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160. A Characterization of Lukasiewiczian Algebra. 1

By Corneliu O. SICOE
Calculus Centre of the Bucharest University

(Comm. by Kinjiré6 KUNUGI, M.J.A., Oct. 12, 1967)

In his papers [1], [2], using an algebraic technique, Prof. K.
Iséki gave a characterisation of Boolean algebra. In this paper, I
shall give a characterization of three-valued Lukasiewicz algebras,
which were introduced by Prof. Gr. C. Moisil [3] as models for
J. Lukasiewicz three-valued propositional calculus [4].

A L-algebra is a system <{X, 0, *, ~> where 0 is an element of
a set X, x is a binary operation and ~ is a unary operation on X
such that the axioms given below hold. We write x<y for xxy=0,
and 2=y for x<y and y<x.

L1) rxy<w,

L2) (xxy)*x(x*x2)<2*Y,

L3) rx(xx(Zx(2*Y))<zx(2* (¥y*(y*2x))),
L4) (xx2)x ((wx2)* (Y*2) < (y*2)x(y*x),
L5) r<Lax(~x*x),

Ls) T (% ~2) < ~(Y*(Y* ~Y))),

L) Tk ~Y<yYk ~a,

L8) ~ERYL ~Y*D,

L9) 0<x.

Further we shall prove some proposition from the axioms L1—L9.
If we substitute yx*z for z in L2, then by L1, L9 we have

(1) TrY<x*(Y*2).
In (1) if we put y==x,2 =~xx2x and use L5, L9, then we have
(2) xxx=0,
By L1, L9 we have
(3) 0x2=0.
In L3 put 2=0, then by (3), L2 we have
(4) x=a%0,

By L2 we have the following lemmas.

Lemma 1. a2<y tmplies zxy<zx*x,

Lemma 2. z<y and y<z imply x<z.

Let us put 2=y in L3, then by L1, (2), (4), Lemma 2, we have

(5) rx(xxy)<y.
By L2 and Lemma 1 we have
(6) wk(2xy) <ux((xy)*(@*x2)).

In (6) put x=x*u, z=xx2, u=((x*u)*y)*(z+u) then
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(((m*w)xy)* (2 w))* (v *2)*y)
< (((@xu)*y)x (Zxu))* (((*w)*y) * ((@*u)* (x*2))).
The right side is equal to 0 by (6), hence we have the following

(7) (xxu)xy)«(@xu)<(xx2)*y.

In (7) put y=2,2=wx*2, u=y, then by (5) we have
(8) (exy)x2<(x*2)*Y.

By (6) and Lemma 1 we have
(9) cxy<ax(@*x(X*xy)).
If we substitute y for z in L3, then by (2), (4) we have
(10) ox (@ y) <y (y* (y*(y*2))).

By (10), (9), and Lemma 1 we have the following
(11) L (xy) <y *(Y*x),
hence
12) Tk (xxy)=1y*(y*x).

In L7 put y=~ux, then by (2) we have
(13) T~~~

Let us put a=~2, y=2« in L8, then, by (2) we have
(14) ~~r<e,
hence
(15) T=~ ~.

By (15), L7 we have
(16) THRY=~Y*x ~2,

hence we have the following
Lemma 3. <y implies~y< ~2.
By L3, (12) we have

17 @k (0 (Y + (Y 2))) <2* (2% (y %(y * ).

If we put x=2,z=2 in the formula above, we have
(18) 2 (2 # (y* (y* (y*2))) <o (@ (Y (Y *2))),
hence
(19) k(xR (xY)))=2% (2% (Y*(y*x))).

By L1, L5 we have
(20) r=a*x(~a*x).

By (8) we have the following

Lemma 4. xxy<z implies x+x2<y.

By L2 and Lemma 4 we have
(21) (xy)x(zZxy)<x*2

hence

Lemma 5. %<2 implies xxy<z*y.

