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1. The definition of a bounded set and its properties. Let
E be a linear ranked space, by which name we mean a linear space
where B, are defined and satisfy axioms (A), (B), (a), (b), (1), (2), (3),"

Definition 1. A subset B in E is called bounded if, for arbitrary
n, there is an m, m>mn, and a Ve B, which absorbs B.

Evidently the subset of a bounded set is also bounded. A set
consisting of only one point is bounded (cf. axiom (3)).

The linear sum and the union of bounded sets are bounded, too.
In fact, let A and B be bounded. For arbitrary %, we can choose
an M such that, if 2>M, p>M, then ¢(2, t)>n. Since A and B
are bounded, there are m,>M, m,>M, V,€¢%, , V,€%,, and p,>0,
0.>0 with 0, ACV,, o, BCV,. Let p=min. (0, 0,). Then

o(A+B)C V. + V,, o(AUB) SV, UV,CV,+V,.
Applying (1) for V,, V,, E, there exist an m>¢(m,, m,), a Ve B, such
that V,+V,ZV. Thus we get an m>n and a Ve 8B, which absor-
bs A+B and AU B, and therefore they are bounded.

From the properties just proved, it follows that a finite set is
bounded.

Proposition 1. If {limx,}+#¢, then the set {x,} is bounded
(i.e. the convergent sequence makes a bounded set).

Proof. We may assume {lim «,}20. In fact, {lim «,}o2 is
equivalent to {lim(x,—x)}>0. If we show that {x,—«} is bounded,
we can assert that {x,}={x,—x}+{x}, a linear sum of two bounded
sets, is bounded. Let {limx,} 0. Then there exists a sequence {V,}
such that

V.e Egan, &, T oo, V.2 Vn+1y T, € Vn(n:]-’ 2: . '-)
For arbitrary given N, we can choose an n, such that,
é(m, a,)>=N for m>n,, n>n,.
Let us denote the set {x,} by A4, and let A=A, U A4,, where A={x,; 1
<n<mn,—1}, A,={z,; n>n,}. Then, A,CV,. On the other hand,
since A, is finite and therefore bounded, there is an m>n, a Ve,
and a 0>0 with oA4,C V.
Let o'=min. (0,1). Then, pA=0"(A,UA)S VUV, SV+V,,.

1) M. Washihara: On ranked spaces and linearity. Proc. Japan Acad., 43,
584-589 (1967).
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Applying axiom (1) for V, V,, E, we get an n>¢(m, a,) and
a We®, such that V4V, cW. Thus we have an n>N and a
W e B, which absorbs A. Our assertion is proved.

Now, we introduce one new axiom.

(x,) If both Ue®B, and VeB, absorbs a set B, there exists
an [>max.(m,n), and a We B, which is included in U, V, and
absorbs B.

As is easily seen, if F satisfies (x),” (x,) is also fulfilled.

Proposition 2. When E satisfies (x,), for any bounded sequence
{x,} and for any sequence {e,} with ¢,—0, we have {lime,x,} > 0.

Proof. Let A={x,}. Since A is bounded, there is an %,>1,
a V,e®, and a o,>0 with pACV,.

Next, we can find an %,>n, a V:e®,, and a 0;>0 with
P:AC Vi On account of (x), there is an m,>uj,a V,e%B,, with
V.cV.nVi, and a p,>0 such that 0, ACV,.

Continuing this process, we get sequences {n;}, {V}, {0;} such that

N <Miyy; Vi €8, Vid Viy; 0.0, 0,AC V.
Since lim ¢,=0, we can choose a sequence {N,} such that,
N;<N;;le, | <o; for n>N,(¢=1,2, ---),

Now, let «,=n;, U,=V, when N,;<n<N,,(1=0,1,2, ...), where
N,=1,7,=0, V,=E. Then, U,e%, ,U,2U,,a,] .

Moreover, since |¢,|<p; for n>N;,

E,2, € §, A= ;” (0:4) < En V.c V..

Therefore ¢,x, € U,. Thus we have {lime,x,}30.

Examples. In preceding paper, we gave three examples of
linear ranked spaces; countably normed space @, its dual ¢,
Schwartz’s space ©. Now, let us show that in these spaces bound-
edness is equivalent to usual one, and the condition (x,) is valid.

Let B be a bounded set in our sense in the space @. Then,
for each n, there is an m>mn, and a 0>0 such that oBCw(m;0).
(Note that 9B, contains only one set w(m;0).) Hence, for every

goeB,||<p|ln£H(pllm<i,i.e.sup.HgoHB<oo. Conversely, if for
pm @EB

each =, sup. || ¢|[,<oo, B is bounded in our sense.
PEB

Analogously, it is easily verified that a subset B in ® is bounded
if and only if the conditions,

