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150. On Indefinite (E. R.)-Integrals. 11

By Kumiko FuJiTA
(Comm, by Kinjird KUNUGI, M.J.A., Oct. 12, 1965)

§3. Now, let us prove the following main theorem.
Theorem. If f(x) is D-integrable in I,=[a, b], there exists a
measure ¥ such that f(x) has a indefinite (E.R. v)-integral, (E.R. v)

S”f(t)dt, and (E.R. v) S”f(t)dt:(g)) S F)dt for all we I,

’ Proof. We may clgarly assume that Sf(x)=0 for all x e C(1). If
the function f(x) is summable on [, we have (E.R. v) Sxf(t)dt=
S“f(t)dt:(.@) S F()dt for every measure v which fulfils condition 1)
and 2%) [11.

Next, we shall consider the case in which f(x) is not summable.
Let f(x) be a function which is D-integrable but not summable on
I,. Then, there exists, by the lemma, a non-decreasing sequence of

closed sets {F)} such that (i) G F,=1, (ii) f(x) is summable on F),
1=1
(i) |F)— S ) fl@)dx | <27 for every interval ICI,, (¢))]
Finr

(iv) jZ;il FJHl <2 (2)
for the sequence of intervals {Ji} contiguous to the closed set which

consists of all points of F, and end points of I,.
Since f(x) is by hypothesis, not summable, we may assume that

[ @izt =123
Fi—Fp

(we regard F, as empty). 3)

On account of this and summability of f(x) on F,, we find, for

every l, a measurable set H;,CF, such that f(z)>f(«") for every
xe H; and «’ € F,—H,, and

|, 1f(@) | =27, @
Writing 0,= mes H,, we see at once that

mes (F,—F,_)>0,, (5)

0> 0144, (6)

mes (E) <3, implies SE‘ F(@) | dw<2™! )

for every measurable set ECFY.
Let h, and %k, be integers such that
(hy—1)0,< mes (F;—F,—1)<h0,, ®
2k710,4,<0, < 2"y, . 9



692 K. Fujita [Vol. 41,

Then, k;, and k, are uniquely determined and we have, by (5) and
(6), h;>2 and k;>1. Hence there exists, for each n, a integer I(n) such

(n

l(n)—1 1(n) -
that >} (h+k)<n<3)(u+k). Writing m(n):n—ll)zl (hi+ky),

we have
(n)

I(n)—1
n= 2 (B +E)+m(n), L<m(n) <hip+ K. (10)
Let a=al< -« < ar<art’< «- - <aM™=b be a sequence such
that
mes (F,—F,_))/h; when 1<m<h,—1
mes (F,— F,_;)/h;-20m~M+D
when h,<m<h,+k,—1 (11)
mes (F,—F,_,)/h,-27"
when m=nh,+k;.
Writing Ey=(—c0, a) U (b, + ), E,={Fi,— Fim_}N (@™, a'™]
for n>1, we have E,N E, =¢ for n+#n’ and DlE'nz 101 (F,—F,_)—{a}=

I,—{a}. Hence, if we define a measure v by the relation v(&)=

mes (F,—F)_))
Nlar™ aft]=

§2~" mes (KN E,) for every measurable set E, v(F) is a measure
n=0

which fulfills the conditions 1*) and 2*).
Now we shall show that the sequence V{(e,, A,:f,) wWhich defined
by the relations that
&, =( L] +127'™

A= UEU(==,alUG, =)
¥ _{f(x) for xe€ A,
Lo for xe C(4,)
is canchy sequence converge to f(x).
It is easily seen that ¢, |0 and that A, is a non-decreasing
sequence of closed sets such that D A,=(—o0, ), It follows that
n=1
V(emAn;fn)D(sn+1’ Au+1; fn+1) and f(x) € V(8n9 An:f'n) for every n. On
account of (11), (8), and (6), we have
VAD= STuE)= 3] 27 mes (E)< 3] 270,
t=n+1 i=n+1 i=n+1
=270y <En for every n.
Since y(B)>2"mes (B) for every BCA,, v(B)<v(C(4,)) implies
mes (BN A4,)<2»(B)<2"-27"+ 0y, =0;y» Hence, by (7), we have, for
every measurable set B

¥(B)<¥(C(4,)) implies SB | (@) | dow

=§ | @) | do<2mi <,
BNA4,
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It is easily seen that v(E,,ﬂ)z%v(En). It follows that v(C(4,+.)>

v(EnH)z%v(EnH). Hence, we have, for every m,

V(c(A,)) =Y(c(A, 1)) + V(B s1) V(0(A,1))
+4v(c(4,41)) =5v(c(A,11)).

