(2) There exists a sequence of positive numbers {p,} such that for
01, 036 (W) im (1)

lim 1,(0,)=0. (36)

We cut W, along all p,-half cycles in each component of W,— Fy,,
then we can get a new canonical exhaustion (W), and each component
of oW, is a dividing cycle consisting of piecewise analytic curves.

DEFINITION 7. Above mentioned exhaustion (W/) is called the
special canonical exhaustion associated with (Fy,, ;) and w,, @ye [y W).

4. Let W be an arbitrary Riemann surface and (F,) be an ex-
haustion of W. Then there exists on F, a canonical homology basis
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such that A,, B,, A,, B,, ---4,, B, form a canonical basis mod oF’,
and A,XB,=d§, A, XA,=B,XB;=0 (cf. [2]). We denote such a
basis by H. B. (F,).

THEOREM 1. Let W be a Riemann surface which satisfies the
conditions of Lemma 4, then for w,, w,elw.(W) there exists a special
canonical exhaustion (W)) and an H.B. (W)) such that Riemann’s
bilinear relation holds.

PRrRoOOF. At first we shall take (W) associated with (F},,;) and
@y, @€y (W) (cf. Lemma 4 and Def. 7). Next let S(p,) be a p,-
half eycle on aW’ (cf. Defs. 6, 7, and Lemma 4). Then we can get

(@, ‘U?)W;-— <f(01fwz fwsz1>+(w1; @3 —(TW wz)* )W

where a,= f wy, b= f wy Tw wz—zb o’ (Ai) ;0w (B,), with repro-

ducing dlfferentlals oW '(4)), ow/(B;) on W] associated with cycles 4,
resp. B,. By the theorem in [1]

(@ 6 —(Tw o), = | w()a,
aw;
where u(p) is a function defined separately on each component of
ow.. If we put (cf (3.7)),

m’(p Nfl
Q0or)="5rs aewy="S¥ s, aemy="55

=1 j=

5 [ 1ol [ o
’ 4 14

then, since o, wzthse(W), we have

| [ wtora| <] [ ww|<
Wi
aw’ 't
Therefore by Lemma 4 we can obtain
(@, 02 ~(Tww) <SS [ ol [ on] <20+ + M o) 0.
lij I"ij

COROLLARY 1. If we put h= 1 Theorem 1 reduces to Theorem
1 i [4].

LEMMA 5. Under the conditions of Lemma 4, there exists an
exhaustion (W,)e&, such that the Riemann’s bilinear relation holds
Jor @y, wye My (W) where w, should satisfy the following conditions,

(1) Hm | T odlyr<eo, G ST, snllbns 5. < 0, where a,= f oz

= f wy T wz_Zb o(A)—a,;a(B,) with reproducing dzﬁewntwls

a(A) o(B,) on W associated with cycles A, B, respectively, and
{A, B}=H.B.(F,).
Proor. We put
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~ \ 2 ~ mm) .
Lo)=( [ lod+Hlod+IT,0 ), Lur= "2 Litr),
1.,1 i=1
L= for ";"Mj<r<z:} M, (cf. Lemma 2),
~ 2 ~ ~
W) =3 ([ lonl+lod+Twodl), S Ho) =T, 0.
’ B
Then by the same way as in Lemma 4, we can get for
@y, 036 My W) a sequence {7,/u=r,} tending to I such that lim I(r,)=
0, and lim #,(p,)=0. Therefore ’
/‘-)00

(@1, 0F)=(0y, 0F —(T,05)* ), + (@1, 0F = (T,02)*)i-w,+ (01, (T,05)*).
But (@, o —(Tﬂw2)*)W—W,4l<“wl”W—W,,(”wIHW—W,,'I'”TﬂwzllW- W,.) —0.
(@, oF _(prz)*)w,,l =|(w;, 0F —(prz)*)w; | < c,(f’(r#)+ﬂ#(p#)) —0.
Consequently (04, 0¥F)=1im (wy, (T, @:)*). Q.E.D.
proo

THEOREM 2. If W satisfies the conditions of Lemma 4, the
Riemann’s bilinear relation holds for w,, w,eI'n (W), where the one
has only a finite number of mon vanishing periods.

REMARK. This is analogous to Theorem 2 in [4], but we have
much more freedom for the choice of the homology basis though our
surfaces are more restricted than theirs.

REMARK. If WeOy and satisfies the conditions of Lemma 4,
Theorem 2 reduces to Theorem 7 in [5].
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