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194. On Free Abelian m-Groups. 1I

By F. M. SiosonN
University of Ateneo de Manila, Manila

(Comm. by Kinjird6 KuNUGI, M.J.A., Nov. 13, 1967)

In the second part of this article, the notion of free abelian
m-group will be introduced and their properties are given.

Definition. An m-group (M, [ ]) will be called abelian if and
only if [0, ++- Tp]=[Xow®0 *** Lo | fOr every permutation o of
1,2, ..., m and each 2, x,, ---, x,, € M.

Definition. An abelian m-group F' is said to be free on X if
and only if for a one-to-one function 7: X—F, an abelian m-group
M, every function g: X—M has a unique homomorphism extension
h: F—M that makes the following diagram commutative

X
%J( \\g
N
=4,
that is to say, hoi=g.

Consider the (restricted) direct sum 3 Z, of copies Z,=Z of the

additive group of the integers Z. Rec?flf that f e; Z, if and only

if flx)=0 for all « except for a finite number «x,, ) -X, x, of elements
of X. For each xe X, if |z | denotes the member of >} Z, such

that |« |(®)=1 but otherwise is zero, then et

f=r@)l e+ o0+ (@) 2]
Set

F:{fe S 2, 3 f(@)=1(mod m-l)}.

Under the m-ary operation defined by

I_flfz M fmJ :f1+f2+ e +fm’
where f;+f; is the function such that (fi+ f,)(®)=fi(®)+ fi(x), the
system (F, [ ]) is obviously an abelian m-group. Note that every
integer f(x;) is a sum of a minimal number of the integers <0>
and {—1>. This minimal sum is unique except for ordering. This
means that every element f=f(x)| %, |+ --- +f(®,)| x,| of F possesses
a unique factorization (up to ordering or arrangement)

f:] x, l<311>+l @ l<e12>+ e _|_l x, |<elrl>_|_ N
|, [0 [, [0+ e |, [0
= [I X, |<911>| x, |<312> cee l €, |<91r1> cee | X, |<en1> e |wn|<e”"'n>:|,

where ¢,;=0 or —1 and 2” ﬁ {e;;>=1 (mod m—1). Observe that

=1 j=1
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|2 is the element of > Z, such that |«|“Y(x)=—m+2 but
otherwise is 0. Note also gﬁét it is the unique element such that
(lxlv ‘x|’ M) IW|, Ix|<~1>) and (lxl<_l>’ |xlr "',Iﬂ?]) are (m_l)'adic
identies or, in other words, |x|+|®|+ -+ +|x|+]|2 | is the
function which is identically 0.

Theorem 4. The abelian m-group (F, [ ]) defined above is
free on X.

Proof. For an arbitary m-group M and g: X—M define h: F—M
by ALl @, [P 2, [« [y [T = [g(@)Pg(2)“? + - - g(w)P] Where e
=0 or —1, E(e) 1 (mod m—1), and g(x)* is the unique element
of M such that (9(2), 9(®), - - -, 9(@), 9(@)) and (g(x)", g(@), - - -, 9(2))
are (m—1)-adic identities of M. It readily follows that % is an m-
group homomorphism, i.e. A([fifs -+ ful)=[A(fOR(S) - -+ h(fn)] for
all fi,fe o, fucF. If i: X—F is defined naturally by i(x)=|x]|,
then (ko) (x)=h(i(x))=h(x|)=g(x). Note that if hot=g=h'01,
then »'=h.

Corollary 5. FEvery m-group M is the quotient m-group of a
free m~-group.

Proof. Let ¢: M—F be that i(x)=|«| for all x € M, where F'
is a free m-group on M, and 1l: M—M be the identity function.
Then, by Theorem 4, there exists uniquely a homomorphism 4: F—M
such that ho1=1. Hence h is onto M and F/ho h~is isomorphic to M.

Corollary 6. If F, is an abelian m-group free on X,, F, is
an abelian m-group free on X, and X, and X, have the same
number of elements, then F, and F, are isomorphic.