1) there exists some K such that car. o[ —K, K] for every
@€ B,

2) for each =, %Ié.g sup. | o™ (x) | <oo (n=0,1,2, --.), are ful-

2) M. Washihara: loe. cit.
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filled. (Note that, in D, a neighbourhood of 0 with rank % has the
form w(n, K;0)={peD; car. o[ — K, K], max. sup. | () | <i}).
0<j<n—1w n
Finally, a subset B in @ is bounded if and only if, for some p,
Bc @), and sflép [| fFll,<oco. In fact, the boundedness of B implies
B
that for some #>1 and for some p, v(n, p; 0) absorbs B. Therefore,

there is a p>0 such that, for every f in B,llpf||;<i, namely,
"

sup. || 1< J* Conversely, if sup. || f||><co, B can be absorbed
FEB ‘0/}’1, FEB

by v(n, p; 0) for any .
We know that both @ and D satisfy the condition (), consequently
the condition (*,), too. To prove that (x,) holds in @', let
U=1v(m, p; 0), V="2(n, ¢; 0), 0,>0, 0,>0, 0,BC U, 0,BC V.
We may assume n>m. Now, if p>q, then VC U, and therefore
we can take V itself as W. On the other hand, if p<q, letting

W =wv(n, p; 0),0= ”201 , we have WeB,, WCUNV. In addition, for

feB, since p.feU, || ofl< - consequently [|pfl<-L =1,

mo,
i.e. pfe W. Hence, pBC W. Thus our assertion is proved.

2. The continuity and the boundedness of linear functionals.
Definition 2. A linear functional f on a linear ranked space E is
called continuous if {lim x,} 3 0 implies lim f(x,)=0. f is called bounded
if for any bounded set B in E, sup. | fw) | <oo.

Proposition 3. Let E satisfy the condition (x,). If a linear
functional f on K is continuous, f is bounded.

Proof. Suppose that f is not bounded. There exists a bounded
set B such that sup. | f(w)|=0c0. We can find a sequence {,} in B

with | f(wn)|>n(n 1 2,.++). From Proposition 2, {hm 1 xn} 50, while
"
fl==w,)-40. Hence f is not continuous.
n

The converse of this proposition is valid if E satisfies following
condition:

(4) There exists a non-negative function yx(2, y) defined for
2>0, #>1, and the following holds; if Ue%,, Ve®B,, UCV, and
m>y(n, k), then kUC V. To prove this, we need following lemma.

Lemma. Let E satisfy (4). If {limx,} 20, there exists a se-
quence of positive numbers {M,} such that M, | oo, and {lim M,x,} 3 0.

Proof. From hypothesis there is a sequence {V,} such that

Vn € %a%y Vng Vn+1y «, T 0, X, € V
First, we choose an n,>1, such that «, >y(a, 2), a,<y(@,, 2).
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(This is possible because hm y(a,, 2)=cc.) Since V, € B*,, V,eB,,
V.SV, from (4), we have 2v,c V.

Applying axiom (2) for U=V,, V=V, a=2, there is a 5,
>v(a,, 2) (consequently, 8,>a,), and a W, e B, with 2V, CW,C V..

Next, we choose an #,>mn,, such that anz_x(a,,,l, 2), Bl<qp(an2, 4).
From (4), 2V,,CV,,, and therefore 4V,,c2V, C W,. Applying again
axiom (2) for U= Vnz, V=W, a=4, there is a By = (s, 4) (conse-
quently, 8,>#,), and a W,e B, with 4V, C W,CW..

Continuing this process, we get sequences {n}, {8}, {W.} such
that

N <My, Bi<Bir; Wie By, WD Wiy 2iVni§ Wi(i=0,1,2,--..)

where n,=1, By=a,, W,=V,.

Let v,=8;, U,=W,;, M,=2' when n,<n<n;,(t=0,1,2,.--.)
Then,

Un € %yn, UnQ Un+19 Va T o, Mnxn € Un(nzly 2: . ")

Hence {lim M,x,} 0, while M, | co. Thus our assertion is proved.

Now, suppose that f is not continuous. Then there exists a
sequence {x,} such that {limz,}20, f(,)-40. Without loss of gen-
erality we can suppose that | f(x,)|>1. From the lemma just proved,
there is a sequence {M,} such that M, | co, {lim M,x,}50. From
Proposition 1, {M,x,} is bounded, while, | f(M,x,)|> M, and therefore
sup. | f(M,x,)|=co. Hence f is not bounded.

Thus, following proposition is proved.
Proposition 4. Let E satisfy (4). If a linear functional f on
E 1s bounded, f is continuous.
We know that (x,) holds in @, ®, @’. Let us prove that in these
spaces (4) also holds. In any case, we may take X(2, p)=2p.
First, let U=v(m;0), V=v(n;0) and UCV,m>nk. Then for
each o U
I Koll<|| Ko ll.< K<L
m - n
therefore kpe V. Hence kUC V. Thus (4) holds in @.
Next, let U=wv(m, K; 0), V=v(n, L; 0), and UCV, m>nk. Then,
necessarily, K<L. It is easily verified that *UCV. Thus D
satisfies (4), too.

Finally, let U=wv(m, p;0), V=wv(n,q;0), and UZV, m>nk.
Since UCV,p<q. If feU, then ||kf|;<I||kf],< W<l’ conse-

quently, kfe V. Hence kUCV. Thus @ also satisfies (4).