Finally, we shall show that S fau(@)dx tend to F'(I) for every interval
I
IcI,. Let I=[«,x,] be a interval contained in I, and let I=I(n),

m=m(n). Then, writing I,=IN[wa,ar], L=IN[a%, b], we have
ANI=F,NI)U(F,_.N1,). Hence we have, by (1),

F- | fwde| < | FO)— | fwida
I ILnr;
+ ‘F(Iz)~ S f(x)dx’ <9-l4o-U-n_3.97,
INFy—1
Since lim I(n)=0, S fo(@)dx tend to F(I) for every interval ICI,.
Nn—r00 I
This complete the proof.

Corollary, If f,(x) is D-integrable on I,=[a, b], there exists a
measure ¥ and a cauchy sequence V(e,, 4,; f.) € C(f;v) such that

(i) A, is a non- decreasmg sequence of closed sets such that U A,=
(— o0, o), (ii) >_| H fnz(x)dx‘ <e,, for every n, and n,, where {Li}
i=1
1

is the sequence of intervals contiguous to A

(i) @[, f@yda— | r@s| <e,
for every interval ICI,.

Proof. Taking ¢,=(28+ |[,[)-27'™ and taking A,, f., l(n),
m(n), F, ete. as in the previous theorem, we need only prove that
Vie., A,: f,) fulfills second condition. On account of (1), we have,
for every interval J contained in some J7,

| F(J) | <27'. (12)

nyy

It follows at once that,

I, s | <zt a3

for every interval J contained in some JJ and for every ! and ['.
For every I'>1, being

|, f@da=FUH— = FUD,

yr:3d,crl)
we have

oo

S SJ le(w)dx‘ <o, (14)

=1
Now, let n,>n,, l,=l(n,), m=m(n,), a=ar+ (k=1,2) and let ¢,[d,]
be the nearest point of A,N[a,a,J[AN[a, b]] to @, respectively
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(k=1,2). Then (¢, d;) and (c, d,) are contained in some Jii_, and
Jjz, respectively. Hence we have, by (13) and (14),
S S Sifds|< 5 [, faua
n Ty

=1 (a:1t nyCleseall

+ 3 |l fwde || f@ds)
(1;12,1c[d2,b]) I NPy log.aglNFy,
[ fos| < 5 |[ fadsl
lag.dalnFy, 4 u:.r{lc[a,ol]} 131“‘“:2
+ s L e+ H f(x)dx‘
{j:J{l_lc[dl,b]) T,-10Fg, ley,dgINFy,
+ 2 |, fwaer s f(x)dx{
u:.ﬂllc[a,c,]) i 2L 701 3] _yClop,]) T =10 F

S(x)dx | + Sflx)dw \

\ S[cpdﬂnl"lz_l S[cg,da]nl"lz

i fla)dz| <28-271<e,,
[ag,dgl nFla—l

for every n,>mn,. When n,<n,
S Sl <{. 150 a0,

This complete the proof.
Example. We shall consider a function which has A-integral

and 9D-integral on I, but (A)SJr f(x)dw;ﬁ(@)S flx)dx. And we shall
0 Iy

construct a measure v such that (E.R. v)s f(x)dm=(@)§ flx)dx for
I I
every interval IcI,.

Let
24%—8/4n_3 for xe [2—4n+8+2—'2fn+2’ 2—4n+5+2—2n+2)
_ 24n—1/4,n_1 for x ¢ [2—4n+1+2—2n+2’ Q—4n-+3 +2—-2n+2)
f(w)"“ _22“'/2% for xe [2-—4n+1+2—2n’ 2*—4n+1+2—2n+2)

0 for xe(—o,0JU[3, +o0).
Then it is easily seen that

(D) S F@yde="2 log 2

(A) S F(@)de=3 log 2.

Next we shall consider (E.R. v) integral. Let {F}} be the non-
decreasing sequence of slosed sets such that F,=(—o0,0)U[274++27%,
+00). Then, applying the same method as in the theorem, we have
asequence 0=a}itfi< + o0 <aPPI<AP < o o0 <@F< 27442784 for every
1, and we have A,=(—o, 0]U[max (27%+27%, a}") , + o) for every n,
l=Il(n) and m=m(n). It follows at once that
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lim S: fuw)dn= lim SA f@)do=lim Sif(x)dx:(.@) S” f(@)de.

n—00
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