
No. 1 29

6. On Hahn.Banach Type Extension Theorem
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Recently, M. Antonovski, V. Boltjanski and T. Sarimsakov [1
introduced an important concept named topological semifield. The
concept is quite useful for the discussion of functional analysis. In
this short Note, we shall prove a Hahn-Banach type theorem.

Let X be a linear space on the real field, E a topological semifield.
Suppose that a functional f(x) on X takes on the value in E, then
we can consider the homogeneous functional, i.e. f(rx)=f(x) or
real . As proved in ([1, p. 24), E contains the real field R as a
subsemifield, therefore f(x) has the meaning in E. Hence additive and
homogeneous functionals on a linear space are well-defined. Similarly,
we can consider a functional p(x) satisfying the following conditions:
( ) + y) << +
(2) p(ax)=ap(x) for a>0,
where the symbol << means the order in E (see [lJ, p. 7).

We prove the following fundamental theorem which is similar
with Hahn-Banach theorem.

Theorem. Let p(x) be a functional on X satisfying the condi-
tions (1) and (2), f(x) a linear functional defined on a linear sub-
space Xo of X. If f(x)<<p(x) on Xo, then f(x) has a linear extension
F(x) on X satisfying F(x)<<p(x) on X.

Proof. Let X- Xo:/: , and take an element Xo e X- Xo, then
each element x of the linear subspace XI= [Xo, Xo generated by Xo
and Xo is uniquely represented in the form of x=aXo+X’(x’eXo).
If x’, x"e Xo, then we have

f(x’) +f(x")--f(x’+ x") p((Xo+ X’) / (- Xo+ X"))
<< p(Xo+ x’) +p(- Xo+ x").

Hence we have
f(x")- p(- Xo+ x") << f(x’) + p(Xo+ x’).

Elements x’, x" are arbitrary in Xo and then, by the result in ([1,
p. 10). we obtain

m= sup. (f(x")-p(-Xo+X")) inf. (-f(x’)+p(Xo+X’))=M,
X X

where m, M are contained in E. Therefore, we can take an element
$ in E such that m<<<<M. Define f(x) as

for x= aXo+ x’(x’ e Xo). The functional f(x) is clearly additive and
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homogeneous on X. Hence f is a linear extension of f. Let >0.,
then, by properties of topological semifield,

f(x)--a+f(x’) <aM+f(x’)

-f(x’)+p(aXo+x’) +f(x’)- p(axo+ x’).
This shows f(x)<<p(x) for a>O. Similarly we have f(x)<<p(x) for
a<O. Hence f(x)<ip(x) on X. By Zorn’s lemma, we can extend
f on the whole X. We complete the proof.
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