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In his paper [2], R. M. Friedberg proved that a degree of
recursive unsolvability a is complete if and only if @ = 0'. The aim
of this note is to prove the following: for each degree a, there exist
nfinitely many independent degrees b, b,, +-+, b,, -+ whose com-
pletion are a tf and only if a=0". This will be shown as a
corollary to the following.

Theorem. For each degree a, there exist infinitely many
degrees by, b,, -++, b,, +-+ such that:

1) b,b, --,b,, -+ are independent,
(2) bi=b\J0=alJo’ for i=0,1,---, m, --

Let a(x) be a function of degree a. We shall construct a function
AxifB(x, 7) such that 2xAB(x, )(=pB,(x)) is not recursive in AxzB(x, 2+
89((z+1)~1))(=pB(x, 2)) and satisfies (2). And let b; be the degree
of Bi(x). As in [1], 2xiB(x, 1) is constructed by defining inductively
functions 4(s) and v(s) such that

B, ©)=(¥(8)),,; for each xz<y(s) and each 7<v(s).

1. First, we shall define a recursive predicate comp (s,, s,) and

function ¢(e, v) of degree 0’ as follows:
ComD (8, 82) = (Uy)u, <antop(Ue)uy<in oy (Wo)ug<min(intsp,ihtsy)
(804, %0 & (8)u, 70 & (81)u,=(82)u, ],
¢s(T'(s, e,6) & comp (s, v))
p(e, v)= if (Es)(Ti'(s, e, ¢) & comp (s, v)),
0 otherwise,
where T,( [] pi™*', e, x)=T (e, x, ).

U<
Now, Wg shall define the functions v(s) and «4r(s) simultaneously
by the induction on the number s, and put B(x, ¢)=(y(s)),,; for each
x<y(s) and each 7<y(s).
Stage §=0.

v(0)=0,
¥(0)=1.
Stage s+1.

Case 1: (Ey)T(B“(y, ), (s),, ¥(s), ¥).
This means that

(EY)ED)[D#0 & (1)iy((0):#0) & (D)ics(9)i<n((0):,;<2) &
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(’i)i<v(s)(j)j<v(s)*sa(v(s)*(s)o)((b)i».i:("//\(s))i,j+sg((j+1)*(s)o)) & T30, (s)., v(s), ¥)].
If we put £=2v.3, this is in the form
(Bx)R(s, v(s), ¥(s), @)
where R is recursive predicate.
We define the functions as follows:
&(s) = paR(s, v(s), ¥(s), ®).
Y(s+1)= max (¥(s)+2, (s)y+1, &(s)+1)
and
Y(s+D)=pt[t#0 & ()icui40((8):i7#0) &
(B)i<s)(Di<uo((®)i,i=(¥(8))i,5) &
(7:)'5<(E(s))o(j)ﬁ(f(s))o((t)i,j+sy((j+1)-'-(s)o):((E(s))l)i,i) &
((O)vir,in,=89(U((E(S))))) &

(Dicvisrn(Bimy+ni=a(s))].
Case 2: otherwise.

M(s+1)=1(s) +2,
q/"(s_i_l):"!f(s)'pu(s)’pv(s)+1 exp (H p?(s)).

J<v(s+1)

We set
,8((1/', 1’):(“/’\(3_!"1))%1»
for each x<v(s+1) and each 1<y(s+1).
2. We shall prove (1). For each ¢, we consider numbers s such
that (s),=¢. If Case 1 holds, then
BE(S), )= (38 +1)ui0,0,=89(U(E(S)),).
Thus, for each e=(s),, ~
B:i¥(s)) = Uy Ti(B(y, v), e, ¥(3), ¥)).
If Case 2 holds, then
Ey)TB (Y, v), (8)1, V(8), ).
Then, we obtain
Bi(x) is not recursive in S'(x) for all <.
That is, by, b, +-+, b,, -+ are independent,
3. Now, we shall prove (2). By the definition of ¢ and «, it
is easily see that
(1) (@OLEYTI(B:(Y), e, 6)——>¢(6,j<1'[ DY) #0],

v(e+1)
(i) (e)(@W)Lg(e, II ) ¥ @540
Jj<v(e+
——-)Tf'i(e, e, lh(¢(3, H p}’&"(e))j,i+1))):|.
j<v(e+1)

From (i) and (ii), we obtain
() [(Ey) TH(B:(y), ¢, e)=g(e, < [1 pf¥eni=0].

v(e+1)
Therefore,
(iii) b;=alJo’ for each 1,
because ¢ is recursive in a function of degree alJo0'.
On the other hand, we have
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(x)(i)(u)u>max(w+1,i) [oz(x) = (“ﬁ(u + 1))v(m)+1,i: ,8(1)(37) + 1’ ?’)

=B (v(x)+1)].
Since vy is recursive in a function of degree 0’,
@iv) a=b;,Jo’ for each 1,
whieh implies
(v) alyo’'=b6,Uo’ for each 1.
Since b;=0’, we have
(vi) b0’ =b; for each 4.
Thus, by (iii), (v), and (vi), we obtain,
bi=alyo0’'=b;,lyo’' <b;,
that is,

b;=alJ0’'=>b,J0’ for each <.

4, Corollary, For each degree a, there exist infinitely many
independent degrees by, by, +++, b,, -++ whose completion are a if
and only if a=0'.

Proof. Apply our theorem with a=0". Then we obtain infini-
tely many independent degrees b,, b, +++, b,, - -+ such that bj=alJ0’
for each 4. Since a=0’, we have

b.=a for each <.
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