Let z<x. By Lemma 1 we have~zx2< ~2xxz and by Lemma
3, ~x< ~z and applying Lemma 5, we have ~x*x2<~2x*2.

Hence we have the following

Lemma 6. 2<2 implies ~xxx< ~2%2,
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By L4 we have

Lemma 7. y*2<y*xx and xx2<y*z imply ©<z.

If we define x Ny=y*(y*2), tUy=~(~y*(@xy)), o= ~(~x*2)
and 1=~0, then we shall prove that a L-algebra is a three-valued
Lukasiewicz algebra.

I. zny=ynwz; cUy=yUx
are proved by s Ny=y*xy*xx)=xx(@*xy)=yNe and 2Uy=~(~y
*(@*xy))=~(~y*x(~y* ~x))=~(~Tx(~Tx ~Y))= ~(~*(y*x))
=yUw.

II. zn@Uy)=2;cU(@NYy)=2
are proved by zN(@xUy)=wUx)Nr=2x@* ~(~Tx(y*x)))=x*((~2
x(Yxx))x ~x)=x+x0=2 and s U@Ny)=wNr)Ur=~(~xx((x*x(x*xy))
*x))=r~(~2*x0)=~~x=2,

III. 2n(nz)=@ny)NzasU@Uz)=(@Uy)Uz
follow from zN(yN2)=(N2)Nrx=xx@*x(Z*x(2*xy))) =2 @*x(y*(y*2x)))
=(xnNy)Nz and Uy Uz)=(yUR)Ux=~(~*x(~(~2x(y*2))*x)
=~ (~ax(~ak(~2x(~zx ~y)))=~(~a*(~2x(~y*(~Yy*x~7))))
=~ (~zx(~2x (~y*(~yx ~x)) = ~(~2*(~(~yx(T*Yy))*2))
=(xUy)Uz.

IV. z<yeny==w.

If x<y,i.e. xxy=0, then aNy=y*x(y*x)=x*x(@*xy)=2+0 =2, Con-
versely, if xNy=xa i.e. yx(y*xx)=2, then xx(xx(x*xy))=0, hence
xxy=0,

By I—III a L-algebra is a lattice, and by IV, < is the order.

V. zNy<z and <y U=z imply z<z.

If x<yUz, then a< ~(~zx*(yx2)) i.e. xxz<yxzand if xNy<Lz,
then yx(yxx)<z i.e. yxz<y=*x.

Applying the Lemma 7 we have V.

By I—V we have (see [5] p. 137) that a L-algebra is a distri-
butive lattice.

VI. zUl=1
is proved by xUl=~(~1x(xx1))=~(0x*(xx1))=~0=1,

VII. ~~z=x
is proposition (15).

VIII. ~@Ny)=~xzU~y
follows from ~(xNy)=~y*y*x)=~Y*(~Tx ~y))=~xU ~y.

IX. zn~x<yU~y
follows from axiom L6.

According to I—IX a L-algebra is a Kleene algebra.

X, ~zxUpr=1
is proved by ~xUpr=prU ~acx=~(~x*xx)U ~r=~((~x*2)N2T)
=~(@*x(@x(~x*xx))=~0=1,

XI. sN~ex=~xNpe
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follows from o N ~x=~x*x(~E*x)=~(~L* )% L= ~(~T*x)
k(@ (~rxx))=~(~T*x0)* (~(~THT)* ~T) =~ .

XII. meny)<psnpy.

If we substitute yx(y*x2) for z in Lemma 6, then we have
~ex < ~(Y*(Y*2)x(Yx(y+x)) hence ~(~(yx*(y*w))*(y*(y*x)))
<~(~axxx) whence p(xnNy)<px. For z=yx(yxx) and 2=y in
Lemma 6 analogously we have p(xNy)<py, hence XII.

A Kleene algebra such that the conditions X—XII are satisfied
is a three-valued Lukasiewicz algebra [67.

Hence we have the following

Theorem. A L-algebra is a three-valued Lukasiewicz algebra.
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