Proof. In the following diagram

X, X,

e—l
21 \/ Ty
F, . F,

2

let e: X,— X, be one-to-one and onto and 7,: X,—F,(k=1, 2) be one-
to-one. Then, by Theorem 4, there exist uniquely homomorphisms
h: F—F, and h,: F,—F, such that h,oi,=1%,0e and h,ci,=1,0e7".
Then, hyoh,ot,=h,0t,0e=1,0e"'oe=1, and hence h,oh,=1. Similarly,
hiohyoty=h,0t,0e =1,0e0e =14, and hence h,oh,=1. Whence &,

and h, are homomorphisms that are inverses of each other.
Corollary 7. The free abelian m-group F on X is a coset of
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the free abelian (2-group) group Z Z, on X under the (normal)
subgroup N of all fe F such that
%f(x) 0 (mod m—1).

Proof. Obviously, N is closed under + and — and therefore
a subgroup of > Z,. Moreover, observe that F=N-|x| for any
xe X. <x

Corollary 8. The free abelian m-group on a singleton {x} (i.e.
the infinite cyclic m-group (|x|)) s isomorphic to the m-group
(Z, [ 7]) of integers under the operation

(Mg os Wy | =N+ N+ o0 +0,, + 1
for all n,, ny <+, n,€Z.

Proof. By the preceding Corollary 7, the infinite cyclic m-group
is a coset of the additive group Z of integers by the (normal)
subgroup Z,_, of all multiples of m—1. In fact, (|z|)=1+2Z,_..
The function A: (|#|)—Z such that h({n))=mn is clearly one-to-one
and onto and also satisfies the relation

h([<n1> <n2> tet <nm>]):h(<n1+'n2+ e +nm+1>)
=M+ N+ o F N l=[0n, - my ] =[h(0)R(1) - -+ R(Ty)]
for all n, n,, +--, n, € Z.

Now, consider any two abelian m-groups M and N. Let F be
the free abelian m-group on the cartesian product Mx N. As we
have seen before, an arbitrary element of F may, up to ordering,
be uniquely representable in the form

Ll (@ 9) [ ] (2 92) [€2 =+« | (%4 yk) %]
=| (@, ¥.) |<el>+| (%02 Yo) [P+ <o | (@, y2) [P
where ¢;=0 or —1 and Z(e} 1 (modm—1). Let R be the sym-
metric relation on F' that contalns all pairs

(@™, o), [, y ) D, ((C@e - - @0, W], L@, W@y ) [+ - - [ (@, 9) D),

and

(I (x’ (VY - -~ ym]) |v I:t (, Y1) | I (z, Ys) [ e i (x? Ym) |])
for all =, 2, -+, ¢, €M, y,y, -+, Y. €N, and ne Z. Let 6 be the
least congruence (relation) on F' containing R. Note that (v, w)e 6
if and only if v=[vw, -+ vy ], w=[ww, -+ wy,], and for each
1=1, 2, ..., {k), there exists u;, Ui, +++, u;,, € F' such that v,=u,,
Wi =Y, aNd (%;5, Ui54,) € R,

By the Post Coset Theorem, M is a coset of an abelian group
A=MJIM*U «+- UM™" and N of B=NUN?U --- UN™1, Reecall
that if F'* is the abelian group free on AxB and 6* is the
smallest congruence (relation) on F'* containing all ordered pairs

(| (@ +2a ) |, | (20, 9) |+ (225 W) D)y
(@, vty |, [ @ 9) |+ @ 92) ), ([ (=2, 9) [, | (=, —9) ])
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for each z,x,2,€¢A and y,y,y.€B, then F*/6* is the tensor
product A®B of the abelian groups A and B. Since
(l (@ + -+ L)) |9 [l (21, ) | ‘(xly Y) | e I (xm! ) I:I)

:(I (x1+x2—|- coe T,y y) |7 l (xu y) l+| (%2, y) |+ et +| (xm’ y) l) € 0*y

(l @, [¥Y. - -~ Ynl) |7 |:| (ws Y1) I l (%, ¥s) I e (xy Ym) I])

(’i—‘_(| (xy Yot Yot o0 +Yn) l9 I (=, Y1) |+| (z, y2)|+ tee +| (x’ ym) |) e o,

an
(@, 9) |, [ (@, ¥ )= K=, v) |, | (x, <mpy) |) € 6%,

then R=6* and hence 6<6*.



